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A  globally  convergent  iteration  technique  developed  by  the  authors 
for  application  to  residual  function  value  vibration  analysis  Methods  is 
developed  as  an  extension  to  the  method  proposed  by  Shaikh.  This  yields 
a  fully  automatic,  efficient  and  foolproof  Method  irrespective  of  the 
natural  frequency  distribution  or  frequency  range  of  the  problems. 

The  iteration  forsaila  in  the  extended  method  requires  the  first  and 
second  derivatives  of  the  residual  determinant  as  well  as  the  determinant 
itself  and  the  method  of  derivation  of  these  derivatives  via  both  a  matrix 
transfer  and  Holzer  procedure  is  presented. 

Illustrative  examples  of  the  application  of  the  extended  method  to  the 
solution  of  the  torsional  natural  frequencies  of  marine  geared  drive 
systems  are  presented  which  demonstrate  the  power  and  efficiency  of  the 
extended  method,  irrespective  of  the  natural  frequency  distribution  or  the 
frequency  range  of  the  problem. 


INTRODUCTION 

The  rapidly  increasing  adoption  of 
branched  drive  arrangements  for  driven  machin¬ 
ery  coupled  with  increasing  power  requirements 
of  geared  systems  has  led  to  a  requirement  for 
efficient  Methods  of  torsional  vibration  analy¬ 
sis  for  large  order  multi-junction-point 
branched  systems. 

A  number  of  methods  are  currently  avail¬ 
able  and  these  may  in  general  be  divided  into 
two  types,  namely  (i)  system  matrix  eigenvalue 
extraction  methods,  and  (ii)  trial  and  error 
search  methods  based  on  the  matrix  transfer/ 
Holzer  procedures. 

System  matrix  methods  have  the  advantage 
of  ease  of  application  to  a  wide  variety  of 
systems  since  all  that  is  required  is  the  formi- 
lation  of  the  system  matrix  equation  followed 
by  eigenvalue  extraction  using  a  standard 
library  program.  The  method,  however,  has  limi¬ 
tations  in  respect  of  (i)  size  of  computer  re¬ 
quired,  and  (ii)  efficiency  of  solution  if  only 
a  limited  number  of  lower  frequencies  are  re¬ 
quired. 


The  Holzer  method  is  well  favoured  by 
marine  engineers  on  many  years  of  system  appli¬ 
cation.  However,  when  applied  to  branched  sys¬ 
tems,  computational  problems  arise  since  poles 
appear  in  the  residual-function  curve  making 
the  search  procedure  for  zero  residual  function 
values  far  from  a  trivial  task  even  using  a 
digital  computer. 

Shaikh  Cl]  has  developed  a  matrix  trans¬ 
fer  procedure  based  on  the  formation  of  a 
residual -function  determinant  which  assumes 
zero  values  at  natural  frequencies.  This  tech¬ 
nique  has  the  effect  of  removing  the  poles  from 
the  residual-function  determinant  curve.  The 
method  still,  however,  requires  an  efficient 
and  automatic  determinant  search  technique  to 
make  it  an  attractive  alternative  to  system 
matrix  methods.  Standard  techniques  are  far 
from  automatic,  efficient,  foolproof  procedures 
when  faced  with  residual-function  curves  with 
very  uneven  zero  distributions  and  with  ckmfemrt 
of  close  zeros.  In  particular,  at  higher  fre¬ 
quencies,  where  the  residual  curve  becomes  very 
sensitive  to  frequency,  the  search  becomes  a 
very  time-consuming  pin-pointing  operation. 
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In  this  paper  a  globally  convergent 
iteration  technique  developed  by  the  authors 
[2]  for  application  to  residual -function  Meth¬ 
ods  of  vibration  analysis  is  applied  to  extend 
the  Method  proposed  by  Shaikh.  This  yields  a 
fully  automatic,  efficient  and  foolproof  method 
over  any  frequency  range,  irrespective  of  the 
distribution  of  natural  frequencies  in  that 
range. 

The  iteration  formula  in  the  extended 
method  requires  the  first  and  second  deriva¬ 
tives  of  the  residual-function  determinant  as 
well  as  the  determinant  itself.  The  method  of 
calculating  these  derivatives  via  both  a  matrix 
transfer  and  Holzer  procedure  is  presented  in 
this  paper. 

Illustrative  examples  of  the  application 
of  the  extended  method  to  the  solution  of  the 
torsional  natural  frequencies  of  marine  geared 
drive  systems  are  presented  which  demonstrate 
the  power  and  efficiency  of  the  extended  method 

HOLZER  FORMULATION  OF  RESIDUAL-FUNCTION 
DETERMINANT 

Considering  first  the  straight  torsional 
vibration  system  shown  in  Fig.  1,  with  rotor 
inertias  Ir(r  *  1,  ...»  n)  and  shaft  stiffnesses 
kj.(r  -  1,  ....  n-1)  as  marked,  the  following 
equations  may  easily  be  derived: 


8,_X  *  X  E 
*  1  r-1 


s-i  irer 


8-1 


(•  -  2, 


and 


n 

A  E 
r-1 


Vr 


If,  however,  the  system  shown  in  Fig.  1  is  one 
of  the  branches  of  a  multi-branched  system 
there  will  be  a  torque  Tj  present  at  rotor  1. 
The  residual  torque  R  may  be  derived  assuming 
arbitrary  values  of  both  and  Tj  by  using  the 
modified  equations: 

s-1  XI  6  +T 

«.  ■  Vl-i,  <■  *  1 . ■> 


and 


r-1  s-l 


T,  +  X  E  16  -  R. 
1  r-1  rr 


(3) 

(4) 


In  this  case  the  general  solution  is  obtained 
as  a  linear  combination  of  fundamental  solutions 
obtained  using  two  linearly  independent  sets  of 
starting  values  6j  and  Tj.  For  this  sub-system 
the  procedure  is  indicated  symbolically  by  the 
following  representation: 


9: 

T: 


Starting  Values 
1st  2nd 

set_  set 

-.1  r  <r 

o 


Solutions 


applications  of| 
equations  (3)  5 
(4) 


1st 

2nd 

set 

set 

Y 

Y" 

R, 

R„ 

1 

2 

. 

0 


The  complete  solution  is  a  linear  combi¬ 
nation  of  the  two  linearly  independent  solutions 
namely: 


n) 

0) 

9  -  +  ou,62 

(6) 

(2) 

R  -  OjRj  +  <*2*2 » 

(7) 

2 

where  X  i  w  denotes  the  square  of  a  circular 
frequency  <o,  9  is  the  torsional  vibration 
amplitude  at  rotor  r,  and  R  is  the  residual 
torque  at  rotor  n  which  under  free  vibration 
conditions  must  be  zero.  The  residual  torque  R 
is  determined  by  assuming  an  arbitrary  value 
for  9.  and  applying  the  set  of  equations  (1) 
and  (5)  seriatim. 


corresponding  to  the  starting  values  9  •  aj, 

T  -  a».  As  before,  the  residual  torque  R  is  aero 
when  X  is  the  square  of  a  natural  frequency  of 
the  system. 


Fig.  1  -  Straight  torsional  vibration  system 


Fig.  2  -  Single  branch-point  system 
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For  the  system  illustrated  in  Fig.  2, 
which  comprises  r  arms  meeting  in  a  single 
branch-point,  the  solution  is  obtained  by 
applying  the  foregoing  algorithm  to  each  branch 
arm,  in  each  case  starting  from  the  branch 
point  with  the  starting  values  given  in  tabular 
form  in  the  transformation  (8)  below.  The  sig¬ 
nificance  of  the  notation  in  this  and  subse¬ 
quent  transformations  is  as  follows:  (i)  for 
the  starting  values  a  single  suffix  or  the 
first  of  a  pair  of  suffices  denotes  the  branch 
point  and  the  second  suffix  the  branch  arm; 

(ii)  for  the  solutions  the  first  suffix  is  the 
number  assigned  to  the  solution  set  and  the 
second  suffix  or  a  single  suffix  denotes  the 
branch  arm. 


Starting  values  Solutions 


Branch 

fei: 

1st 

set 

1 

2nd 

set 

0 

3rd 
set  .. 
0  .. 

(r*l)th 

set 

0 

1st 

set 

en 

2nd 

set 

®21 

3rd 

set 

0 

(r*l)th 

set 

0 

arm  1 

Ur 

0 

1 

0  .. 

0 

Rn 

R21 

0 

0 

Branch  | 

;ei : 

1 

0 

0  .. 

0 

912 

0 

e32 

0 

arm  2  | 

-  T12: 

0 

0 

1  .. 

0 

Application 

R12 

0 

R32 

0 

. 

, 

. 

of  equations 
(5)  8  (4) 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

* 

* 

* 

Branch 

1 

0 

0  .. 

0 

0lr 

0 

0 

”  9r+l,r 

ara  r 

Ur: 

0 

0 

0  .. 

1 

Rlr 

0 

0 

”  Rr+l,r 

A  = 


R11  R21  0 


12 


lr 


32 


0 

0 


r*l,i 


0.(13) 


Since  the  process  of  generating  the 
residual  torques  via  equations  (3)  and  (4)  give 
the  variable  elements  of  A  as  polynomials  in  X, 


Having  obtained  the  fundamental  solu¬ 
tions  shown  in  this  table,  the  free-end  con¬ 
ditions  of  the  branch  arms  gives,  in  terms  of 
the  foregoing  notation: 


’  aiRll 

*  a2R21  '  0 

(9) 

■  “lR12 

+  a3R32  “  0 

(10) 

*  alRlr 

*  ar+lRr*l,r  " 

(11) 

Equilibrium  of  the  initial  torques  at  the 
junction  point  requires 


‘11 


♦  T 


12 


♦  T 


lr 


0, 


i.e.  a2  ♦  a3  ♦  ...  ♦  ar+1=  0.  (12) 

Equations  (9)  through  (12)  comprise  a 
system  of  r+1  homogeneous  linear  algebraic 
equations  in  aj,  aj,  ...,  ar*i.  Therefore  at  a 
natural  frequency  the  (r+l)th  order  residual- 
function  determinant 


it  follows  that  the  determinant  A  is  itself  a 
polynomial  in  X  and  is  therefore  free  from  poles, 
as  stated  earlier. 

AUTOMATIC  ROOT  SEARCHING  METHOD 

It  has  been  shown  by  the  authors  [3] 
that  for  straight  systems  the  Holzer  method  may 
be  extended  to  calculate  dR/dX  and  d^R/dX^ 
using  the  recurrence  relationships 
s-l  I  (Xif>  +e  ) 

4>  *  <J>  ,  -  Z  ~w  r  *  (s-2 . n)  (14) 

8  8  1  r-1  s-l 


s-l  I_(X*  +24>  ) 

*.  -  *  .  -  z  -T— -  (8-2 . n)  (15) 

r»l  8-1 

contemporaneously  with  equations  (3)and  (4), 


The  results  expressed  in  equations  (14) 
and  (15)  were  obtained  from  equations  (1)  and 
(2)  for  straight  torsional  systems.  However, 
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they  continue  to  apply  to  equations  (3)  and  (4) 
in  respect  of  any  branch  of  a  branched  system 
provided  Tj  is  held  constant,  and  therefore  to 
the  fundamental  solutions  giving  rise  to  the 
variable  residual -elements  of  A  in  (13).  Thus 


dR 

ax  * 

n 

Z  I  (A*  +0  ) 

,  r  r  r 

(16) 

r-1 

and 

d2R 

7?' 

n 

r  i  ca*  *2*  ). 

r-l  r  r  r 

(17) 

The  residual-function  elements  and  their 
first  and  second  derivatives  are  then  used  in 
the  iteration  formula 


A<k*l>-A<k>* 


/{<f> 


A^} 

dA 


A-A(k) 


<k-0,l,...) 

(18) 


For  the  single  branch  point  system 
shown  in  Fig.  2  the  derivatives  of  the  elements 
of  the  determinant  in  equation  (13)  are 
obtained  contemporaneously  with  the  fundamental 
solutions  according  to  scheme  (19),  where 
primes  denote  differentiation  with  respect  to  X. 
The  first  and  second  derivatives  with  respect  to 
X  of  the  residual  determinant  A  are  then 
obtained  by  the  determinant  differentiation 
algorithm  described  by  the  authors^*).  Appli¬ 
cation  of  the  square  root  iteration  formula  (18) 
then  yields  a  fully  automatic,  efficient  search 
procedure.  This  approach  is  readily  extended 
to  multi-branch  point  systems.  Thus,  for  the 
two  branch  point  system  described  by  Shaikhtl) 
and  illustrated  in  Fig.  3  the  solution,  ignoring 
higher  derivatives,  is  obtained  as  shown  in 
scheme  (20). 


which  yields  a  fully  automatic,  globally 
convergent,  root  search  procedure*-2^. 


Starting  Values 

Solutions 

1st 

2nd 

3rd 

(r+l)th 

1st 

2nd 

3rd 

(r+l)th 

set 

set 

set 

a  • 

set 

soln 

soln 

soln 

.  soln 

rei 

1 

0 

0 

•  • 

0 

611 

921 

0 

0 

Tn 

0 

1 

0 

•  • 

0 

RU 

R21 

0 

.  0 

Branch 
arm  1 

l°i 

v 

0 

0 

0 

a  • 

0 

9h 

6il 

0 

.  0 

Tii 

0 

0 

0 

•  • 

0 

Ril 

R21 

0 

0 

ei 

0 

0 

0 

•  • 

0 

91, 

021 

0 

0 

Tl', 

0 

0 

0 

0 

R7, 

R" 

0 

.  0 

li 

21 

re  1 

1 

0 

0 

0 

012 

0 

832 

.  0 

T12 

0 

0 

1 

0 

R12 

0 

R32 

.  0 

Branch 
arm  2  • 

9i 

0 

0 

0 

0 

- >. 

0i2 

0 

932 

0 

T12 

0 

0 

0 

0 

Equations 
(3) , (4) , (14)- (17) 

R12 

0 

Rh 

0 

01 

0 

0 

0 

0 

ei2 

0 

632 

0 

pi 

^12 

0 

0 

0 

a  • 

0 

R12 

0 

R32 

.  0 

fi 

i 

6 

6 

•  • 

0 

*lr 

0 

6 

®r+l,r 

Tlr 

0 

0 

0 

a  a 

1 

Rlr 

0 

0 

’  Rr+l,r 

Branch 

'0i 

0 

0 

0 

0 

9ir 

0 

0 

•  eUl,r 

arm  r 

Tir 

0 

0 

0 

a  a 

0 

Rir 

0 

0 

•  R;*i,r 

91 

0 

0 

0 

a  a 

0 

6lr 

0 

0 

•  er+l,r 

R'lr 


R' 


r+l,r 


(19) 


V'  0  0  0 


0 


0 


0 


The  displacement  compatibility  at  junction  2 
gives: 


i.e.  ♦  0767c  -  o2  -  0.  (27) 

At  a  natural  frequency  the  determinant  A 
of  the  coefficients  of  equations  (21)-(27)  must 
equal  zero,  hence 


Fig.  3  -  Shaikh's  two  branch  point  system 


Starting  Values 

Solutions 

1st 

2nd 

3rd 

4th  5th  6th 

7th 

1st 

2nd 

3rd 

4th 

5th  6th  7th 

set 

set 

set 

set 

set 

set 

set 

set 

set 

set 

set 

set 

set  set 

art 

r0l 

1 

0 

0 

0 

0 

0 

0 

6l’a 

0 

®3. 
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0 

0 

a 

lTla 

0 

0 

1 

0 

0 

0 

0 

Rl. 

0 

R3. 

0 

0 

0 

0 

arm 

r°. 

1 

0 

0 

0 

0 

0 

0 

6lb 

0 

0 

04b 

0 

0 

0 

b 

lTlb 

0 

0 

0 

1 

0 

0 

0 

RIb 

0 

0 

R4b 

0 

0 

0 

am 

f®2 

0 

1 

0 

0 

0 

0 

0 

Equations 

0 

02d 

0 

0 

eSd 

0 

0 

(3)  8  (4) 

d 

lT2d 

0 

0 

0 

0 

1 

0 

0 

0 

R2d 

0 

0 

RSd 

0 

0 

arm 

f02 

0 

1 

0 

0 

0 

0 

0 

0 

02e 

0 

0 

0 

06e 

0 

e 

LT2e 

0 

0 

0 

0 

0 

1 

0 

0 

R2e 

0 

0 

0 

R6e 

0 

arm 

61 

1 

0 

0 

0 

0 

0 

0 

0lc 

0 

0 

0 

0 

0 

67c 

c 

tTlc 

0 

0 

0 

0 

0 

0 

1 

R1C 

0 

0 

0 

0 

0 

*70 

The  boundary  conditions  give: 


+  a3R3. 

-  0 

(21) 

+  a404b 

>  0 

(22) 

+  Ot505d 

»  0 

(23) 

*  a6R6e 

-  0. 

(24) 

The  equilibrium  of  the  initial  torques  at 
junction  1  gives: 

Tla  *  Tlb  *  Tic  ’  0 

i.e.  a3  ♦  a4  ♦  -  0.  (25) 

The  equilibrium  of  torques  at  junction  2  gives: 
*Rc  *  T2d  *  T2e  '  0 


i.e. 


-alRlC  -  °7R7C  +  a5  *  °6  '  0>  (26) 


A  = 


la 


alb 


“2d 


"V_ 

2e 


lc 


6lc  -1 


“4b 


5d 


6e 


-1  -1 


7c 


7c 


0 

(28) 


The  derivatives  of  the  elements  may  be 
determined  contemporaneously  with  the  elements 
in  the  manner  described  previously,  noting 
that  the  derivatives  of  the  unit  elements  of 
the  matrix  of  elements  of  A  are  zero. 

In  practice  the  6  and  R  elements  of  A 
together  with  their  first  and  second  X- 
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derivatives  ere  computed  for  each  era  in  turn 
and  the  det eminent  then  foraed  froa  the  top¬ 
ology  of  the  systea. 

MATRIX  TRANSFER  FORMULATION 

It  has  been  shorn  by  the  authors^  that, 
for  straight  systeas,  extended  point  and  field 
transfer  aatrices  of  order  6  aay  be  used  in  a 
aatrix  aultiplication  process  leading  to  the 
relationship  Zn*  -  [ADZj1'  relating  the  state 
vectors  at  the  two  end-points,  where  [A]  is  a 
6*6  aatrix  whose  eleaents  ay(i,j  «1,...,6) 
are  functions  of  X,  and  2  ■  {ev^,0,,T,,0".T,,}. 
The  significance  of  the  notation  in  this 
relationship  is  that  a  superfix  denotes  a 
point  iaaediately  to  the  left(L)  or  right (R) 
of  the  point  indicated  by  the  corresponding 
suffix  when  the  systea  is  viewed  so  that  the 
nuabering  1,  2,  . ...  n  of  consecutive  inertias 
proceeds  froa  left  to  right. 


Since  this  relationship  is  unaffected  by 
aultiplication  of  both  sides  by  an  arbitrary 
scalar  quantity,  an  arbitrary  constant  value 
aay  be  assigned  to  0j  L,  and  using  the  boundary 
-jL  *  o  (assuming  a  free  jnd)  the 


eleaents  of  the  vector  Zi become 


6, 


«  0.  The  eleaents  of 


“i  -  -i  -  gi  L  “  Tl"L  1 

the  vectors  ZnR  are  then  functions  of  X  via  the 
eleaents  of  ay  (X) ,  and  inserting  the  boundary 
values  we  find'’ that 


and 
„  R 


*2191 


*nV 


*4lV 


*3191 


"R 


"R 


*6lV 


*S191 


Hence  a 


41 


*21  »  a6l 


and  a 


51 


11 


*  a, 


21 


’31 


“11 

(29) 
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1st 

2nd 
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i 

0 

0 

0 
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02l"*121 
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0 

Tn 

0 

1 

0 

0 

Rira2n 

R2l“*221 
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0 

am 

1 

0 

0 

0 

0 
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0  ... 

0 

T» 

0 

0 

0 

0 

R1 1**411 

R2l“*421 

0  ... 

0 

>;■ 

0 

0 

0 

0 

e*ll**Sll 

92l“*S21 

0  ... 

0 

LTll 

0 

0 

0 

0  Z*.CA]Zj 

R1 1**611 

R21**621 

0  e  e  a 

0 

fei 

1 

0 

0 

0 

012*all2 

0 

e32**122 

..  0 

T 

*12 

0 

0 

1 

0 

Rl2*a2l2 

0 

R32**222 
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t| 

i 

0 

0 

0 

0 

ei2**312 

0 

932**322 

..  0 

T 

12 

0 

0 

0 

0 

pi 

*12**412 

0 

R32**422 

..  0 

ei 

0 

0 

0 

0 

ei2*a512 

0 

932**522 

..  0 

t" 

vl2 

0 

e 

0 

0 

e 

0 

R12**612 

0 

R32**622 

..  0 

^1 

1 

0 

e 

0 

0 

9lr**llr 

0 

0  .. 

9r*l,r**12r 

Tlr 

0 

0 

0 

1 

Rir"*21r 

0 

0  .. 

Rr«T,r**22r 

*: 

0 

0 

0 

0 

Sir"a31r 
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0  .. 

9r+l,r“*32r 

Tir 

0 

0 

0 

0 

Rlr**41r 

0 

0  .. 

Rr+l,r’*42r 

0 

0 

0 

0 

a” 

lr*a51r 

0 

0  .. 

9r+l,r**52r 

0 

0 

0 

0 

r"  .a 

Klr  *61 r 

0 

0  .. 

?♦! ,r**62r 
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thus  giving  the  X-derivatives  of  the  elements 
a,,  and  an  in  terms  of  other  elements  of  the 
matrix  CAJ. 


second  X-derivatives  of  the  elements  of  A  are 
given  directly  from  the  elements  of  [A]  by 
applying  formulae  (29)  and  (31). 


Likewise  an  arbitrary  constant  value  may 
be  assigned  to  T^**,  and  81^  set  equal  to  zero, 
in  which  case  it  can  similarly  be  shown  that 

*42  "  *22  ;  *62  ’  *22  :  *32  “  *12 
and  a$2  -  a12".  (31) 

Thus,  taking  two  sets  of  linearly  indepen¬ 
dent  boundary  values  in  the  same  manner  as  for 
the  Holzer  method,  on  applying  the  extended 
transfer  method  to  the  several  arms  of  a  multi- 
branched  system  which  meet  at  a  particular  junc¬ 
tion  point  denoted  by  1,  we  obtain  scheme  (30) 
above. 


In  scheme  (30)  the  previous  notation  is 
extended  by  denoting  the  (i,j)th  element  of  CA] 
for  the  rth  branch  arm  by  a^. 

Applying  this  table  to  the  single  junction 
shown  in  Fig.  2,  the  free-end  boundary  conditions 
give 


“1*11  +  °2R21  ■  °* 

i.e. 

°1*211  *  °2*221  *  °* 

(32) 

°1R12  4  a3R32  *  °* 

i.e. 

“1*212  +  °3*222  *  °- 

(33) 

alRlr  4  °r*lRr+l,r  “ 

0. 

i.e. 

al*21r  4  °r*T*22r  “ 

0. 

(34) 

The  equilibrium  of  the  initial  torques  at  the 
junction  1  give 


i.e. 


At  a  natural  frequency  the  determinant  of  the 
coefficients  of  a,,  a2,  aj,  ....  a^i  in  equa¬ 
tions  (32)  through  (35)  must  vanish  and  hence 


*211 

*212 


*221 

0 


*213 


0 


A(X)  i 


*21r 

0 


0 

1 


0  0 
1  1 


0 

0 

0 


*22r 

1 


■  0.(36) 


When  applying  the  iterative  formula  (18)  to  find 
the  zeros  of  this  determinant,  the  first  and 


The  extension  to  multi-junction  branched 
systems  is  performed  exactly  in  the  way  described, 
under  the  Holzer  formulation. 

ILLUSTRATIVE  EXAMPLES 

The  extension  to  Shaikh's  method  has 
been  applied  to  solve  the  following  systems: 

Example  (i):  Shaikh's^  single  branch  point 

main  drive  shaft  system,  shown 
schematically  in  Fig.  4. 


Fig.  4  -  Shaikh's  single  branch  point  main  drive 
ship  system 

Example  (ii):  A  single  branch  point  marine 

propulsion  unit  shown  in  Fig.  & 
This  unit  comprises  three  iden¬ 
tical  engine  branches,  two 
identical  generator  branches,  a 
reduction  gear  and  a  propeller 
drive  shaft  branch. 

Example  (iii):  The  same  system  as  in  Fig.  5, 

but  augmented  by  a  third  gener¬ 
ator,  identical  to  those  on 
branch  arms  1  and  S,  connected 
at  the  control  box  Ipj. 

The  results  using  the  Holzer  formulation 
of  these  problems  are  presented  in  Tables  1-3, 
which  give  the  computed  natural  frequencies  and 
the  corresponding  numbers  of  iterations.  The 
program  incorporates  a  control  parameter  set  by 
the  user  for  the  frequency  separation  tolerance 
[2],  i.e.  the  coarsest  acceptable  resolution  for 
close  frequencies.  This  was  pre-set  at  0.1  . 
rad/s.  However,  the  square  root  iterative  algo¬ 
rithm  (18)  terminates  at  the  limiting  precision 
of  the  computer,  and  the  number  of  iterations 
shown  in  the  tables  are  those  required  to  attain 
this  limiting  precision,  which  is  many  times 
finer  than  the  prescribed  tolerance. 
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fig.  5  -  Equivalent  branched  system  of  marine  propulsion  unit 
Table  1  Table  2 


Shaikh's  Example 
(Example  (i).  Fig. 4) 


Natural 

frequency 

(rad/s) 

Number  of 
iterations 

Natural 
frequency 
Shaikh's  values 
(rad/s) 

13.264 

3 

13.25 

43.950 

3 

43.95 

179.937 

3 

- 

847.487 

7 

- 

852.778 

6 

- 

RESULTS 

Inspection  of  Table  1-3  demonstrates  the 
excellent  search  characteristic  of  the  method. 
It  should,  however,  be  pointed  out  that  tuning- 
fork  type  frequencies  (so-called  anti-resonance 
frequencies)  have  been  suppressed  in  examples 
having  identical  branch  arms  meeting  in  a 
common  branch  point.  Thus  in  example  (ii)  the 
three  identical  engine  branches  and  two  iden¬ 
tical  generator  branches  were  replaced  in  the 
computations  by  only  one  engine  branch  and  only 
one  generator  branch.  The  in-phase  torque 
contributions  of  all  the  engine  arn3  and  all 
the  generator  arms  were  allowed  for  by  assuming 
respective  torque  contributions  of  3Tj  j 


Marine  Propulsion  Unit 
(Example  (ii).  Fig.5) 


Nontuning-fork  type  natural  frequencies 


Natural  frequency 
(c.p.m.) 

Number  of  iterations 

175.517 

4 

220.867 

4 

441.160 

4 

741.800 

3 

1823.189 

5 

2060.573 

4 

3340.436 

5 

4573.950 

7 

4717.807 

4 

6171.244 

6 

6268.212 

4 

7018.011 

5 

7343.151 

4 

9851.445 

5 

12028.960 

5 

13027.054 

5 

13789.528 

6 

15074.529 

4 

15850.686 

5 

20431.929 

6 

21425.442 

4 

and  2T1, generator  at  the  branch  P°int*  ** 
means  of  this  device  the  numerical  difficulties 
associated  with  finding  multiple  zeros  of  the 
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Table  3 


REFERENCES 


Marine  Propulsion  Unit 


Example  (iii).  Two  branch-point  system 
Nontuning-fork  type  natural  frequencies. 


Natural  frequency 
values 
(c.p.n.) 

Number  of  iterations 

154.832 

5 

183.226 

4 

271.845 

4 

441.512 

4 

741.800 

3 

1823.188 

5 

1953.283 

4 

3340.312 

5 

4573.950 

7 

4623.500 

6 

5220.852 

4 

6171.491 

6 

6268.212 

4 

7343.151 

4 

9068.698 

6 

9851.445 

5 

12028.960 

6 

13027.127 

7 

13789.528 

6 

15074.529 

5 

15850.686 

4 

20431.929 

5 

21425.442 

_ 

4 

determinantal  function  is  avoided,  as  well  as 
reducing  the  order  of  the  residual-function 
determinant  -  in  this  particular  case  froai  7  to 
4. 

Of  course,  if  the  tuning-fork  type  fre¬ 
quencies  of  the  system  are  required  they  may  be 
found  by  a  separate  Holzer  calculation  for  a 
straight  system  with  the  branch-point  end  fixed. 

Application  of  the  extension  of  Shaikh's 
method  to  complex  multi-branched  systems 
presents  no  further  difficulties.  The  order  of 
the  residual-function  determinant  is  equal  to 
the  total  number  of  branch  and  link  arms  plus 
the  number  of  branch  points,  and  the  structure 
of  the  determinant  may  easily  be  generated  from 
the  topology  of  the  system. 

CONCLUSIONS 

An  extension  to  Shaikh's  method  has  been 
presented  that  enables  the  natural  frequencies 
of  branched  systems  to  be  efficiently  and  auto¬ 
matically  determined  over  any  frequency  range. 

The  method  has  distinct  advantages  over 
system  matrix  methods  Insofar  as  (i)  it  has 
only  a  small  random  access  memory  requirement 
and  (ii)  a  limited  range  of  frequencies  can  be 
explored  without  the  need  to  determine  all  the 
frequencies  of  the  system. 
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OISCUSSIOX 


Tolct!  Considering  tha  Myklestad  or 
Hollar  nathoda  applied  to  bending  type 
been  probleas.  We  finally  gave  up  and 
started  using  an  eigenvalue  extraction 
notbod  as  being  one  that  guaranteea  that 
you  don't  also  nodes,  one  that  la  nore 
autonated  and  perhaps  nore  appropriate 
for  Inexperienced  engineers  who  nay  sake 
a  nlstake.  Are  you  going  In  this  direc¬ 
tion  toof 

Mr.  Dawson t  Oh  yea,  we  are  actually 
using  this.  In  fact  a  lot  of  people 
still  use  Holier  nethod  of  course. 

Voice?  Not  in  this  country  I  would 
think,  I  don't  know. 

Mr.  Dawson?  In  the  UK  it  la  still  used 
but  I  do  confess  the  finite  alanent 
nethod  has  taken  over  everything. ’  In  ny 
opinion  thla  la  a  very,  very  efficient 
procedure.  The  trouble  with  beans -was 
that  the  Myklestad  or  the  natrix  trans¬ 
fer  nethod  tended  to  only  work  out  the 
first  few  frequencies.  Thla  doesn't 
apply  to  torsional  vibrations  and  so 
there  la  no  problen  on  how  nany  fre¬ 
quencies.  But,  when  people  used  the 
Mykalstad  -  tranafar  natrix  nathoda  for 
beana  they  found  they  could  only  get  the 
first  basic  frequencies  so  It  tended  to 
have  It's  problem  that  way.  It  doesn't 
have  the  problana  thla  way  for  torsional 
vibrations.  It  la  basically  a  snail 
Iterative  fornule  conblned  with  a 


searching  technique.  The  cost  store  la 
renerkably  snail.  Tou  won't  also  fre¬ 
quencies.  I  think  the  problen  In  the 
past  was  that  there  wea  not  an  efficient 
search  nethod.  He  believe  we've  now  de¬ 
veloped  an  efficient  search  nethod  and  I 
will  any  that  thla  la  applicable  to  all 
probleas  where  you  have  to  search  for 
seros  of  a  function  and  therefore  It 
could  be  used  to  extract  eigenvalues 
froa  the  characteristic  deternlnent. 

Voice?  Can  you  taro  In  any  particular 
frequency,  or  do  you  have  to  go  fron  the 
first? 

Mr.  Dawson?  No,  wherever  you  start  It 
will  then  aero  Into  the  next  frequency. 
So  you  can  In  fact  consider  a  range  of 
frequencies  or  you  can  atart  froa  any 
position  you  went.  So  If  we  give  It  e 
starting  value  It  will  laaedlately  juap 
to  the  next  eigenvalue  or  frequency  to 
Its  Increasing  right.  It  always  pro¬ 
ceeds  one  way.  He  have  published  quite 
a  nuaber  of  papers  on  this  technique  and 
they  are  quoted  in  the  paper.  I  will 
just  say  that  In  the  paper  I  haven't 
nentloned  tha  topology  of  the  syaten  so 
you  won't  actually  get  the  ldeaa  of  the 
topology.  All  I  did  was  to  deternlne  the 
deternlnent  In  the  sene  way  Shaikh 
did.  And  the  point  with  Sheikh’s  work 
you  couldn’t  aee  how  the  deternlnent  la 
forned  for  different  aysteaa.  Now  In  our 
technique  you  can  laaedlately  torn  that 
deternlnent . 
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ABSTRACT 


This  paper  evaluates  errors  in 
matching  the  1st  mode  frequency 
and  shape  of  a  2  mass  model  when 
a  Guyan  Reduction  is  applied  to 
the  model. 


INTRODUCTION 

Dynamic  analyses  of  large  com¬ 
plicated  finite  element  models  are 
efficiently  managed  by  reducing  the 
number  of  active  degrees  of  freedom 
(d.o.f.).  The  Guyan  Reduction  Tech¬ 
nique'1)  which,  in  effect,  eliminates 
d.o.f.  by  applying  constraint  forces  to 
balance  Inertia  forces  at  the  elminated 
nodes  is  frequently  used.  After  a  Guyan 
Reduction,  the  equations  of  motion 
consist  of  reduced  mass  and  stiffness 
matrices  and  a  reduced  forcing  function 
vector.  In  general,  the  reduced  models 
will  accurately  represent  the  original 
model,  at  least  for  the  lower  modes  of 
vibration,  if  the  active  d.o.f.  are 
selected  carefully: 

(1)  select  active  d.o.f.  that 
best  describe  the  modes  of 
interest, 

(2)  avoid  eliminating  d.o.f. 
which  have  associated  large 

mass, 

(3)  retain  d.o.f.  which  may  have 
significant  motion  in  modes 
whose  frequencies  are  in 
the  range  of  interest  or 
lower. 

Although  there  is  evidence  that  accuracy 
can  be  maintained  even  after  drastic 
reductions  on  d.o.f..  little  is  known 
quantitatively  about  the  errors  incurred. 
This  study  was  made  to  determine  magni¬ 
tudes  of  error  involved  in  reducing  a 


simple  2  mass  (2  d.o.f.)  model.  Two 
Guyan  Reduced  models  were  generated  by 
first  eliminating  the  interior  node 
(Reduced  Model  No.  1) ,  then  by  elimina¬ 
ting  the  exterior  node  (Reduced  Model 
No.  2) .  Errors  in  matching  the  2  mass 
model  exact  1st  mode  frequency  and  shape 
with  the  approximate  1st  mode  frequency 
and  shape  of  both  reduced  models  were 
calculated  for  various  mass  and  stiffness 
ratios.  The  errors  can  be  formulated  in 
terms  of  any  2  of  several  variables  (mass 
ratio,  stiffness  ratio,  frequency  ratio, 
etc.).  Since  a  scheme  which  automat¬ 
ically  selects  the  active  d.o.f.  has  been 
proposed'*),'3',  the  errors  are  pre¬ 
sented  as  functions  of  stiffness  ratio 
for  various  mass  ratios.  The  defini¬ 
tion  of  stiffness  ratio  is  consistent 
with  the  criteria  used  in  the  auto¬ 
matic  selection  technique'2'''3),  i.e., 
the  stiffness  at  a  node  corresponds  to 
the  diagonal  element  of  the  stiffness 
matrix. 
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ERROR  AHALYSIS 

The  exact  solution^  for  the 
normalised  1st  mode  natural  frequency 
of  the  2  mass  model  (rig.  1A)  can 
be  expressed  In  terms  of  a  mass  ratio 
and  a  stiffness  ratio  as 


AK  +  v  -  V(AK  -  V)2+  4yAK^ 
—— 


where 

is  the  1st  mode  natural  frequency 


AK  -  uB 


K1  +  K2  C°r  B““22/“ll 


Also,  the  1st  mode  shape  is 


(2) 


After  a  Guyan  Reduction  on  the  2 
mass  model  by  eliminating  the  interior 
node  (1) ,  the  1st  mode  frequency  and  mode 
shape  of  the  reduced  model  (fig.  IB)  are 


and 

♦g  *  Xl/X2  *  AK  (4) 


where 

superscript  I  means  node  (1)  elimin¬ 
ated 


The  errors  in  1st  mode  frequency 
shape  functions  (e^)  are 


Cj  (AK.y) 


(ef)  and 


(5) 


and 


(AK,y) 


AK  -  (1  -  X.) 

- 1  -  for  1-Xj  /  0 


(6) 


Similarly,  eliminating  the  exter¬ 
ior  node  (2)  gives  for  the  1st  mode 
frequency  and  mode  shape  of  the  reduced 
model  (Fig.  1C) 


V  - 


F 

l  II 


YV 


(1)  Reduced  Model  No.  1 


where 

superscript  II  means  node  (2) 
eliminated 


Likewise,  the  corresponding  error 
functions  can  be  defined  as 


e 


II 

f 


1 


(9) 


and 


e*1  (AK,p) 


(10) 


for  1  -  /  0 


The  error  functions  (eq's  (5), 

(6),  (9)  and  (10))  were  calculated  for 
a  range  of  parameters. 


MSCTSSIOF.  OF  BESV.LIS 


When  a  degree  of  freedom  is  elimin¬ 
ated  from  the  2  mass  model  (Fig.  1A) 
the  errors  are  functions  of  2  variables, 
namely,  mass  ratio  (p 
ness  ratio 


Mj/Mj)  and  stiff- 


(AK  = 


“1 


) 


Errors  in  both  the  1st  mode  frequency 
and  shape  were  studied  for  two  Guyan 
reduced  models: 


Fig.  2  shows  the  error  in  1st  mode 
frequency  when  the  interior  node  (1)  is 
eliminated  as  a  function  of  all  possi¬ 
ble  stiffness  ratios  (0  <AK  <  1)  and  a 
particular  range  of  mass  ratios 
(.1  <  li  <  10.).  Because  of  the  error 
function  definitions,  a  positive  error 
indicates  the  reduced  model  yields 
frequencies  higher  than  the  true  fre¬ 
quencies.  The  frequency  error  curves 
are  bounded  over  the  stiffness  ratio 
range ;  i .  e . ,  for  any  mass  ratio  the 
error  in  1st  mode  frequency  has  a  maxi¬ 
mum  at  some  intermediate  value  of  stiff¬ 
ness  ratio.  The  error  in  frequency 
increases  as  the  ratio  of  mass  at  the 
active  d.o.f.  (M?)  to  mass  at  the 
eliminated  node  (M^)  decreases;  i.e., 
more  mass  located  at  the  eliminated  node 
means  a  larger  error. 

The  error  in  the  1st  mode  shape  is 
always  negative;  accordingly,  the 
approximate  mode  shape  amplitude  is  less 
than  the  true  amplitude.  With  all  other 
considerations  equal,  response  calcula¬ 
tions  made  with  the  reduced  model  would 
tend  to  be  lower  than  those  from  the  2 
mass  model.  Therefore,  the  reduced 
model  may  predict  nonconservative 
results. 

Fig.'s  2  and  3  show  the  frequency 
and  mode  shape  error  curves  for  a 
practical  range  of  mass  ratios  (p  >  1) . 
Even  when  the  mass  ratio  is  unity,  the 
maximum  possible  error  in  frequency  is 
only  2.6X.  Hence,  eliminating  the 
interior  node  whose  mass  is  less  than 
that  at  the  active  node  guarantees  an 
extremely  accurate  1st  mode  frequency 
(Fig.  2)  regardless  of  the  ratio  of 
stiffness  between  the  2  nodes.  How¬ 
ever,  the  error  in'  mode  shape  can  be 
as  large  as  -0.2  (Fig.  3). 


(1)  Reduced  Model  No.  1  -  interior 

node  (1)  eliminated 

(2)  Reduced  Model  No.  2  -  exterior 

node  (2)  eliminated 

Maintaining  accuracy  in  both  frequency 
and  mode  shape  is  important  in  guaran¬ 
teeing  representative  models  since  both 
are  fundamental  to  any  response  calcu¬ 
lations  . 


IS 


Fig.  5  -  Error  in  shape  of  1st 
mode  for  reduced  model 
No.  1  (Interior  node 
(1)  eliminated  as  a 
D.O.F.) 


(2)  Reduced  Model  No.  2 

When  the  exterior  node  (2)  is 
eliminated  as  a  d.o.f..  the  error 
functions  illustrate  characteristics 
different  from  those  observed  in  the 
foregoing  model.  Both  the  1st  mode 
frequency  and  shape  errors  are  unbounded 
as  the  stiffness  ratio  (ratio  of  stiff¬ 
ness  at  active  node  to  eliminated  node) 
approaches  0,  while  both  errors 
approach  0  as  the  stiffness  ratio 
approaches  unity.  As  before  when  the 
ratio  of  mass  at  the  eliminated  node 
(2)  to  the  active  node  (1)  increases  the 
errors  Increase.  Fig.'s  6  and  7 
Involve  errors  in  1st  mode  frequency  and 
shape  for  cases  where  the  mass  at  the 
eliminated  node  (2)  is  less  than  or 
equal  to  mass  at  the  active  node  (1) . 

For  mass  ratios  near  unity,  the  errors 
are  acceptable  only  when  the  stiffness 
at  the  eliminated  node  (K2)  is  nearly 
the  stiffness  at  the  active  node 
(Ki  +  Ko) .  However,  for  small  mass 
ratios  (v  <  .2)  the  errors  are  small 
over  the  entire  range  shown 
(.3  <  AK  <1) ;  e.g.,  the  error  in 
frequency  is  less  than  5*  (Fig.  6) .  The 
error  in  mode  shape  for  v  <.2  becomes 
less  than  +20*  once  the  stTffness  ratio 
surpasses  0.5.  Since  the  mode  shape 
error  is  positive,  the  reduced  modal  No. 
2  response  would  tend  to  be 
conservative . 


Curves  of  the  errors  in  1st  mode 
frequency  and  shape  for  various 
frequency  ratios  (ratio  of  frequency 
at  eliminated  node  to  active  node  = 

6  =<i>22A>h)  show  as  the  frequency  ratio 
increases,  the  errors  decrease  (Fig.'s 
8  and  9) .  For  example,  when  the 
frequency  at  the  eliminated  node  is 
twice  the  frequency  at  the  active  node 
u)22 

( 6  =  =  2)  the  maximum  possible 

errors  are  +  .7%  and  +33%  in  frequency 
and  mode  shape,  respectively.  Moreover, 
the  error  in  mode  shape  decreases  to 
+10%  as  the  stiffness  ratio  becomes 
greater  than  0.58. 
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Fig.  8  -  Error  in  frequency  of  1st 
mode  for  reduced  model 
No.  2  (exterior  node  (2) 
eliminated  as  a  D.O.F.) 


Fig.  9  -  Error  in  shape  of  1st 
mode  for  reduced  model 
No.  2  (exterior  node  (2) 
eliminated  as  a  D.O.F.) 


CONCLUSIONS 

A  quantitative  measure  of  errors  in 
frequency  and  mode  shape  introduced  by 
the  Guyan  Reduction  Technique  when 
applied  to  a  2  mass  (2  d.o.f.)  model 
has  been  determined.  The  errors  are 
functions  of  2  variables;  therefore, 
any  criteria  prescribed  for  selecting 
active  d.o.f.  should  be  based  on  2 
parameters . 

When  the  interior  node  was  elimin¬ 
ated  as  a  d.o.f.,  the  errors  corres¬ 
ponding  to  any  finite  mass  ratio  were 
bounded  over  the  range  of  stiffness 
ratios  (ratio  of  stiffness  at  active 
node  to  eliminated  node) .  The  errors 
were  small  for  either  very  low 

(AK  ■*•  o,  e^,  -*■  o)  or  very  high  stiff¬ 

ness  ratios  (AK  ♦  1,  e*,  e?  ♦  o)  even 

r  9 

for  small  mass  ratios  (ratio  of  mass 
at  active  node  to  eliminated  node) . 

For  mass  ratios  greater  than  unity,  the 
errors  were  small  for  any  stiffness 
ratio  -  less  than  2%  in  frequency  and 
20%  in  mode  shape.  The  approximate 
mode  shape  Indicates  less  motion  than 
the  exact  mode  shape  which  could  produce 
nonconservative  response  calculations. 
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When  the  exterior  node  was  elim¬ 
inated  aa  a  d.o.f.,  the  errors  were 
unbounded  as  the  ratio  of  stiffness  at 
eliminated  node  to  active  node 

approached  o  (AK  *  o;  e^1,  e*1  -*■•).  As 

the  stiffness  ratio  approached  unity, 

the  errors  approached  o  (AK-*  1;  e*1, 

ej1  -o) . 

As  in  the  foregoing  model,  the  errors 
improved  as  the  ratio  of  mass  at  elim¬ 
inated  node  to  active  node  decreased 

(u  -*o;  c^1,  e*1  *o) .  Furthermore,  the 

approximate  mode  shape  indicates  greater 
motion  than  the  exact  mode  shape  which 
could  produce  conservative  response 
calculations. 


APPEHDIX 

(I)  Eliminate  interior  node  (1) 

The  homogenuous  equation  of 
motion  for  2  mass  model 
(Fig.  1A) 


or 


(A-3) 


is 


or 


W1  lx}  +  M  txl  -  (0} 


M1 
0  M, 


2  J 


(A-l) 


K1  +  K2 


L'K2 


Applying  the  constraint  equation 

K„ 


K1  +  K2 


1  J 


(x2> 


(A-2) 


-  on  (xj) 

to  equations  (A-l)  gives 

00 T  tM)  IT)  {x*} 

+  rajT  MM  {xj}  -  (o) 


[M2  +  Mi(kx  *\  )  } 

[W  -  • 


Therefore. 


/LI 

1 0)  I 
\  22/ 


k2/m2 


K_/M 


k2/m2 


l  AK. 


(-$-0 

FWRl) 


(A-4) 


1  + 


Ml 


Also, 


4l  ,  »  . .  K 2 -  . 

*G  *2  Kx  +  K2 


AK 


(A-5) 


(IX)  Eliminate  exterior  node  (2)  * 


Applying  the  constraint 
equation 


O-D- 


x)  «  CTHx”} 


to  eq.  (A-l)  gives 


IMj  +  M£  xj1  +  UCjl  x”  «  0 


(A-6) 

(A-7) 


where 


1 

k2/m2  (l  +  hx/h2) 


i _ 


K2/M2  M1  +  M2 
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(A-8) 


DISCUSSION 


AKl—  ,  1  AK 

1  +  1/m  AK(1  +  *•) 
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Chapter  6. 


Mr.  Scavusso  (NKF  Engineering)!  Did  you 
investigate  the  effect  of  the  error  in 
the  forces! 

Mr.  Wolff:  The  error  in  the  forces  wss 
not  addressed  but  it  should  be.  I  «■ 
not  csrtaln  of  this,  but  it  aeons  that 
you  have  to  be  careful  because  you  could 
have  non-conservative  calculations. 

That  should  be  investigated  and  if  that 
is  what  that  means,  and  I  have  always 
been  under  the  impression  that  we  are 
working  with  conservative  calculations, 
than  the  real  system  is  worse  than  what 
I  have  modeled. 

Voice :  Tou  said  in  one  case  thet  you 

have  a  smaller  node  shape  and  that  means 
there  would  be  more  dynamic  force  from 
the  upper  mass,  less  than  the  smaller 
one.  A  good  question  is  what  is  the 
dynamic  force  on  the  elements  and  for  my 
purposes  this  remains  to  be  done. 

Mr.  Wolff:  That  is  right.  This  is  only 
for  the  simple  two  mass  system.  I 
noticed  in  the  program  that  there  is  a 
paper  tomorrow  afternoon  that  addresses 
the  same  general  problem.  It  will  be 
interesting  to  see  what  conclusions  are 
drawn  there. 


A  METHOD  FOR  ESTIMATING 
THE  ERROR  INDUCED  BY  THE 
GUYAN  REDUCTION 


Gary  L.  Fox 

NKF  Engineering  Associates,  Inc. 
Vienna,  Virginia 


The  Guyan  Reduction  refers  to  a  method  used  to  reduce 
the  number  of  degrees  of  freedom  in  a  structural  model 
for  dynamic  analysis.  Experience  has  shorn  that,  if  the 
method  is  properly  employed,  then  this  reduction  method 
does  in  fact  provide  a  "reasonably"  accurate  approxima¬ 
tion  of  the  dynamic  characteristics  of  the  unreduced 
model.  To  date,  however,  a  cost  (or  computer  time) 
effective  method  to  estimate  the  actual  error  induced 
by  the  reduction  process  was  not  available.  This  paper 
presents  an  accurate  and  cost  effective  method  to  eval¬ 
uate  this  error. 


INTRODUCTION 

Consider  the  well-known  system  of 
linear  equations  with  constant  coeffi- 
ents 


degrees  of  freedom  for  a  dynamic  analy¬ 
sis  is  cost  effective,  in  terms  of 
computer  time,  when  the  system  of  equa¬ 
tions  is  reduced  by  a  factor  of  four  or 
more. 


[M]  [X}  +  [K]  [X} 


[P(t)} 


(1) 


where: 


[P(t)> 


*  mass  matrix 

*  stiffness  matrix 

■  displacement, 
acceleration  vector 

■  load  vector 


In  current  finite  element  models 
the  degrees  of  freedom  represented  by 
equation  (1)  are  often  many  thousand. 

This  large  number  of  equations  is  usually 
a  result  of  the  finite  element  technique 
itself  rather  than  being  necessary  for  a 
sufficiently  accurate  solution  to  a  dy¬ 
namic  problem. 

In  a  short,  but  significant  paper 
[1]  Guyan  suggested  .that  a  transforma¬ 
tion  be  applied  to  the  mass  matrix  that 
was  based  on  partitioning  the  stiffness 
matrix.  This  reduction  of  the  number  of 


Computing  efficiency  is  therefore 
a  central  issue  to  the  consideration  of 
any  reduction  process.  A  numerical  pro¬ 
cedure  for  estimating  the  error  must  not 
add  significantly  to  the  total  computing 
time  to  solve  the  dynamic  problem.  The 
method  presented  here  meets  this  basic 
requirement.  This  is  particularly  true 
when  a  modal  analysis  is  required  as 
part  of  the  solution  process. 

It  is  the  assumption  that  the  ana¬ 
lyst  wishes  to  calculate  a  significant 
number,  say  ten  percent,  of  the  lowest 
modes  represented  by  the  homogeneous 
form  of  equation  (1) , 


[M]  [X)  +  [K]  [XJ  -  0  (2) 


Modal  analysis  provides  an  insight 
into  the  dynamic  behavior  of  a  complex 
system,  provides  a  means  by  which  a 
finite  element  model  may  be  checked  for 
errors,  or  provides  a  basis  for  estimat¬ 
ing  the  response  of  the  system  to  a 
specific,  simple  excitation.  Modal  an¬ 
alysis  plays  a  central  role  in  the  U.S. 
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Navy's  Dynamic  Design  Analysis  Method 
(DDAM)  as  veil  as  many  other  well  known 
techniques  of  enforced  motion  boundary 
problems  that  use  shock  response  spectra 
as  a  statistical  technique  for  dynamic 
analysis.  In  addition,  the  system  re¬ 
sponse  to  transient  or  harmonic  exalta¬ 
tion  may  be  calculated  by  an  eigenvector 
expansion.  Eigenvector  expansion  tech¬ 
niques  are  also  cost  effective  when  a 
number  of  different  load  conditions  are 
analyzed  for  a  given  set  of  equations. 

DERIVATION  OF  THE  ERROR  TERM 

Presume  that  the  eigenvalue 
Equation  (2) ,  is  partitioned  into  two 
sets;  the  "0"  set  of  DOF  to  be  omitted 
and  the  "a"  set  of  DOF  to  be  retained  in 
the  Guyan  Reduction,  i.e.. 


- 

• 

-i 

" 

■ 

"_i 

*.a 

Kao 

♦i 

.x-1 

“aa 

M 

ao 

»a 

K 

K 

M 

M 

oa 

OO 

To 

oa 

OO 

Where  X* 

,  r 

is  the  true  eigenvalue  and 

[♦*>  -  1 

_?>  is  the  true  eigenvector  for 

the  i—  n 

& 

The  reader  is  reminded  that  the 
solution  of  the  reduced  equations  using 
the  Guyan  reduction  is 

[«„]  t‘i>  ■ »*  t»„) 

[♦£> 

(4) 

where 

1—1 

m" 

» 

III 

[*.J  +  [Kao 

Go.j 

III 

« 

X* 

LJ 

+  [Goa 

“oa] 

+  [“ao  Go«J  + 

[Qoa  “oo  Goa] 

CGoa3  s 

[•'oo’1  Koa3 

Consider  the  exact  solution  of 
equation  (3)  in  partitioned  form  by 
solying  the  second  set  of  equations  for 
[♦£)  in  terms  of  [♦JJj 

C»o>  -  -t*oo  - 

(5) 

The  first  term  of  the  matrix  product 
indicated  above  can  be  expanded  in  a 


power  series  ,  .  . 

t'oo'1*,  -  11  £  "oo’I 


oo 


1  M„  + 

OO  oo  oo 


(6) 


Substituting  (6)  into  the  first  of  equa¬ 
tions  (3)  for  the  i“  eigenvalue  and 
eigenvector 

[*J  ■  [GQJ[*1>  +  **  higher 

o  oa  a  oa  a 

order  terms  (7) 

where 


t*oa3 


-1  r»  »“1  -  m  ] 


-KoS  £MooKoS  Koa 


oa- 


The  first  term  on  the  right  in  Equation 
(7)  provides  the  theoretical  justifica¬ 
tion  for  the  Guyan  Transformation,  being 
correct  to  first  order  in  X*.  The  second 
term  is  the  second  order  correction  to 
the  Guyan  Transformation, 


[♦*»  -  *a  i 

G  * 

.  oa  Ta 


C8) 


The  condition  that  the  term  containing 
[E  ]  in  equation  (7)  be  small  can  be 
expressed  as 


and 


tGoa]  >>  X 


[*2  Moo] 


(9) 


U0) 


Assuming  that  the  second  term,  M-g 
in  the  error  matrix,  Eoa  is  negligable. 
Equation  (10)  reduces  to  Equation  (9) . 
Equation  (9)  is  thus  the  condition  that 
a  particular  eigenvalue  be  accurate  for 
a  specific  set  of  omitted  DOF.  The 
lower  the  X*  and  larger  the  product 
[*oo  Mool'  kh®  more  accurate  the  eigen¬ 
value  ana  therefore  the  eigenvector. 

Equation  (9)  points  out  the  well- 
known  dependency  of  the  Guyan  reduced 
error  on  frequency;  the  lower  the  mode, 
the  lower  the  error.  Another  well- 
known  rule,  to  keep  all  large  masses  in 
the  a-set,  is  also  confirmed  by  this 
equation.  The  influence  of  the  stiff¬ 
ness  term,  however,  has  evidently  not 
been  generally  recognised. 

EVALUATION  OF  THE  ERROR  TERM 

Numerical  studies  indicate  that 
errors  in  frequency  and  errors  in  ampli¬ 
tude  have  the  same  magnitude[2J .  A 
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relationship  between  the  error  in  fre¬ 
quency  and  the  first  order  correction 
tern  in  equation  is  required.  Consider 
the  i“- eigenvalue  given  by  Rayleigh's 
quotient. 

X1  -  [♦i>TCK]C4i)  /  [♦i}T[M][*i} 


Taking  the  natural  log  of  (11) 
yields 


where 


X*  ■  In  -  tm  m| 


generalized  stiffness 


M*  »  1  generalized  mass 

Taking  differentials  of  (12)  pro¬ 
vides  the  relationship  in  error  between 
the  eigenvalue,  xi,  and  stiffness  and 
mass  weighed  eigenvector, 

-  —  dK*  -  -i-dM*  .... 

X1  K‘  9  Mi  9  (13) 

g  g 

Writing  the  differential  of  the 
first  term  of  (13) 

'i 

*{*i)  „„ 

Since  the  two  terms  in  Equation 

(14)  are  identical. 


dK*  -  2[4iJT[K][d4i} 


Similarly 


dM*  -  2t4i}T[K][d4i> 

It  is  now  required  to  evaluate 

ta*ij  -pi 

to  first  order  in  X1  .  Using  the  Guyan 
transformation,!^  -  [G^  Uj  in  the 


second  of  Equation  (3). 


Pre-multiplying  Equation  (16)  by  [  GQa] 


and  adding  it  to  the  first  of  Equation 
(3)  one  finds  that  to  first  order  in  x, 


[*a«H*.>  -*tMaa^a} 


It  is  therefore  seen  that 


[d*a>  -[0) 


From  Equation  (7) 


Kl  ■ il 


Therefore,  from  Equation  (18)  and  (19) 


^'InfeiFsl 


LlGo«JLv»  (2D 

Evaluation  of  the  first  term  of  Equation 
(13)  using  Equations  (20)  and  (21)  yield 


dKo  *  X1  [*HT  (k  E  +  G^  k  E 
g  L  a)  L ao  oa  oa  oo  oa 


K> 


The  term  in  brackets  is  identically  zero, 
dK*  -  0 

g 

(23) 

to  first  order  in  x.  The  error  in  X, 
to  first  order  of  X,  is  due  to  the  sec¬ 
ond  term  in  Equation  (13) ,  i.e.. 


X  Mg  (24) 

NUMERICAL  EXAMPLE 

In  order  to  test  the  results  pre¬ 
sented  in  the  previous  sections,  the 
bending  modes  of  a  5-cell  cantilever 
beam  is  considered.  The  physical  param¬ 
eters  of  the  beam  are  shown  in  Figure  1. 


n 


h  -  0.86 

l  -  8.66025 
♦  *  7.28E-4 

I  «  h4/12  -  o.o456 

A  =  h2  =  o.7396 

E  =  3.0E+7 

c*  EI/A 

c  «  1.875,  4.694, 
7.855,  10.996 


Depth  and  width 
of  bean 
Length  of  bean 
Mass  density  of 
beam 

Second  moment  of 
area 

Cross-sectional 

area 

Modulus  of  elas- 

tfticy 

i  theoretical 
eigenvalue 
First  theoretical 
four  eigenvalue 
coefficients 


Figure  1.  Five  cell  beam 

The  NASTRAN  computer  code  was  used 
for  the  numerical  calculations  because 
of  the  powerful  DMAP  compiler  available 
and  the  generality  of  the  results.  The 
Guyan  transformation  is  available 
through  the  use  of  Alter  statements 
which  allows  the  evaluation  of  the  error 
simply  by  performing  some  inexpensive 
matrix  multiplications,  A  complete  des¬ 
cription  of  the  NASTRAN  DMAP  alters  will 
appear  in  the  proceedings  of  the  next 
NASTRAN  users  colloquium. 

Many  elements  in  NASTRAN  offer  two 
options  for  the  form  of  the  mass  matrix; 
lumped  parameter  or  coupled  mass.  The 
bulk  data  parameter  COUPMASS  identifies 
the  elements  for  which  coupled  mass 
matrices  are  to  be  used.  The  first  four 
eigenvalues  of  the  finite  element  model 
are  compared  to  the  coupled  mass  results 
in  Table  1. 

Table  1.  Comparison  of  Theoretical  and 
FEM  Coupled  Mass  Eigenvalues. 


NODE 

NO. 

THEORETICAL 

— ran — 

(COUPLED 

MASS] 

ERROR  (%] 

1 

5.50829E6 

5. 50839E6 

1.81E-3 

2 

2.16363E8 

2.16547E8 

8.50E-2 

3 

1 . 69667E9 

1.70827E9 

6.84E-1 

Let  the  ten  DOF  system,  five  transition¬ 
al,  and  five  rotational,  be  Guyan  reduc¬ 
ed  to  four  degrees-of-freedom  and 
evaluate  the  estimated  and  "actual" 
error.  The  "actual"  error  is  defined  as 
the  difference  in  frequency  between  the 
10 -DOF  system  and  the  Guyan  reduced 
system.  Table  2  shows  the  four  eigen¬ 
values  and  the  predicted  and  actual 
error.  The  analysis  set  is  defined  as 
6-2,  5-2,  4-2,  and  3-2;  the  first  number 
being  the  grid  point,  and  the  second 
number  the  direction. 

Table  2.  Comparison  Between  Predicted 
&  Actual  Guyan  Reduction 
Error. 


MODE 

NO. 

EIGENVALUE 

‘■ACTUAL" 
ERROR  («) 

Predicted 

ERROR  («) 

1 

5. 50856E6 

3.09E-3 

3.22E-3 

2 

2.17408E8 

3.98E-1 

3.89E-1 

3 

1.86197E9 

8.62 

7.55 

4 

1 . 01909E10 

52.9 

27.3 

The  accuracy  with  which  the  error  is 
predicted  decreases  with  increasing  pre¬ 
dicted  error.  Also,  as  expected,  the 
error  increases  as  the  mode  number  in¬ 
creases.  Small  studies  of  the  actual 
error  have  led  to  the  "rule  of  thumb” 
that  in  a  Guyan  reduced  model,  the  low¬ 
er  50%  of  the  modes  in  the  reduced  model 
are  reasonably  accurate;  similar  to  the 
above  result. 

As  an  additional  example  of  the 
accuracy  of  the  error  analysis  let 
concentrated  masses  of  1.0  E-l  and  1.0 
E-2  be  located  at  grid  points  2  and  4. 
These  masses  are  large  compared  with 
the  mass  of  a  cell,  4.7  E-4.  A  Guyan 
reduction  to  the  3-DOF  of  2-2,  4-2,  and 
6-2  yields  the  results  shown  in  Table  3. 

Notice  that  all  three  modes  are 
acceptable  for  normal  engineering  prac¬ 
tices.  This  accuracy  is  surprising  when 
compared  to  the  "rule  of  thumb”  mentioned 
above.  The  analysis  set  included  the 
two  large  mass  points  as  well  as  the 
extreme  point  of  the  model. 

Table  3.  Predicted  t  Actual  Error  for 
the  5-Cell  Beam  with  Two 
Concentrated  Masses. 


NO. 

EIGENVALUE 

ERROR  («) 

ERROR  («) 

1 

1.6754E6 

1.06E-2 

1.06E-2 

2 

1.9465E7 

9.50E-2 

9.40E-2 

6.51554E9  6.66659E9  2.32 


3 


1.5367E8  2.11 


2.05 


Consider,  as  a  final  example,  the 
15-OOF  system  that  is  identical  to  that 
above  but  includes  the  axial,  Xi,  di¬ 
rections  of  the  grid  points.  The 
analysis  set  is  defined  as  2-2,  3-1, 
4-2,  5-2,  and  6-2.  The  comparison  of 
"actual"  vs.  Guyan  reduced  eigenvalues 
and  the  actual  vs.  predicted  errors  are 
compared  in  Table  4. 

The  interesting  effect  shown  in 
this  model  is  that  the  third  mode  of 
the  Guyan  reduced  model  is  predicted  to 
have  less  than  0.2%  error,  but  when 
compared  to  the  third  mode  of  the  com¬ 


plete  model,  the  eigenvalue  is  more  than 
50%  different!  A  comparison  of  mode 
shapes  reveal  that  the  third  mode  of 
the  reduced  model  is  the  first  axial 
mode,  the  fourth  mode  of  the  complete 
model.  This  example  points  out  the 
pitfall  of  comparing  the  first  few  eigen¬ 
values  of  two  models  without  making  sure 
that  the  eigenvalues  represent  the  same 
mode.  This  kind  of  comparison  is  common¬ 
ly  used  to  ascertain  the  accuracy  of  two 
Guyan  reduced  modes  or  of  a  reduced 
model  to  the  first  few  modes  of  the  com¬ 
plete  model. 


Table  4.  Guyan  Error  Analysis  for  15-OOF  System  with  Two  Concentrated 
Hasses.  A*  Axial  Mode,  B*  Bending  Mode. 


MODE 

NO. 

EIGENVALUE 

ERROR  (%)  ”™  ~j 

ACTUAL 

REDUCED 

ACTUAL 

PREDICTED 

1 

1.675228E7 

(B-l) 

1.675243E6 

(B-l) 

8.95E-4 

9 . 00E-4 

2 

1.944648E7 

(B-2) 

1.944747E7 

(B-2) 

5.67E-3 

5.10E-3 

3 

1.663417E8 

(A-l) 

1.504932E8 

(B-3) 

1.86E-1 

1.84E-1 

4 

1. 507730E8 
(B-3) 

1.087748E8 

(A-l) 

34.6 

48.2 

5 

5.896351E8 

(A-2) 

3. 532273E9 
(B-4) 

53.6 

18.5 

6 

5.098570E9 

(B-4) 

CONCLUSION 

In  summary  it  has  been  shown  that 
a  method  exists  that  provides  a  useful, 
cost  effective  method  for  estimating 
the  error  induced  by  the  Guyan  Reduc¬ 
tion.  The  method  presented  produces  a 
single  number  for  the  error  in  each 
mode,  making  it  easy  for  the  analyst  to 
evaluate  the  accuracy  of  the  reduced 
model  that  will  produce  reliable 
results. 
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DISCDSSIOII 


Toloi  Would  the  Inclusion  of  tho 
second  order  theoretlcel  lnprore  your 
results? 

Mr.  Font  Thet's  e  good  question.  I 
tried  to  do  thst  end  I  didn't  get  the 
results  thet  I  wee  looking  for.  It 
sensed  to  so  like  one  should  be  eble  to 
get  e  second  order  correction  to  the 
eigen  rector  hut  I  heron* t  been  eble  to 
prore  thet.  Also  thet  tern  should  he 
eble  to  tell  ue  how  to  optlalse  for 
Guyan  reduction  end  thet  le  e  challenge 
to  the  audience  If  you  can  figure  out 
how  to  do  It.  1  heron* t  been  eble  to  do 
It  yet.  I're  been  working  a  year  on 
thet. 
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CRITICAL  SPEEDS  OF  MULTI-THROW  CRANKSHAFTS 
USING  SPATIAL  LINE  ELEMENT  METHOD 


Ceail  Bagel,  Profeasor 
Department  of  Mechanical  Engineering 
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A  finite  element  method  for  the  determination  of  the  critical  speeds 
of  multi-throw  crankshafts  is  presented.  A  crankshaft  is  considered  as  a 
three-dimensional  dynamic  system  and  throws  in  their  actual  geometries 
spaced  at  some  angles  relative  to  each  other  and  subjected  to  flexural, 
axial,  and  torsional  deformations.  The  method  uses  spatial  actual  finite 
line  element  whose  each  end  may  experience  six  degrees  of  freedom  of  spa¬ 
tial  motion — three  rotations  and  three  linear  displacements.  Both  regular 
and  irregular  elements  are  uaed.  Masses  and  rotary  inertias  are  limped  to 
the  joint  freedoms  chosen  as  generalised  coordinates,  using  either  discrete 
element  mass  matrix  or  the  consistent  element  mass  matrix  plus  the  discrete 
external  load  mass  matrix,  depending  on  the  model  used.  Equations  of  free 
motion  are  solved  for  natural  frequencies  and  the  corresponding  mode  vectors 
as  an  eigenvalue  problem  by  matrix  iteration,  using  the  reduced  dynamics 
matrix  for  higher  modes.  An  experimental  unbalanced  crankshaft  having  three 
throws  of  different  sixes,  supported  by  four  bearings,  connected  to  a  variable 
speed  drlvm  by  a  flexible  coupling,  and  carrying  three  external  load  disks 
la  designed,  tested,  and  results  are  compered  with  those  of  analytical  finite 
element  solutions  for  different  models,  including  those  considering  rotary 
inertias,  flexible  bearings,  and  equivalent  pure  torsional  straight  shaft 
models,  showing  the  method  of  the  article  to  be  a  very  efficient  tool  for  the 
dynamic  design  of  industrial  crankshafts. _ 


INTRODUCTION 

Critical  speeds  of  a  crankshaft  are  its 
most  important  dynamic  characteristics  since  the 
operational  speeds  of  machines  where  the  crank¬ 
shaft  is  operating  are  bound  by  these  critical 
speeds.  Available  literature  show  that  critical 
speeds  of  a  crankshaft  is  in  general  estimated 
by  reducing  the  crankshaft  to  a  pure  torsional 
system  using  rules  of  thumb  to  approximate 
throws  as  shaft  portions  and  disks,  then  using 
Holler's  assume-and-itefete  mathod  [1-3],  or 
using  planar  finite  line  element  technique  pre¬ 
sented  in  [4].  Investigations  of  crankshafts 
considering  the  actual  three  dimensional  geo¬ 
metry  of  throws  has  been  limited  due  to  the  com¬ 
plex  geometry  involved.  Avalleble  literature  on 
the  three  dimensional  study  of  crankshafts 
again  use  simplified  models  applying  Myklestad 
Method  and  iteration  [5,6]. 

This  article  presents  a  three-dimensional 
finite  element  method  for  the  determination  of 


critical  speeds  of  crankshafts  considering  their 
three-dimensional  actual  geometries  and  as  sys¬ 
tems  experiencing  axial,  flexural  and  torsional 
deformations,  and  using  lumped  mass  systems. 
Equations  of  free  motion  of  a  crankshaft  are 
written  making  use  of  the  metrlx-dlaplacament 
method,  which  makes  use  of  the  stiffness  influ¬ 
ence  coefficient  matrix  of  the  crankshaft.  The 
finite  element  technique  is  used  in  the  formu¬ 
lation  of  the  global  external  stiffness  matrix 
[K]  of  the  crankshaft  and  in  the  formulation  of 
the  global  mass  matrix  [M].  The  generalised 
coordinate  influence  coefficient  matrix  is  de¬ 
termined  by  partitioning  [K]  or  its  inverse 
according  to  the  number  of  the  generalised  coor¬ 
dinates  used,  to  which  masses  and  rotary  mass 
moments  of  inertias  are  lumped  [A,  7-14 j.  Equa¬ 
tions  of  free  motion  ere  then  trensformed  into 
the  eigenvalue  fora  and  solved  for  the  natural 
frequencies  and  the  corresponding  mode  vectors 
by  matrix  iteration.  Natural  frequencies  deter¬ 
mine  the  crltlcel  speeds  of  the  crankshaft.  The 
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method  permits  the  Inclusion  of  ths  rotary  in¬ 
ertias  of  elements  as  well  as  of  the  externally 
mounted  objects  end  investigation  of  their 
effects  on  the  predicted  value  of  the  critical 
speed  with  ease.  It  also  eliminates  the  rules- 
of-thumb  techniques  of  the  conventional  model¬ 
ing. 


Determining  [6.]  by  partitioning  [K]  saves 
computer  time.  Thus,  rewriting  eq.  (2),  one 

has 


kV 

ky 


(3a) 


EQUATIONS  OF  MOTION 

Equations  of  motion  for  the  forced  and 
damped  vibration  of  a  dynamic  system  written 
using  the  method  of  influence  coefficients  in 
the  form  of  uncoupled  displacements,  and  in 
matrix  form,  are  [8,  13]: 


from  which 

(xe)  -  ~[Xi  ]-1  [K*](Xg) 

(3b) 

[Ki]  {xo}+[Kz](xg)  *(Fg] 

(3c) 

[DU]-IKiH*r*(Kt]]  (*g>  -(Pg) 

(3d) 

<y-iy  t-[M]  {y-[cj  (*gw^t)  >  <n 

where  {xg},  {x_},  and  (x.)  are  the  Ng  x  1  vec¬ 
tors  of  generalised  coordinate  displacements, 
velocities,  and  accelerations,  respectively,  g 
stands  for  "generalized''.  Ng  designates  the 
number  of  the  generalized  coordinates  used.  [M] 
is  the  Ng  x  Ng  global  mass  matrix  in  which 
masses  are  lumped  to  linear  generalised  coor¬ 
dinates  and  rotary  Inertias  are  limped  to  rotary 
generalized  coordinates.  (C]  is  the  Ng  x  Ng 
global  damping  coefficient  matrix.  {7/o)la  the 
Ng  x  1  time  dependent  .forcing  vector.  [|g]  is 
the  Ng  x  Ng  generalised  coordinate  flexibility 
Influence  coefficient  matrix  whose  determination 
for  the  crankshaft  becomes  the  major  aim  of  the 
finite  element  formulation.  Thua,  to  determine 
(Ag],  the  global  stlffnesa  matrix  [K]  la  formed 
by  the  finite  element  technique.  Then,  it  la 
inverted  or  pertltloned.  The  global  stiffness 
matrix  [K]  relates  all  the  active  joint  freedoms 
(x)  to  the  external  joint  forces  (F)  by 


(?)  -  (K](x)  (2) 


where  (x)  and  {?}  are  of  sizes  Np  x  1,  [K]  is  of 
size  M.  x  Np,  and  Np  is  the  number  of  ectlve 
Joint  freedoms.  An  active  freedom  is  a  neutral 
freedom,  if  no  mass  la  limped  to  it.  It  is  gen¬ 
eralized  coordinate  freedom  otherwise.  Let  the 
number  of  neutral  freedoms  be  No-  Then,  Hp-No 
+Ng.  The  number  of  the  external  joint  freedoms 
are  assigned  such  that  the  early  mabers  1,  . ... 
N0  are  for  the  neutral  freedoms  and  the  remaining 
numbers  Ho+1,  ....  Np  are  for  the  generalized 
coordinate  freedoms,  so  that  the  inverse  of  [K] 

Is  easily  partitioned  to  obtain  [A.].  Thua, 
from  eq.  (2), 


1...N 


l{vj  Wl0** 
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<y 
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(3) 


in  which  (xq)  is  the  Nax  1  neutral  coordinate 
displacement  vector,  (p0)  is  the  N0  x  1  netural 
coordinate  forcing  vector  and  is  zero,  (pg)  is 
the  Ng  x  1  generalized  coordinate  forcing  vector 
which  is  the  post  multiplier  of  [Ag]  in  eq.  (1). 
Bence,  from  eq.  (3),  [Ag]  -  [Aw] .  Then,  to  find 
[Ag],  one  only  needs  to  fora  [K]  and  partition  its 
Inverse  to  extract  [A»]  of  size  Ng  x  Ng. 


Then,  [A  1  -  [Kg]"*  ,  where  [JU-  [K*]-[K,]  [*  1? 
[Ki].  Invar tad "mat rices  are  fti ]  of  size  Nc  x  N 
and  [Kg]  of  size  Ng  x  Ng. 

For  the  free  motion  {?  }»  -[M]{xg)  which 
upon  substituting  into  eq.  (lj,  along  with  the 
form  of  the  harmonic  motion  {xg)»coe(ut+V){k}, 
give  the  eigenvalue  form  of  the  equations  of 
free  motion: 


[xcu  -  IDJ ]{*}■-  0  (4) 

where  X»l/w*  is  the  eigenvalue  of  the  dynamic 
matrix  [Dg]"[ Ag] [M] .  w  is  a  modal  natural  fre¬ 
quency  of  the  crankshaft ,  (K)  is  the  correspon¬ 
ding  modal  amplitude  vector  and  T  the  phase  an¬ 
gle.  N.  values  of  X  determine  the  N_  values  of 
u  and  the  corresponding  values  of  (IJ.  Equation 
(4)  is  solved  for  the  values  of  Xg  and  (R)k 
easily  by  matrix  iteration.  The  solution  of  eq. 
(4)  by  matrix  iteration  using  the  original  value 
of  [Da]  gives  the  fundraantal  mode  frequency  tq 
and  the  corresponding  mode  amplitude  vector  (l]j 
[14].  For  higher  node  frequencies  [Dg]  must  be 
reduced.  Thus,  for  the  (k  +  l)th  node  it  is 
given  by  [14] : 


'Vk*l 


tD]k- 


(*)k  [ih]  mJT 

*£{K)k[M]  u>k 


(5) 


The  fundamental  frequency  q  of  a  crank¬ 
shaft  determines  its  critical  operational  speed, 
so  does  ul.  for  the  kth  mode.  {R)g  defines  the 
modal  amplitudes  of  the  generalized  coordinates 
with  respect  to  tbs  undeformed  geometry  of  the 
crankshaft.  The  corresponding  neutral  coor¬ 
dinate  modal  amplitudes  ara  given  by  eq.  (3b)  as 
(Mb-MM'1  [Kz]{K)k. 


THE  EXTERNAL  JOINT  FREEDOM  (F  -  x)  DIAGRAM 

Figure  1  shows  an  external  joint  displace¬ 
ment  diagram  for  a  crankshaft  having  two  throws. 
This  figure  illustrates  several  rules  and  con¬ 
siderations  in  modeling  a  crankshaft.  A  joint 
Is  introduced  where  the  cross-sectional  proper¬ 
ties  of  the  crankshaft  varies,  where  a  mass  or 
mass  moment  of  inertia  is  to  be  lumped,  snd 
where  there  is  a  support.  Between  two  joints  an 
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•lwnt  la  formed .  Since  the  finite  element 
technique  la  a  numerical  method,  the  more  ele- 
manta  meana  better  accuracy  in  the  reaulta  ob¬ 
tained.  Single-headed  eolld  arrows  dealgnate 
active  linear  joint  freedoma.  Double-headed 
aolid  arrows  dealgnate  active  rotary  joint  free¬ 
doma.  The  reatrained  joint  freadoma  are  dealg- 
nated  by  daahed  arrows,  and  they  will  assume 
the  freedom  number  Np+1.  Joint  freedoms  are 
restrained  to  satisfy  the  existing  boundary 
conditions  such  as  at  the  fixed  end  at  A  in  Fig. 
1  and  at  rigid  support  location,  such  as  the 
linear  joint  freedoms  at  support  C  and  N.  If 
a  support  (bearing)  is  designed  to  permit  axial 
play  of  the  journal  (which  Is  done  to  permit 
axial  expansion  of  the  shaft  In  high  temperature 
environments)  the  axial  freedom  at  the  support 
location  Is  not  restrained,  such  as  the  freedom 
105  at  support  Y.  The  transverse  linear  free¬ 
doms  at  a  support  become  active  freedoms  when 
s  bearing  Is  considered  flexible  In  the  trans¬ 
verse  directions  (which  may  be  the  case  when 
the  bearing  housing  Is  mounted  on  vibration 
Isolator  or  when  the  effect  of  the  bearing 
housing  deformstlons  is  to  be  considered). 
Freedoms  are  sometimes  restrained  to  obtain  the 
type  of  model  desired.  For  example.  In  Fig.  1. 
all  the  Joint  freedoms  except  the  torsional 
freedom  1  at  the  flexible  coupling  joint  are 
restrained  to  permit  the  flexible  coupling 
experience  torsional  deformation  only  and  re¬ 
place  It  by  an  element,  element  1,  which  exper¬ 
iences  torsional  deformation  only.  Axial  free¬ 
doma  at  joints  L,  M.  N,  0,  and  P  are  restrained 
so  that  elements  12,  13,  14,  and  15  do  not 


experience  axial  deformations.  For  example, 
(X79-X7t)  defines  the  axial  deformation  exper¬ 
ienced  by  element  5.  However,  axial  freedoms 
along  the  IL  side  of  throw  1  are  all  numbered  84 
so  that  s laments  9,  10,  and  11  do  not  experience 
axial  deformations,  even  though  the  joints  I,  J, 
K,  and  L  experience  axial  joint  dlaplacement  84. 
Similarly,  elements  21,  22,  and  23;  elements  19 
and  20;  and  elements  24  and  25  do  not  experience 
axial  deformations,  althought  their  joints  ex¬ 
perience  the  linear  freedoaw  99,  95,  and  105, 
respectively.  The  0  end  of  element  15  experi¬ 
ences  torsional  freedom  51  only,  fixing  this 
joint  for  flexural  and  axial  displacements.  The 
P  end,  however,  experiences  the  torsional  free¬ 
dom  52  and  the  flexural  freedom  53,  while  the 
freedom  53  la  experienced  as  a  torsional  freedom 
by  element  16.  The  freedom  nmbering  on  the  PS 
side  of  the  second  throw  eliminates  the  dis¬ 
placements  of  joints  P,  Q,  8,  and  S  In  tha  axial 
Y'  direction.  So,  elements  16,  17,  and  18  do 
not  experience  axial  deformations;  and  no  flex¬ 
ural  rotation  In  the  X'Y'  plane,  but  linear 
freedoms  91,  93,  and  95  with  sero  slope  of  the 
deflection  curve  at  P,  Q,  8,  and  S  on  this  plane. 
In  this  manner  desired  elastic  model  experien¬ 
cing  the  desired  freedoms  can  be  formed. 


I8XEGULA8  AND  REGULAR  ELEMENTS 

One  of  the  throws,  preferably  the  first 
one,  throw  1  In  Fig.  1,  Is  used  as  a  rsferencs 
throw  when  forming  the  P-x  diagram.  The  refer¬ 
ence  throw  lies  In  the  ZY  plane  of  the  XYZ 
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Fig.  1  -  A  sample  external  joint  P-x  diagram  for  a  Imped  mass  model 
of  a  crankshaft  having  two  throws 


reference  system.  Succeealve  throw*  are  poel- 
tloned  with  respect  to  the  previous  one  by  the 
angle,  6.  Since  the  freedom  of  the  joints  on 
the  throw  sides  are  assigned  such  that  sone  are 
parallel  to  the  axis  of  rotation  of  the  crank¬ 
shaft  and  sone  lie  along  the  eleaent  line  (the 
Y'  sxla),  the  elments  connecting  a  throw  to  the 
previous  one,  such  ss  the  eleaent  IS  In  Fig.  1, 
consist  of  two  external  joint  freedoa  end-coor¬ 
dinate  system  which  are  displaced  relative  to 
each  other  through  rotation  8  about  the  X  axis. 
Since  this  requires  the  trans format Ion  of  the 
end  forces  and  aoaents  In  the  eleaent  equations 
of  equlllbrlta,  eleaents  such  as  the  eleaent  IS 
are  called  Irregular  eleaents.  Other  eleaents 
idiich  require  no  transformation  are  called 
regular  eleaents. 

Assigning  freedom  along  the  eleaent  lines 
of  the  throws  have  several  purposes:  to  perait 
the  use  of  eleaent  aass  eat rices  of  simplified 
geometries,  to  permit  aass  displacements  to  oc¬ 
cur  In  the  directions  orthogonal  to  the  element 
lines  snd  to  the  principal  axes  of  the  eleaent 
cross-sections,  and  to  provide  slaple  aeans  to 
eliminate  certain  freedom  snd  neglect  the  ef¬ 
fect  of  certain  aass  properties. 


DYNAMIC  MODEL 

The  dynsalc  model  of  a  crankshaft  Is  char¬ 
acterised  and  formed  when  one  decidee  which  of 
the  active  external  joint  freedom  are  to  be 
used  as  the  generalised  coordinates.  In  Fig.  1 
freedom  1  to  31  are  considered  neutral  coor¬ 
dinate  freedom.  Then  Rg-7 8 .  If  there  was  s 
flywheel  at  C,  the  freedoa  2  mould  be  considered 
within  the  generalised  coordinates.  Freedom  3 
snd  4  could  have  been  Included  In  the  genera¬ 
lised  coordinates  also  if  the  effect  of  flexural 
rotary  Inertias  of  the  flywheel  aboik  the  Y  and 
Z  axes  was  to  be  included,  but  their  number* 
would  be  In  those  defining  the  generalised  coor¬ 
dinate  freedom.  At  M  the  effect  of  aass  (due 
to  freedom  89  snd  90),  effect  of  torsional 
rotary  Inertia  (due  to  freedoa  48),  and  effect 
of  flexural  rotary  Inertias  (due  to  freedom  49 
and  30)  are  Included.  Kffect  of  torsional  ro¬ 
tary  intertlas  about  the  Y  axis  of  the  eleaents 
4-6,  9-11,  16-18,  21-23,  and  about  the  x  axis  of 
the  element*  21-23  are  conaldered .  The  effect 
of  the  flexurel  rotary  Inertias  of  masea  at  H, 
Q,  I,  and  T  Is  neglected,  so  is  of  the  torsional 
rotary  Inertias  at  S,  T,  and  0  ends  of  eleaents 
19  and  20.  The  effect  of  aasses  corresponding 
to  linear  freedom,  except  In  the  directions  of 
joint  freedom  10-14,  Is  considered.  In  case  of 
the  discrete  asss  aetrlx,  the  sua  of  the  a asses 
at  S,  T,  and  U  Is  lumped  to  freedom  93,  the  sua 
of  those  at  0,  V,  W,  and  X  is  lumped  to  freedom 
99,  that  of  at  I,  J,  K,  and  L  to  freedoa  84,  and 
that  of  at  X,  Y,  and  Z  to  freedoa  103.  These 
masses  contribute  also  to  off-diagonal  eleaents 
In  case  of  the  consistent  asss  matrix.  The 
global  mass  aetrlx  [M]  Is  formed  considering  all 
these  effects  by  using  elamnt  mass  metric** — 
discrete  element  aass  matrix  or  the  consistent 
eleaent  aass  matrix,  depending  on  the  aethod 


used— as  described  In  the  following  section. 


THE  ELEMEKT  P-x  DIAGRAM  AND  THE  ELEMENT 
EXTERNAL  STIFFNESS  MATRIX 


The  general  geometry  of  the  spatial  finite 
line  eleaent  used  Is  shown  in  Fig.  2.  Figure 
2(a)  shows  the  eleaent  P-x  diagram  and  the  or¬ 
der  of  the  local  external  joint  displacements 
x(Ni)  t°  X(N1,)*  Esch  end  of  an  element  exper¬ 
iences  three  rotary  displacements  and  three 
linear  displacements.  X,  Y,  and  Z  position  the 
terminal  end  with  respect  to  the  Initial  end  of 
the  elamnt.  x(m  ),  xqi2).  and  x(n,)  are  joint 
rotations  at  the  Initial  end;  xqj%).  x(n.)»  and 
x(N()  ate  joint  rotations  at  the  terminal  end; 


«(Nt);  *(Ns).  *(HO.  and  *0^,).  a^).  *(n.2) 
are  the  linear  joint  freedom  at  the  Initial 


and  terminal  ends,  respectively.  N;  to  N12 
designate  the  global  numbers  of  the  joint  dis¬ 
placements.  For  examp le,  for  element  6  in  Fig. 
1,  Hi -36,  N2-37,  Ns “17 ,  N*-38,  Ns-39.  N*-18, 
tb- 12.  Ns-73,  N*-77,  Nio-79.  Hu-74,  Nu-78, 
and  X*Z»0,  Y*L» ,  where  the  XYZ  ays tea  is  the 
element  reference  systaa.  For  element  18,  these 
nmbers  are  (26.  55.  109;  27.  56,  109;  93.  109. 
94;  95,  109,  96),  where  the  X'Y'Z'  systaa  Is  the 
elamnt  reference  system,  and  X-Z-0,  Y-Li  I .  a, 
6,  and  y  ere  the  direction  angles  and  cos  a-X/L, 
cos  B-Y/L,  cos  Y”Z/L,  L*«X*+Y*+Z*. 


Elamnt  external  stiffness  matrix  relates 
the  eleaent  external  joint  displacements  X(N  \ 
to  x(H  )  to  the  corresponding  element  external 
Joint  forces  p(g1)  to  P(Ni*)  m  they  contribute. 
Thus, 


(P>a  -  [E.Hx). 


(6) 


where  Pfli2).  ....  Pf^.),  <*>e- 

*(N*)'  **•'  **  th* 

12x12  elamnt  external  stiffness  matrix  and  Is 

given  by 

tK.l-[A].[S]«[A];  (7) 


In  which  [A]a  Is  12x6  elamnt  statics  matrix  as 
described  below  for  both  regular  and  Irregular 
elements,  [A}£  Is  Its  transpose  and  Is  the  defor¬ 
mation  matrix,  [S)a  Is  the  element  Internal 
stiffness  matrix  and  relates  the  Internal  end 
moments  and  end  forces  to  the  and  deformations 
of  the  element  [13,  16).  Refer  to  Figs.  2(b) 
and  (c),  where  shown  are  the  elamnt  Internal 
end  forces;  axial  force  Fj  and  axial  deformation 
e2;  torsional  aoment  Fj  and  the  torsional  defor¬ 
mation  a2  of  the  terminal  end  with  respect  to 
the  Initial  end;  flexural  moments  F«  and  F% 
about  the  axes  normal  the  X'Z  plane,  but  paral¬ 
lel  to  the  1-1  principal  axis  of  the  element 
cross-section,  and  the  corresponding  flexural 
deformations  si  and  e*  about  their  axes;  flexural 
moments  Fs  and  Fi  about  the  axes  normal  to  the 
element  axes  but  lying  In  the  X’Z  plane  being 
parallel  to  the  2-2  principal  axis  of  the  element 
cross-section  and  the  corresponding  flexural  de¬ 
formations  ef  and  e(  about  their  axes;  and  the 
shearing  forces  Vi  and  V2  being  normal  to  the  axes 
af  corresponding  and  moments  and  the  element  axis. 
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Fig.  2  -  Element  properties,  (a)  element  external  joint  P-x  diagram  and  the  order 
of  element  freedoms,  (b)  element  end  Internal  forces  and  moments , 

(c)  Internal  end  deformations,  (d)  free-body  diagram  for  the  initial  end  Joint 


It  should  be  noted  that  the  1-1  principal  axis 
of  an  element  always  remains  in  the  XY  plane  of 
the  reference  throw  and  in  the  X'Y'  plane  of 
the  other  thrown.  Bence,  [S)e  is  defined  by 
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where  Si-EA/L,  S2-GJ/L,  Sj-EIi/L,  Ss-EI2/L,  E 
is  the  modulus  of  elasticity,  G  is  the  modulus 
of  torsional  rigidity,  A  la  the  croaa-aectlonal 
area  of  the  element,  Ij  and  I2  are  the  area 
moments  of  Inertia  of  the  element  cross-section 
about  the  principal  axes  1-1  and  2-2,  respec¬ 
tively,  and  J  is  the  torsional  constant  of  the 
cross-section. 

Statics  Matrix  for  Regular  Element. 

Regular  element  is  that  element  whose  ex¬ 
ternal  joint  freedoms  at  initial  and  terminal 
ends  are  defined  in  parallel  coordinate  systems 
as  in  Fig.  2(a).  All  the  elements,  except  ele¬ 
ment  15,  in  Fig.  1  are  regular  elements.  Ele¬ 
ment  statics  matrix  [A]a  relates  the  element 

internal  forces  F2,  F2 . F»  to  the  element 

external  Joint  forces,  pfljj),  P(U2)»  ••••  P(m2)> 
It  is  obtained  by  simply  writing  the  equations 
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of  force  and  moment  equilibria  at  the  Joints 
In  the  directions  of  the  external  joint  forces 
P(g.).  Thus,  observing  the  Joint  free-body  dia¬ 
gram  for  the  Initial  end  shown  in  Fig.  2(d),  one 
writes 

*  („7  jI+F  (N  t }  J  4F  (Ni  )  k+Filh-W  iC2-W2U,  -0  (9) 

as  the  force  equation  of  equilibrium,  and 

P(N1)T+P(N2)i4f(N,)t+F^+F^-PlU»-0  (10> 

as  the  equation  of  moment  equilibrium.  Simi¬ 
larly,  the  equations  of  force  and  moment  equi¬ 
libria  for  the  Joint  at  the  terminal  end  are 
written  to  be 

P(Ni,)T+P0.xi)J+P(»l2)t-FlIl’Vl”*-V4"J’0  (U) 

and 

p(noI+p(ns)^p(n.)^f^-f^+f*^-°  <12) 

where  1,  j ,  and  fc  are  the  unit  vectors  of  the 
XYZ  reference  system;  Ui,  U2,  and  Us  are  the 
unit  vectors  that  position  end  forces  in  the 
joint  coordinate  system  as  shown  In  Fig.  2(d) 
and  are  defined  as 

Ui+al+bj+ck.  02— cgi-cdj+tik,  Da-  -dl+gj 

where  a-cosa,  b-cosg,  c-cosy,  d-sin$-b/(a2 
+b 2 )  X/J-  ,_h-s irry^  also  a-hg  and  b-hd.  Separa¬ 
ting  1,  j,  and  k  components  of  eqa.  (9)-(12), 
the  element  statics  matrix  for  the  regular  ele¬ 
ment  la  obtained  to  be  that  given  In  eq.  (13). 
fA]e  - 
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Although  this  elament  statics  matrix  may  be 
simplified  for  the  crankshaft  elements  lying 
along  an  X  axis,  for  which  a-g-h-1,  b-c-d-0, 
and  for  the  throw  side  elements  for  which  a-g- 
c-0,  b-d-h-1,  it  is  preferable  to  maintain  it  In 
Its  general  form  within  the  program  to  account 
for  the  throws  whose  sides  may  not  be  parallel 
to  the  Y  or  Y'  axis. 


Statics  Matrix  for  Irregular  Elements. 


Observing  Fig.  1,  the  irregular  elements 
in  a  crankshaft  will  be  formed  on  one  side  of  a 
nonreference  throw,  such  as  the  element  IS  in 
Fig.  1,  and  again  on  one  side  of  an  Inner  flex¬ 
ible  support  as  it  is  seen  In  Fig.  4.  Figure  3 
shows  the  general  geometry  of  an  Irregular  ele¬ 
ment  where  the  external  joint -freedoms  at  the 
terminal  end  are  defined  in  the  XY"Z"  system 
which  is  displaced  through  rotation  6  about  the 
X  axis.  The  end  forces  and  end  moments  on  the 
element  remain  as  defined  In  Fig.  2  (b)  and  (c). 
Equations  (9)  and  (10)  are  the  same  for  the  Ir¬ 
regular  element.  Then,  the  rows  1,  2,  3,  7,  8, 
and  9  of  [A]e  in  eq.  (13)  are  also  the  corres¬ 
ponding  rows  of  the  irregular  element.  The  re¬ 
maining  rows  of  the  statics  matrix  are  deter¬ 
mined  by  re-writing  the  equations  of  equilibr¬ 
ium  given  In  eqs.  (11)  and  (12)  Involving  the 
necessary  transformation  through  rotation  6. 
Thus,  the  force  and  moment  equations  of  equili¬ 
brium  for  the  terminal  end  joint  of  the  irregu¬ 
lar  element  are 
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is  the  matrix  that  transforms  the  Internal 
forces  at  the  terminal  end  joint  from  the  XYZ 
coordinate  system  into  the  XY"Z"  coordinate  sys¬ 
tem.  Thus,  the  statics  matrix  for  the  crank¬ 
shaft  irregular  elements  becomes  that  given  in 
eq.  (17).  The  numerical  value  of  0  is  a  posi¬ 
tive  number  when  the  rotation  has  taken  in  the 
right  hand  screw  direction,  negative  otherwise. 
Note  that  rows  4  and  10  of  matrices  in  eqs.  (13) 
and  (17)  are  the  same  since  the  rotation  has 
taken  place  about  the  X  axis,  the  axis  of  P(N(i) 

P(Ni.)- 


Element  internal  stiffness  matrix  for  an 
Irregular  element  remains  as  given  by  eq.  (8). 

Since  [A]e  and  [S]e  matrices  are  determined 
by  element  properties  such  as  E,  G,  A,  X,  Y,  Z, 

L ,  Ii,  I2,  J;  the  nunbers  of  the  global  external 
joint  freedoms  at  ends  of  an  element;  and  if 
the  element  is  an  Irregular  one;  reading  these 
data  for  each  element  within  a  program,  the  ele¬ 
ment  external  stiffness  matrix  [K«]  for  each  ele¬ 
ment  is  formed  according  to  eq.  (7),  and  its  ele¬ 
ments  are  stored  to  the  corresponding  locations 
of  the  global  external  stiffness  matris 
Thus,  [Kg]  has  the  form  of  eq.  (18).  For  example, 
for  element  24  in  Fig.  1,  Ni-65,  N2-66,  N$-67, 
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Fig.  3  -  Element  P-x  diagram  for  irregular 
element  with  terminal  point  Irregularity 


H*-8,  N5-9,  N.-10,  Nt-XOS,  M.-99,  H,-106. 
Hio-105.  Nii-Ru  109  Mp+1;  and  tha  (3.  10)  ele¬ 
ment  of  lta  [K]  matrix  will  be  lta  contribution 
to  tha  (67,  105)  element  of  tha  global  [K]  ma¬ 
trix.  In  order  that  tha  element  P-x  diagram 
defined  In  Flga.  2(a)  and  3  can  be  applied  to 
all  the  element* ,  the  reetralnad  freedoms  ere 
given  the  ntmber  SL+1.  Although,  this  forma 
(Hp+l)61*  row  and  (Hp+l)tH  column  during  the  for¬ 
mulation  of  [K]  when  superposing  all  the  element 
[K,]  matrices,  these  colwu  and  row  of  [K]  are 
discarded.  For  exasple,  both  (3,11)  and  (3,12) 
almaanta  of  [K*]  for  element  24  In  Fig.  1  will 
contribute  to  the  (67,  109)  element  of  [K]. 
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THE  HASS  MATRIX 


The  global  aass  matrix  [M]  for  the  crank¬ 
shaft  la  formed  as  a  discrete  mass  matrix  or  as 
a  consistent  mass  matrix.  In  both  cases  the 
global  mass  matrix  Is  the  sun  of  two  global  mass 
matrices: 

[M]  -  [Mi]  +  [M2]  (19) 

where  [Mi]  Is  Che  contribution  of  the  element 
masses  and  mass  moments  of  Inertia  to  the  global 
mass  matrix,  [M2]  Is  the  mass  matrix  consisting 
of  the  masses  and  mass  moments  of  inerita  of  the 
externally  mounted  and  concentrated  objects  on 
the  crankshaft  such  as  the  gears,  flywheels,  and 
pulleys.  Since  In  general  objects  are  mounted 
on  a  crankshaft  having  their  principal  axes 
parallel  to  the  external  joint  freedom  axes,  the 
products  of  mass  inertia  will  vanish  and  [M2] 
matrix  will  be  a  diagonal  matrix.  Depending  on 
the  mxnber  of  externally  mounted  objects  and  the 
nunber  of  generalized  coordinates  used,  some  of 
the  diagonal  elements  of  [M2 ]  may  be  zero.  No 
diagonal  element  of  [M]  can  be  zero,  however. 

For  example,  in  the  system  show  in  Fig.  1,  the 
mass  of  the  gear  at  Z  would  form  the  (74,  74), 
(76,  76)  and  (77,  77)  elements  of  [M2]  being 
lumped  to  the  similarly  lumbered  generalized 
coordinate  freedoms  which  correspond  to  the  ex¬ 
ternal  Joint  freedoms  Xjos,  *107.  and  xioj. 
mk2x,  mk2y,  and  mk22  will  form  the  (37,  37), 

(38,  38),  and  (39,  39)  elements  of  [M2],  respec¬ 
tively,  corresponding  to  the  external  joint 
freedoms  x(t,  xh,  and  x70,  respectively,  m  is 
the  mass  of  the  gear;  kx,  ky,  and  kz  are  the 
radii  of  gyration  about  the  axes  designated  by 
the  subscripts. 


The  aass  matrix  [Mj ]  may  be  formed  In  two 
manners;  either  as  a  discrete  mass  matrix  or  as 
a  consistent  mass  matrix.  As  a  discrete  aass 
matrix,  [Mi]  Is  a  diagonal  aass  matrix  for 
crankshafts  such  as  the  one  shown  In  Fig.  1. 
Diagonal  elements  of  [Mi]  can  be  formed  without 
the  need  for  a  discrete  element  aass  matrix, 
although  an  element  aass  matrix  simplifies  the 
process  by  the  aid  of  a  computer.  As  an  example, 
consider  the  generalized  coordinates  at  point  F 
In  Fig.  1.  Limped  to  the  generalized  coordi¬ 
nates  x. .(.xu),  x*_  (x 1 7 ) ,  Xgt,(x7j),  and  x~( 
(x77)  are  (a«kj  +w*k|x)/2,  (ask;  +m«k6  )/27  (ms 
+m«)/2,  and  (a$vm«)/2,  respectively,  wnerems.me 
are  the  masses  of  elements  5  and  6.  ks  and  kt 
are  the  radii  of  gyration  of  one  half  of  ele¬ 
ments  S  and  6  on  the  sides  of  F,  about  F.  ks 
and  k»  are  the  radii  of  gyrations  of  these 
element  wastes  about  the  T  axis.  No  rotary  In¬ 
ertia  about  Z  axis  is  considered  since  x;7  la 
not  a  generalized  coordinate  freedom.  When  a 
sufficient  number  of  masses  are  used  In  a  dis¬ 
crete  mass  model  almost  exact  solution  results 
are  achieved  [14], 


Diacrete  Element  Mass  Matrix. 


The  global  discrete  mass  matrix  [M  ]  can  be 
formed  as  the  superposition  of  discrete  element 
mass  matrices.  Thus,  the  discrete  element  mass 
matrix  [Me]  for  a  regular  element  whose  princi¬ 


pal  axes  lie  along  the  axes  of  the  joint  free¬ 
dom  coordinate  systems  is  given  by  eq.  (20)  in 
which  qi“Ni-N0  designates  the  generalized  coor¬ 
dinate  corresponding  to  the  external  joint  free¬ 
dom  X(hj\.  p  is  the  mass  density  (kg/m?)or  lbf- 
sec2/in?).  The  radii  of  gyration  are  kj,«(L/4)2 
-t-k^  about  any  axis  normal  to  the  element  axis, 
where  n-1,  2,  3  designates  axes  X,Y,Z;  k^n  is 
the  centroldal  radius  of  gyration  of  one-half 
of  the  element  about  the  axis  designated  by  n. 
When  element  data  are  read  into  a  computer  pro¬ 
gram,  the  nonzero  elements  of  [Me]  are  formed 
and  stored  to  the  locations  of  the° global  mass 
matrix  designated  by  the  global  joint  freedom 

numbers  qi-(Nl-N0),  q2-(N2-N0) .  qi2“(Ni2-N0) . 

When  qi<0  and  qi>Ng,  the  mass  matrix  element  is 
discarded  since  qijjO  defines  a  neutral  coordi¬ 
nate  freedom  and  qj>Ng  defines  a  restrained 
freedom.  Tapered  elements  are  approximated  by 
straight  elements  using  the  centroldal  proper¬ 
ties.  The  effect  of  element  rotary  inertias  on 
the  natural  frequency  of  a  system  is  very  small 
and  negligible  in  many  instances.  To  neglect 
the  effect  of  a  rotary  inertia,  the  correspon¬ 
ding  Joint  freedom  is  considered  a  neutral  coor¬ 
dinate  freedom  or  restrained  depending  on  the 
model  used.  If  a  torsional  freedom  is  used  as 
a  neutral  coordinate  freedom,  the  torsional  ro¬ 
tary  inertia  at  the  location  is  neglected ,  but 
the  shear  deformation  still  occurs,  and  the  glo¬ 
bal  stiffness  of  the  system  has  the  effect  of 
shear  deformations. 

Consistent  Element  Mass  Matrix. 

The  consistent  mass  matrix  is  a  discrete 
mass  matrix  consisting  of  the  effects  of  pro¬ 
ducts  of  Inertia,  and  it  is  the  best  approxima¬ 
tion  for  the  continuous  mass  model  [9,  10,  12]. 
For  the  spatial  finite  line  element  used  in  this 
article,  when  the  X  or  X’  axis  lies  along  the 
element  line,  the  consistent  element  mass  ma¬ 
trix  [Mc]qx  is  given  by  eq.  (21),  where  ri«Jt/ 
(3A) ,  Jfc  being  the  torsional  constant  of  the 
element  cross-section,  r2“L2 /105+2kJ/15.  rj" 
-13L/420+ky/10L,  r*.- L2/140-l4/30,  r5-L*/105 
+2k|/15,  r*-HL/210+k2/10L,  r7«13L/420-4/10L, 
r( -13/35+6 k|/5L  ,  rs^/IO-bkJ/SL2 ,  na-13/35 
+6ky/5L2 ,  ru— 11L/210-4/10L,  ri2-9/70-6k5/5L2 , 
rls-13L/420-k2/10L,  r1H— L2/140-kf /10.  ky  and 
kz  are  the  centroldal  radii  of  gyration  of  the 
element  cross-section  about  Y(or  Y')  and  Z(or 
Z')  axes,  respectively. 

For  the  elements  that  lie  along  a  Y  or  Y' 
axis,  the  consistent  mass  matrix  given  in  eq. 

(21)  takes  a  different  form  since  the  principal 
axes  of  the  element  cross-section  lie  in  a  dif¬ 
ferent  joint  freedom  reference  system.  Thus, 
[MelCy  18  given  by  eq.  (22)  where  ri5-L2/105 
+2k^/15,  r  1  jj— L 2 /  140-kx/10 ,  n7-13/35+6k|/5L2, 
ri 8“9/70-6kx/5L2,  n 9-13L/420-k£/10L,  r20-in./ 
210+kx/10L,  r  2 !“13L/ 420- k^/ 10L ,  and  k,  is  the 
centroldal  radius  of  gyration  of  the  element 
cross-section  about  the  X  axis. 

When  the  effect  of  rotary  Inertias  is  to 
be  neglected,  k,,  ky,  kj,  and  Jt  are  set  to  be 
zero  in  the  element  data. 
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Element  mass  matrix  for  an  Irregular  crank¬ 
shaft  element  is  the  same  as  given  by  eqs.  (20)- 
(22)  depending  on  the  type  of  model  used,  since 
the  Irregular  element  Is  of  circular  ccoss-sec- 
aectlon. 

MODELING  FLEXIBLE  SUPPORTS 

Flexible  supports  tend  to  reduce  the  criti¬ 
cal  speed  level  of  a  crankshaft.  When  a  bearing 
housing  Is  mounted  on  flexible  mounts  for  the  pur¬ 
pose  of  absorbing  vibration,  the  rigidity  of  the 
support  Is  lost  and  an  appreciable  amount  of  re¬ 
duction  in  the  critical  speed  is  observed.  Hence, 
it  becomes  important  to  know’  the  reducing  effect 
of  flexible  bearings  on  the  operating  speeds  of 


crankshafts,  straight  shafts,  and  the  machine 
In  which  they  operate.  Incorporating  a  flexible 
bearing  in  the  dynamic  model  of  a  crankshaft 
merely  Introduces  restrained  linear  regular  ele¬ 
ments,  and  It  may  cause  some  regular  shaft  ele¬ 
ments  to  become  Irregular  elements.  Shown  in 
Fig.  4(a)  is  a  portion  of  a  crankshaft  shunted 
on  flexible  bearings  at  A  and  D,  where  It  la 
assumed  that  the  bearings  are  linear  springs 
experiencing  axial  deformations  only  In  T  and 
Z  directions  under  the  radial  loading.  Ki  and 
K2,  for  example,  represent  .linear  spring  rates 
of  the  support  at  A  for  loading  In  Z  and  T  di¬ 
rections,  respectively.  In  the  finite  element 
model  they  are  bars  experiencing  axial  defor¬ 
mations  only.  Thus,  bar  AB  and  AC  experience 
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Joint  freedoms  x5J  and  iji,,  respectively.  All 
the  other  freedoms  on  these  elements  are  re¬ 
strained.  The  shaft  experiences  all  three  ro¬ 
tary  freedoms  at  the  support;  x*«,  x5l,  xs}. 

At  support  D  the  only  difference  Is  In  that  the 
shaft  Is  permitted  to  experience  axial  play  In 
the  bearing  housing  due  to  the  linear  freedom 
x«*  that  the  joint  of  the  ahaft  experiences. 

Sods  of  the  bars  representing  the  springs  do 
not  experience  linear  freedoms  In  the  X  direc¬ 
tion.  When  preparing  tha  clement  data  for 
these  spring  bars.  E*,  Aj,  and  Li  values  must 
be  assigned  to  render  Kj  •  EjAj /L^. 

If  the  bearing  housing  experiences  a  con¬ 
siderable  amount  of  rotational  deformations 
about  X,  T,  and  Z  axes,  rotary  freedoms  such  as 
those  designated  by  (*),  (**),  and  (***)  for 
the  spring  element  AC  are  considered  active 
freedoms,  respectively,  within  the  neutral  coor¬ 
dinate  freedoms.  In  that  case  the  spring  ele¬ 
ment  is  a  cantilevered  beam  element  experien¬ 
cing  flexural  and  torsional  deformations,  and 
the  clement  data  must  furnish  C,  Ii,  I2,  and  J 
values  also  to  render  the  flexural  and  torsional 
spring  rates  of  the  bearing  housing  in  the  res¬ 
pective  directions.  In  Fig.  4(b)  elements  11 
and  12  are  regular  elements.  However,  elements 
13,  23,  and  24  are  Irregular  elements,  and  In 
their  statics  matrices  given  by  eq.  (17)  one 
must  use  6“6i,  9«  -61 ,  and  9«82,  respectively. 


COMPUTER  PROGRAM 

A  digital  computer  program  in  FORTRAN  IV 
language  la  prepared  to  perform  the  frequency 
analysis  of  crankahafts  having  any  nonuniformity 
along  the  ahaft  and  along  the  throw  sides,  any 
maiber  of  throws  and  externally  mounted  objects. 


any  mmber  of  rigid  or  elastic  supports!1  The 
program  forms  the  global  external  stiffness 
matrix  [X]  r  1  the  global  generalised  coordinate 
element  mass  matrix  [Mi]  as  it  reads  the  element 
data  one  element  at  a  time  where  the  type  of  ele¬ 
ment  mass  matrix  to  be  used  must  be  defined  for 
each  element.  The  nonzero  elements  of  the  exter¬ 
nal  load  mass  matrix  [M2]  are  read  separately  in 
an  array  In  the  order  of  the  corresponding  gen¬ 
eralized  coordinates.  The  program  Inverts  [X] 
and  partitions  It  according  to  No  and  Ng  to  de¬ 
termine  [dg],  then  forms  [Dm]  and  solves  eq.  (4) 
for  Ai  and  {Rih  for  the  fundamental  critical 
speed  of  the  crankshaft.  It  reduces  [Dm]  by  eq. 
(5)  and  solves  eq.  (4)  for  the  higher  mode  fre¬ 
quencies  and  the  corresponding  mode  vectors  as 
many  as  desired. 

Element  data  requires  E,  G,  Ii,  I2,  J,  X,  T, 
Z,  p  global  Joint  freedom  timbers  Ni,  N2,  .... 
N12,  Identification  number  designating  If  the 
element  is  regular  or  irregular,  6  if  there  Is 
any.  Identification  number  designating  If  dis¬ 
crete  or  consistent  element  mass  matrix  la  to  be 
used,  kx,  ky,  kz,  kcj,  kG2.  kGj  If  required. 


NUMERICAL  EXAMPLE  AND  EXPERIMENTAL  RESULTS 

A  very  flexible  unbalanced  crankshaft,  sup¬ 
ported  by  four  ball  bearing  supports,  having 
thres  equally  spaced  throws  of  different  crank 
radii  and  carrying  three  externally  mounted  disks 
shown  In  Fig.  5,  was  designed  for  experiments  to 
verify  computer  solutions  for  different  finite 
element-dynamic  models  at  low  speeds.  The  crank¬ 
shaft  was  driven  by  a  variable  speed  drive  motor 


*  The  copy  of  the  program  is  available  for 
the  interested  reader. 
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Fig.  4  -  Modeling  of  Flexible  Supports 


to  which  it  was  connected  by  a  flexible  coupling, 
LOVEJOY  No:  L-100,  of  torsional  stiffness  5156 
in.-lbf /rad.  The  whole  crankshaft  assembly  was 
mounted  on  a  steel  frame.  See  the  experimental 
setup  in  Fig.  6.  Material  is  steel  of  density 
0.28  lbf/inr,  E-30  x  10*  psi,  G-ll  x  10*  psi. 
Shaft  portions  and  crank  pins  are  connected  to 
the  throw  sides  by  silver  soldering.  Using  45 
•laments  and  the  aforementioned  digital  compu¬ 
ter  program,  the  frequency  analysis  of  this 
crankshaft  was  performed  for  several  dynamic 
models  to  Investigate  the  effect  of  different 
system  properties.  Figure  7  shows  locations  of 
joints.  These  models  are  considered  in  eleven 
cases  described  in  the  following.  The  frequen¬ 


cies  and  the  critical  speeds  for  the  first  four 
modes  are  given  in  Table  1  for  each  case. 

Case  1.  Pure  torsion  of  shaft  elements  about 
the  X  axis  considering  linear  freedoms  on  the 
throw  joints  in  the  Z  and  Z'  directions  as  gen¬ 
eralised  coordinates  since  throw  and  crank  pin 
masses  contribute  to  torsional  moment.  Rotary 
inertia  of  the  externally  mounted  disks  about 
the  X  axis  are  considered  along  with  the  throw 
masses  contributing  to  torsion.  Shaft  elements 
experience  no  flexural  and  axial  deformations; 
throw  and  crankpin  elements  experience  no  axial 
deformation,  no  linear  freedom  and  flexural  ro¬ 
tation  in  the  XY  and  X'Y'  planes.  Np“93,  No“42, 
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Fig.  5  -  Geometry  and  the  Dimensions  of  the  Experimental  Crankshaft 


N  “51.  Discrete  mass  matrix  is  used.  The  sam¬ 
ple  P-x  diagram  for  the  reference  throw  is  shown 
in  Fig.  8(a),  where  the  element  AB  la  the  flex¬ 
ible  coupling  element  experiencing  torsional  de¬ 
formation  only  In  all  cases. 

Case  2.  This  Is  the  same  as  in  Case  1  but  In¬ 
cluded  are  the  torsional  rotary  Inertias  of  the 
shaft  elements.  The  corresponding  freedoms  such 
as  X2  to  xt  In  Case  1  are  included  In  the  gen¬ 
eralized  coordinates.  Np“93,  Ng-66.  Discrete 
mass  matrix  is  used. 


Case  3.  In  this  case  every  element  experiences 
torsional  and  flexural  deformations  except  the 


axial  deformations.  Mo  flexural  and  torsional 
rotary  Inertia  of  elements  and  externally  moun¬ 
ted  disks  are  considered.  Only  masses  of  the 
elements  and  disks  are  considered.  This,  cer¬ 
tainly  considers  Inertial  torque  effect  of  throw 
sides  and  crankplns.  Np-214,  Ng-79.  Figure  8 
(b)  shows  the  sample  P-x  diagram  for  this  case. 
Discrete  mass  matrix  Is  used. 

Case  4.  In  addition  to  masses  considered  In 
Case  3,  this  case  includes  torsional  rotary  In¬ 
ertias  of  the  shaft  and  crankpln  elements  and  of 
the  disks.  Mo  flexural  rotary  Inertia  is  con¬ 
sidered  except  those  of  the  elements  on  the 
throw  sides  about  the  X  and  x'  axes  contributing 


Fig.  6  -  Experimental  setup:  Textronlx  Type  562  oscilloscope,  Perkin  M377  power 
supply,  Berkley  7160  electronic  counter,  ELECTRO  3060  AN  magnetic  pick-up, 
vibration  pick-up  General  Radio  1560-P52,  vibration  pick-up  on  the  second 
bearing,  vibration  meter  General  Radio  1553-A 
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RESTRAINED  FREEDOMS  SHOWN 
ARE  FOR  CASES  3  TO  7 


DIMENSIONS  ARE 
IN  INCHES 
(I  in. >29.4 mm) 


Fig.  7  -  Joint  locations  and  the  restrained  joint  freedoms  In  Cases  3  to  10 


to  the  torsional  rotary  inertia  of  the  shaft. 
Torsional  rotary  inertias  of  the  throw  side  ele¬ 
ments  are  not  considered.  Np-214,  Ng-124. 

Figure  8(c)  shows  the  sample  P-x  diagram  for 
this  case.  Discrete  mss  matrix  la  used. 

Case  3.  Zn  this  case  the  masses  and  flexural 
rotary  Inertias  of  the  shaft  elements,  crank- 
pins,  throw  side  elements  and  external  load 
disks  are  considered.  No  torsional  rotary  In¬ 
ertia  la  considered  except  those  of  the  throw 
side  elements  since  they  contribute  to  flexural 
deformations  of  shaft  and  crankpln  elements. 
Np»214  and  No- 169.  Figure  8(d)  shows  the  sample 
P-x  diagram  tor  this  case.  Discrete  mass  ma¬ 
trix  is  used. 

Case  6.  In  this  case  masses,  torsional,  and 
flexural  rotary  Inertias  of  every  element  In  the 
model  and  of  the  external  load  disks  are  con¬ 
sidered.  Np-Ng»214.  Discrete  mass  matrix  is 
used. 


Case  7.  This  Is  as  In  Case  6,  but  consistent 
element  mass  matrix  la  used  along  with  the  dis¬ 
crete  external  load  mass  matrix  [M*].  The 
masses  and  rotary  lnertiaa  due  to  extensions  at 
throw-shaft  and  throw-crankpln  joints  are  con¬ 
sidered  as  discrete  masses  In  their  proper 
directions  In  [H2].  Np“214  and  Ng-214. 

Case  8.  In  this  case  the  crankshaft  is  reduced 
to  an  equivalent  straight  shaft  experiencing 
torsional  deformations  only,  where  a  throw  is 
replaced  by  its  crankpln  Introducing  one  addi¬ 
tional  joint  at  the  midpoint  of  the  crankpln  for 
each  throw.  The  rotary  inertia  of  the  crankpln 
about  the  axis  of  the  shaft,  that  Is,  Its  cen- 
troldal  moment  of  Inertia  about  the  X  axis  plus 
the  product  of  Its  mass  with  the  square  of  the 
crank  radius,  la  lumped  as  the  torsional  rotary 
Inertia  to  the  newly  introduced  torsional  joint 


freedom.  The  rotary  Inertia  of  a  throw  side 
about  the  axis  of  the  shaft  Is  lumped  to  rotary 
freedom  at  the  joint  connecting  the  throw  to  the 
shaft.  Np-27  and  Ng-27 .  The  P-x  diagram  for 
this  case  for  the  same  portion  of  the  shaft  la 
given  in  Fig.  8(e).  There  are  ways  of  forming 
equivalent  straight  shafts  to  replace  the  crank¬ 
shafts,  which  are  somewhat  of  rule-of-thimd>  type 
arbitrary  procedures  and  considered  in  Case  9 
[1,  17].  The  modeling  of  the  crankshaft  In  this 
Case  offers  a  rational  way  of  reducing  a  crank¬ 
shaft  into  an  equivalent  straight  shaft  whose 
torsional  frequency  may  also  be  determined  by 
using  finite  element  techniques  incorporating 
simpler  line  elements.  One  such  technique  Is 
given  In  [4].  Discrete  mass  matrix  Is  used  in 
this  case. 

Case  9.  In  this  case  the  straight  shaft  equiv¬ 
alent  torsional  model  of  the  crankshaft  la  simi¬ 
lar  to  that  of  Case  6,  but  the  throw  Is  replaced 
by  an  equivalent  shaft  portion  using  the  rules 
given  In  [1]  and  [17]  which  are  formulated  to 
reduce  the  torsional  frequency  of  the  equivalent 
shaft  considerably  to  achieve  conservative  re¬ 
sults  and  overdesigns,  and  are  suited  for  crank¬ 
shafts  having  small  crank  radii  and  thick  throw 
sides,  where  the  crankpln  and  throw  sides  are 
reduced  to  shaft  portions  of  diameter  on  the 
side  of  the  throw  or  of  the  crankpln  (as  used  In 
this  case).  The  sum  of  the  rotary  Inertias  of 
the  crankpln  and  of  the  throw  sides  Is  lumped 
to  the  joint  at  the  center  of  the  equivalent 
portion.  In  this  case  the  freedoms  at  the  throw 
sides  are  not  generalised  coordinates,  although 
they  may  axlst  due  to  diameter  change  along  the 
equivalent  shaft.  Thus,  Np»21  and  Ng-21.  The 
rule  of  [1]  recommends  the  length  of  the  equiv¬ 
alent  shaft  portion  replacing  the  throw  to  be 
about  the  length  of  the  throw.  The  frequencies 
for  the  models  obtained  using  the  rules  of  [1] 
and  [17]  are  given  In  Table  1. 


Pig.  8  -  Sample  P-x  diagrams  for  the  first  throw  portion  of  the  crankshaft: 
(a)  for  Case  1,  (b)  for  Case  3,  (c)  for  Case  4 
(d)  for  Case  5,  and  (e)  for  Case  8 


Case  10.  This  Is  the  same  as  Case  6  but  the  tor¬ 
sional  stiffness  of  the  flexible  coupling  is  re¬ 
duced  to  3000  ln.-lbf/rad.  Reduction  In  the 
operatable  critical  speed  of  the  shaft  Is 
noticeable. 

Case  11.  This  Is  the  same  as  Case  6,  but  all  the 
supports  are  considered  flexible  and  are  re¬ 
placed  by  two  linear  springs  each  as  shown  at 
support  A  in  Pig,  4,  where  the  spring  rates  of 
both  springs  at  each  support  at  D,  G,  K,  and  N  In 
Pig.  7,  respectively,  are  1000,  800,  600,  400 
lbf/ln.  The  effect  of  flexible  supports  on  the 
operatable  critical  speed  of  a  crankshaft  Is 
noticeable. 


Experimental  Results. 

The  experimental  crankshaft  of  Pig.  5,  mounted 
on  a  steel  frame  was  run  at  different  speeds  and 
the  amplitude  of  the  vertical  acceleration  of 
the  top  of  the  second  bearing  from  the  left  was 
measured  by  vibration  meter  (see  the  experimen¬ 
tal  setup  In  Fig.  6)  and  plotted  with  respect  to 
the  crank  speed  rps  (Ha.)  in  Pig.  9.  The  peak 
of  the  acceleration  plot  shows  the  actual  criti¬ 
cal  speed  of  the  shaft  to  be  13S0  rpm,  or  141.37 
rad/s.  The  first  peak  at  13  rps  was  due  to  the 
noticeable  vibration  of  the  plate  at  the  top  of 
the  supporting  fraaM. 
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Discussion  of  th« 

Studying  the  results  for  different  dynamic 
Models  given  in  Tsbls  1  following  conclusions 
can  be  drawn.  Any  of  Cases  6  and  7  is  a  esm- 
plete  and  noat  reliable  nodal.  Coaparison  of 
Cases  1,  2,  and  6  shows  that  the  systea  la  pri¬ 
marily  torsional.  However,  coaparison  of  Cases 
3  and  5  with  Case  4  shows  that  aaintalning  the 
flexural  flexibility  of  throws  is  aost  desirable. 
The  aodel  of  Case  8  appears  to  be  a  reliable 
equivalent  straight  shaft  aodel  of  a  crankshaft 
for  the  determination  of  the  fundamental  crit¬ 
ical  speed  of  the  crankshaft.  A  healthier  and 
rational  one  in  coaparison  to  those  of  conven¬ 
tional  rules,  since  the  aodel  of  Case  8  is 
entirely  dependent  on  the  crankshaft  geeaetry. 

It  leads  to  error  on  the  unsafe  side  for  the 
higher  mode  critical  speeds. 

Coapsrlson  of  Cases  6  and  7  with  Case  8 
also  shows  the  considerable  effect  of  the  flax- 
ural  properties  of  the  crankshaft  on  the  higher 
node  critical  speeds. 

Flexible  coupling  and  alaga  in  belts, 
chains,  and  clearances  in  geared  connections 
tend  to  aake  the  crankshaft  behave  as  a  free- 
free  systea  in  the  direction  of  the  torsional 
freedoms  along  the  shaft  axis,  and  drastically 
reduce  the  operable  critical  speeds  of  the  crank¬ 
shafts.  Casa  10  illustrates  the  phenomena.  The 
fundamental  critical  speeds  for  Cases  A  and  5 
with  rhe  reduced  torsional  stiffness  of  the 
flexible  coupling  were  2159.10  and  1400.84  rpm, 
respectively.  Conventional  methods  of  forming 
equivalent  pure  torsional  models  for  crankshafts 
appears  to  be  arbitrary  and  nay  lead  to  over¬ 
designs,  as  seen  in  Cases  8  and  9,  or  they  nay 
lead  to  unsafe  designs.  The  effect  of  flexible 
supports  on  the  critical  speed  level  is  reduc¬ 
tion  as  seen  in  Case  11. 


CONCLUSIONS 

The  aethod  of  determining  critical  speeds 
of  crankshafts  using  finite  line  element  aethod 
considering  the  throws  in  their  actual  geometries 
presented  in  the  foregoing  with  experimental 
verification  is  a  very  efficient,  reliable,  and 
powerful  tool  for  the  dynamic  design  of  indus¬ 
trial  crankshafts.  Farewell  to  costly  taat-and- 
aodify  type  conventional  designs  based  on  exper¬ 
iments  on  prototype  aodels.  Modelings  in  Cases 
6  and  7  are  the  most  recommended  ones.  When 
only  the  fund  mental  critical  speed  is  of  the 
prime  Interest,  the  aodellng  of  Case  8  offers  a 
very  simple  tool  which  can  also  be  handled  with 
finite  elesMnt  techniques  using  slapler  eleaents 
[*). 

It  is  hoped  that  the  contents  of  the  article 
and  the  computer  progrms  aade  available  will  be 
of  value  for  the  prectldng  engineers  and  the 
teachers  of  aechanlcal  design. 


REFERENCES 


1.  J.  P.  Den  Hartog,  Mechanical  Vibrations ,  pp. 
184-200,  McGraw-Hill,  Mew  York  1954. 

2.  1.  K.  Vierck,  Vibration  Analysis,  Second 
Edition,  pp.  333-357,  Harper  end  Row,  pub¬ 
lishers,  Maw  York.  1979. 

3.  N.  Shaikh,  "A  Direct  Method  for  Analysis  of 
Branched  Torsional  Systems,"  ASME  Paper  No. 
73-DET-134,  four  pages. 

4.  C.  Bagel,  "A  Computer  Method  for  Computing 
Torsional  Natural  Frequencies  on  Monuniform 
Shafts,  Geared  Systems,  and  Curved  Assembl¬ 
ies,"  Proceedings  of  the  3rd  OSU  Applied 
Mechanises  Conference,  Stillwater,  Oklahoma, 
1973.  pp.  40.1-40.15. 

5.  V.  P.  Gross,  and  V.  F.  Yanushevskaya,  "Nat¬ 
ural  Frequency  Analysis  of  Crankshafts  Using 
Three-Dimensional  Beam  Elements  by  the  Method 
of  Orthogonal  Dynaaic  Joint  Equilibrium  Vec¬ 
tor,"  Zsvmstiya  Vyashlkb  Uchabnykb  Zavedenii 
Kashi  nomtrvenle ,  Mo.  8,  1971,  pp.  34-39. 

6.  J.  L.  K eapner  and  S.  V.  Nesterova,  "Critical 
Speed  Study  of  Crankshafts  in  Their  Spatial 
Forms  Using  Myklestad  Iteration  Technique," 
Isvemtlya  Vysshikb  Oeehbnykh  Zavedenii  Mas- 
h inostrvenie,  Mo.  9,  1974,  pp.  22-25. 

7.  C.  Bagel,  "A  Computer  Method  for  Computing 
Critical  Speeds  of  Monuniform  Shafts  on  Many 
Rigid  or  Elastic  Supports,"  Proceedings  of 
the  3rd  OSU  Applied  Mechanisms  Conference, 
Stillwater,  Oklahoma,  1973,  pp.  39.1-39.13. 

8.  S.  Kalaydoglu  and  C.  Bagd,  "Determination 
of  the  Critical  Operating  Speeds  of  Planar 
Mechanisms  by  the  Finite  Elmsent  Method  Using 
Planar  Actual  Line  Eleaents  and  Lumped  Mass 
Systems,"  Trans.  ASME,  Journal  of  Mechanical 
Design,  Vol.  101,  Mo.  2,  1979,  pp.  210-223. 

9.  J.  S.  Prsaalanleckl,  Theory  of  Matrix  Struc¬ 
tural  Analysis,  pp.  287-309,  McGraw-Hill,  New 
York,  1968. 

10.  J.  S.  Archer,  "Consistent  Mass  Matrix  for 
Distributed  Mass  Systems,”  Proceedings  of 
ABCS,  Journal  of  the  Structural  Division, 

Vol.  89,  Mo.  ST4,  1963,  pp.  161-178. 

11.  R.  E.  Sholl,  "Dynamic  Analysis  of  Three- 
Dimensional  Fraaes,"  Proceedings  of  ASCB, 
Journal  of  the  Structural  Division,  Vol.  98, 
ST1,  1972,  pp.  401-406. 

12.  F.  Venancio-Filho,  "3-D  Frame  Vibrations  by 
Consistent  Mass  Matrix,"  Proceedings  of  ASCB, 
Journal  of  the  Structural  Division,  Vol.  99, 
ST9,  1973,  pp.  1965-1969. 

13.  C.  Bagel  and  S.  Kalaydoglu.  "Elastodynanics 
of  Planar  Mechanisms  Using  Planar  Actual 
Finite  Line  Elements,  Lumped  Mass  Systems, 


89 


Matrix-Exponential  Method,  sad  the  Method  16. 

of  '  Crltlcel-Ceeeetry-Ki.ee to-Elaato-Statica ' 
(COJtS),"  Trans.  ASHE,  Journal  of  Mechanical 
Design,  Vol.  101,  No.  3,  1979,  pp.  417-427. 

14.  C.  K.  tteag.  Computer  Methods  in  Advanced 
Structural  Analysis,  IaText  Press,  Inc., 

pp.  14-23,  Nee  York,  1973.  17. 

15.  C.  K.  Haag,  Matrix  Methods  of  Structural 
Analysis,  Secoad  Edition,  pp.  268-282, 

International  Textbook  Coup any ,  Scranton, 

Penney lvania,  1979. 


TABLE  1 


Frequencies  and  the  Corresponding  Critical  Speeds  of  the  Experimental  Crankshaft 
for  the  First  Four  Modes  for  the  Eleven  Cases  Studied  aa  Computed  by  the 
Analytical  Finite  Element  Method 


CASE 

NUMBER  OF 
ELEMENTS 

Np 

Ng 

FREQUENCY 
ui(rad.  Is) 
AMD  CRITICAL 
SPEED  (rpm) 

n  MODE  NUMBERS  j 

1 

2 

3 

4 

1 

45 

93 

51 

U> 

159.18 

513.73 

816.11 

1586.04 

rpm 

1526.06 

2 

45 

93 

66 

(A) 

143.01 

469.71 

867.25 

1423.68 

rpm 

lSftS.ftft 

3 

45 

214 

79 

(1) 

185.29 

441.64 

474.17 

709.78 

rpm 

4 

4$ 

214 

124 

W 

249.66 

287.50 

474.56 

617.63 

rpm 

2384.68 

5 

45 

214 

169 

U) 

185.28 

407.95 

437.38 

704.55 

rpm 

1769.29 

6 

DISCRETE 

MASS 

45 

214 

214 

(0 

140.48 

390.26 

431.46 

440.26 

rpm 

lftftl.ftft 

7 

CONSISTENT 

MASS 

45 

214 

2i4 

(1) 

141.03 

392.47 

435.23 

446.61 

rpm 

1346.74 

ft 

EQUIVALENT 
PURE  TORSIONAL 
REDUCTION 

27 

27 

27 

(i) 

140.29 

418.85 

767.94 

1248.84 

rpm 

1339.67 

9 

CONVENTIONAL 
PURE  TORSIONAL 

21 

21 

21 

123.60 

339.78 

608.16 

988.34 

#>[17] 

112.3ft 

565789“ 

552.88 

ftl0.ll 

10 

AS  IN  CASE  6  WITH 
FLEXIBLE  COUPLING 
STIFFNESS  OF  3000 
ln.-lbf/rad. 

45 

214 

214 

u> 

111.09 

387.99 

428.54 

439.22 

rpm 

1060.83 

11 

AS  IN  CASE  6  WITH 
FLEXIBLE  SUPPORTS 

45 

214 

_ 

96.22 

272.91 

308.19 

323.72 

rpm 

918.83 
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Loads  of  Three-Dimensional  Nonuniform 
Framed  Systems  by  Finite  Element  Method 
Using  Spatial  Line  Elements,”  Computers 
and  Structures,  Vol.  10,  No.  5,  1979,  pp. 
731-743. 

J.  M.  Siegel,  V.  L.  Maleev  and  J.  B. Hartman. 
Mechanical  Design  of  Machines,  pp.  394-400, 
International  Textbook  Company,  Scranton, 
Pennsylvania,  1965. 
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ACCELERATION 


Fig.  9  -  Acceleration  amplitude  measured  at  the  top  of  the  second  bearing 
at  different  speeds  of  the  experimental  crankshaft 
shown  in  Figs.  5  and  6,  depicting  its  critical 
speed  to  be  about  1350  rpm 
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The  accuracy  of  the  Ibrahim  Time  Domain  (ITD)  identification  algorithm  in 
extracting  structural  modal  parameters  from  free-response  functions  has 
been  studied  using  computer- simulated  data  for  65  positions  on  an  isotropic, 
uniform-thickness  plate,  with  mode  shapes  obtained  by  NASTRAN  analysis. 
Natural  frequencies,  damping  factors,  and  response  levels  of  the  first 
15  plate  modes  were  arbitrarily  assigned  in  forming  the  response  functions, 
to  study  identification  results  over  ranges  of  modal  parameter  values  and 
user-selectable  algorithm  constants.  Effects  of  super imposing  various 
levels  of  noise  onto  the  functions  were  investigated  in  detail.  A  partic¬ 
ularly  interesting  result  is  that  no  detrimental  effects  were  observed 
when  the  number  of  computational  degrees-of- freedom  allowed  in  the  algo¬ 
rithm  was  made  many  times  larger  than  the  minimum  necessary  for  adequate 
identification.  This  result  suggests  the  use  of  a  high  number  of  degrees- 
of-freedom  when  analyzing  experimental  data,  for  the  simultaneous  identifi¬ 
cation  of  many  modes  in  one  computer  run.  Details  of  the  procedure  used 
for  these  identifications  are  included. 


INTRODUCTION 

A  fundamental  problem  in  experi¬ 
mental  structural  dynamics  is  the  accu¬ 
rate  determination  of  parameters 
characterizing  the  important  vibration 
modes  of  a  test  structure.  These  param¬ 
eters— natural  frequencies,  damping 
factors,  and  mode  shapes — are  used  for 
a  variety  of  purposes,  including: 

1.  troubleshooting  excessive 
vibration  or  noise  from  mechan¬ 
ical  equipment; 

2.  dynamic  analysis  of  portions 
of  a  structure  that  are  too 
difficult  to  model  analytically; 

3.  refinement  or  verification  of 
an  analytical  model;  and 

4.  direct  calculation  of  dynamic 
loads  or  response  levels  that 
a  structure  may  experience 
during  operation. 


An  additional  future  use  of  experimen¬ 
tally  determined  modal  parameters,  of 
current  research  interest  to  NASA,  is  in 
the  active  attitude  control  of  large 
space  structures. 

Obviously,  the  applications  and 
corresponding  accuracies  which  are  re¬ 
quired  of  these  data  vary  considerably. 
Results  adequate  for  one  use  may  be  un¬ 
acceptable  for  another.  In  addition, 
accuracy  requirements  for  particular 
applications  may  be  difficult  to  quantify 
and  may  be  subject  to  error.  Establish¬ 
ing  the  adequacy  of  experimental  modal 
data  still  often  includes  a  judgement 
of  whether  the  most  accurate  set  of  data, 
within  an  allocated  period  of  time,  has 
been  obtained. 

Before  the  widespread  use  of  mini¬ 
computers  in  the  laboratory,  modal  test¬ 
ing  and  analysis  were  conducted  almost 
exclusively  with  analog  instrumentation. 
As  the  advantages  of  digital  computation 
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because  apparent,  many  data  analysis 
techniques  that  had  been  developed  on  the 
analog  systems  were  simply  converted 
to  their  digital  counterparts.  These 
techniques  are,  in  fact,  still  used  today 
in  successfully  measuring  the  dominant 
modal  patterns  of  "well-behaved"  struc¬ 
tures.  Accompanying  the  conversion  to 
digital-based  laboratory  equipment  was 
an  increased  use  of  random  force,  as 
opposed  to  sinusoidal  force,  for  exciting 
test  structures.  This  trend  was  closely 
related  to  the  revolutionary  switch  in 
the  late  1960 's  to  fast  Fourier  trans¬ 
form  (FFT)  methods  for  rapidly  computing 
frequency-domain  characteristics  of  ran¬ 
dom  response  signals.  Although  many 
structures  are  still  tested  with  the 
classical  multiple-shaker,  sine-dwell 
approach,  the  majority  of  experimental 
dynamists  now  select  the  faster  random- 
force  methods  for  modal  testing. 

A  standard  step  in  the  data-reduc- 
tion  phase  of  most  modal  test  programs 
is  the  computation  of  frequency-domain 
characteristics  of  the  measured  struc¬ 
tural  responses.  In  controlled  ground 
vibration  tests  where  the  input  force (s) 
as  well  as  the  responses  can  be  accurate¬ 
ly  measured,  acceleration/force  frequency 
response  functions  are  usually  formed ; 
in  cases  where  the  input  forces  cannot  be 
measured,  the  response  information  alone 
is  used.  Many  single-  and  multi-degree- 
of-freedom  algorithms  have  been  developed 
to  identify  the  structural  modal  param¬ 
eters  by  curve fitting  analytical  expres¬ 
sions  to  these  data  [1].  Single-degree- 
of-freedom  methods  use  a  few  data  points 
near  each  resonant  frequency  for  quickly 
estimating  the  modal  parameters  of  one 
mode  at  a  time.  Because  in  these  tech¬ 
niques  it  is  assumed  that  the  overall 
response  near  each  resonance  is  dominated 
by  the  characteristics  of  a  single  mode, 
however,  the  degree  of  modal  coupling  in 
any  frequency  interval  significantly 
affects  identification  results.  On  the 
other  hand,  multi-degree-of-freedom  algo¬ 
rithms,  developed  to  identify  the  param¬ 
eters  of  several  modes  simultaneously, 
nearly  always  work  well  on  data  that  can 
be  reasonably  analyzed  with  single-degree- 
of-freedom  methods,  but  may  differ  appre¬ 
ciably  in  more  difficult  cases. 

Various  aspects  of  using  time- 
domain  response  data  rather  than  frequen¬ 
cy-domain  functions  in  the  experimental 
modal  identification  of  structures  excit¬ 
ed  by  random  forces (s)  have  been  dis¬ 
cussed  previously  by  Ibrahim  [2-6].  An 
early  multi-degree-of-freedom  time-domain 
identification  procedure  [2]  required 
numerical  integration  (assuming  the 
measurement  of  acceleration  responses) 
to  obtain  displacement  and  velocity  time 


histories  at  each  response  measurement 
point,  in  addition  to  the  measured  ac¬ 
celeration  time  histories.  This  approach 
was  later  abandoned  in  favor  of  a  more 
straightforward  method  [3]  in  which  any 
one  of  displacement,  velocity,  or  ac¬ 
celeration  free-response  functions  are 
used  in  an  eigenvalue  solution  scheme 
to  obtain  the  desired  modal  parameters. 
This  newer  procedure  is  referred  to  in 
this  paper  as  the  ITO  ("Ibrahim  Time 
Domain")  algorithm.  The  term  "free- 
response"  function  is  used  throughout 
this  paper  to  denote  any  of  three  time 
response  forms  which  may  be  used  in  the 
identification  algorithm:  actual  free- 
decays  measured  following  random  excita¬ 
tion  of  a  structure;  unit-impulse- 
response  functions  formed  by  inverse 
Fourier  transformation  of  frequency 
response  functions;  or  "random-decrement" 
functions  [4]  computed  from  random 
operating  time  histories. 

The  ITD  algorithm  has  been  used 
to  analyze  test  data  from  several  struc¬ 
tures  [7,  eg].  As  now  implemented,  the 
identification  process  is  a  "blind"  tech¬ 
nique,  requiring  a  minimal  amount  of 
operator  input  to  compute  parameters 
for  many  inodes  from  a  set  of  free- 
response  functions.  A  large  number  of 
structural  modes,  often  20  or  more,  are 
identified  in  a  single  computer  run.  In 
general,  the  parameters  computed  for  the 
dominant  modes  of  these  structures  agreed 
well  with  those  obtained  by  other  methods. 
Parameters  for  modes  identified  by  the 
ITD  analyses,  but  not  determined  with 
other  analysis  methods,  however,  lacked 
verification  and  their  accuracy  was 
rightfully  questioned. 

The  work  reported  in  this  paper  was 
initiated  to  help  interpret  these  experi¬ 
mental  results.  For  this  study,  compu¬ 
ter-simulated  free-response  data,  for 
linear,  multi-mode  models  with  known 
modal  parameters,  were  processed  with 
the  ITD  algorithm.  The  identified  para¬ 
meters  were  used  to  quantify  the  ability 
and  accuracy  of  the  identification  pro¬ 
cess,  to  look  for  anomalous  numerical 
behavior  under  severe  identification 
conditions,  and  to  compare  results  for 
ranges  of  the  few  user- selectable  algo¬ 
rithm  constants.  The  modeling  approach 
consisted  of  constructing  free-response 
functions  for  65  positions  on  an  isotro¬ 
pic,  uniform-thickness  rectangular  plate 
by  the  linear  summation  of  the  free-res- 
ponses  of  the  first  15  analytical  modes. 
The  mode  shapes  were  obtained  from  a 
finite-element  analysis,  and  modal  fre¬ 
quencies,  damping  factors,  and  response 
levels  were  arbitrarily  assigned  for 
each  desired  modal  model.  Various 
levels  of  noise,  calculated  on  an  rms- 
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percentage  basis,  were  superimposed 
onto  the  free-response  functions. 

Techniques  for  obtaining  distortion- 
free  sets  of  free-response  functions 
from  experimental  measurements,  an 
important  phase  in  the  modal  identifi¬ 
cation  process  when  the  ITD  algorithm 
is  used,  are  not  addressed  in  this  paper 

Somewhat  new  terminology  is  used  in 
describing  the  algorithm.  To  avoid  con¬ 
fusion  in  correlating  the  identifi¬ 
cation  results  with  the  usage  of  the 
free-response  data  in  the  procedure, 
complete  details  of  the  technique  are 
included.  The  methods  used  in  con¬ 
structing  the  free-response  functions 
and  in  quantifying  the  accuracy  of 
identified  mode  shapes  are  described 
in  the  following  report  sections.  The 
remainder  of  the  report  contains  a  sum¬ 
mary  of  the  identification  results. 

These  data  illustrate  typical  identifi¬ 
cation  accuracies  over  a  wide  range  of 
simulated  modal  models  and  user-selec¬ 
table  algorithm  constants. 


LIST  OF  SYMBOLS 


time  increment  between  data  in 
upper  and  lower  halves  of  the 
response  matrices 
At  an  arbitrary  time  increment 

e  a  small  uncertainty  in  an 

eigenvalue  determination 
8)(  angular  position  of  k'th 

eigenvalue  in  the  a-b  plane 
Xj,  characteristic  value  of  mode  k 

[A]  a  matrix  of  complex  exponen¬ 

tials 

damping  value  of  k'th  mode 
(■  real  part  of  characteris¬ 
tic  value) 

0^2  damping  value  of  k'th  mode 

using  alternate  method 
[4]  response  matrix  whose  rows 

contain  the  free-response 
A  functions 

[4]  The  [4]  matrix  delayed  (At)} 

complex  eigenvector  of  mode  k 
[V]  matrix  whose  columns  are  the 

A  system ' s  eigenvectors 

[V]  the  [¥]  matrix  with  responses 

delayed  (At) 3 

(o)<3)k  damped  natural  frequency  of 

k’th  mode  («  imaginary  part 
of  characteristic  value) 

(ujj)^  undamped  natural  frequency  of 

k'th  mode 


*k,+  ibk 

k'th  complex  eigenvalue  of  [A] 

Abbreviations 

Eft 

the  "system”  matrix 

Transpose  of  [a] 

ITD 

Ibrahim  Time  Domain  (technique) 

c 

a  damping  coefficient 

MAR 

Modal  Amplitude  Ratio 

(C/Cc)k 

damping  factor  (fraction  of 

MCF 

Modal  Confidence  Factor 

critical  damping)  of  k'th 

MSCC 

Mode  Shape  Correlation  Constant 

mode 

NCOL 

Number  of  Columns  in  [4]  and 

*k 

frequency  corresponding  to 
k'th  eigenvalue  of  [a] 

[3] 

NST 

Number  of  (measurement) 

*x 

multiples  of  the  frequency 

Stations  used  in  calculation 

*ir 

1/ (2 (At) 3) 

"folding  frequency*  based 

OAMCF 

of  OAMCF 

Overall  Modal  Confidence  Factor 

on  (At) 3 

RMS 

Root- Mean- Square  (value) 

i 

measurement  station  index 

SF 

data  Sampling  Frequency 

j 

time  index 

(»  reciprocal  of  time  interval 

k 

mode  index 

between  data  samples) 

K 

m 

a  spring  constant 
number  of  assumed  modes 

(-  NDOF) 

M  a  mass 

N].,N2*N3  number  of  time  samples  cor¬ 
responding  to  (At) 3,  (At) 2 r 

and  (At) 3 

pQ  number  of  response  measuremerts 

available 

s  number  of  time  samples  in 

each  free-response  function 
(-  NCOL) 

tj  time  instant  j 

TJ  total  time  length  of  response 

functions 

Xij  free-response  of  station  i 

at  time  instant  j 

(At) 3  time  increment  between  the  two 

response  matrices,  [4]  and 

[*3 

(At) 2  time  increment  in  forming 

"transformed  stations" 


THEORY  OF  THE  IDENTIFICATION  TECHNIQUE 
The  Eigenvalue  Solution  Approach 

The  characteristic  equation  for  a 
classical  single-degree-of-freedotn  struc¬ 
tural  system,  governed  during  its  free 
response  by 


Mit  +  Cx  +  Kx 


(1) 


is  x2m+AC+K»0,  and  the  general 
solution  form  is  x(t)  -  <P  eXt.  For  an 
overdamped  system,  i|i  and  X  are  both 
real-valued;  for  an  underdamped  system, 
they  are  complex,  occurring  in  conjugate 
pairs. 

In  the  more  common  underdamped  case, 
the  roots  of  the  characteristic  equation 
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or  simply 


are  X  *  a  ±  i  where  is  the 

damped  natural  frequency  in  radians/sec¬ 
ond,  (on  *  /a  2  +  0)^2  the  undamped  natu¬ 
ral  frequency,  and  ;  «  o/u;n  the  damping 
factor  or  fraction  of  critical  damping, 
C/Cc. 


For  a  linear  multi-degree-of-free- 
dom  system  with  m  excited  modes,  the 
free  response  of  the  structure  at  any 
(measurement)  station  i  and  instant  of 
time  tj  can  be  expressed  by  the  sum¬ 
mation  of  the  individual  response  of  each 
mode  as: 

2m  x  t 

w  "  xij "  S  *in e  k  3  u) 

k«l 


where  i)»ik  and  Xk  are  both  complex 
numbers,  in  general.  Note  that  the  sum¬ 
mation  extends  to  2m  since  there  are 
2m  roots  of  the  characteristic  equation. 

Free-response  values  for  2m  sta¬ 
tions  and  s  instants  of  time,  calcu¬ 
lated  using  Eq.  (2) ,  can  be  arranged 
into  matrix  form  as: 


*11  x12  xls 

X21  x22  *  *  *  x2s 


x2m, 1  •**  x2m, s 


[•]  =  [»]  tA]  (4) 

(2m  x  s)  =  (2m  x  2m)  (2m  x  s) 

Similarly,  free-response  values  (At)  x 
later  in  time  than  those  in  Eq.  (2) , 
measured  at  the  same  stations,  can  be 
expressed  as: 


xi[tj +  <At>u 

2m 

-s 

*ik 

.**[‘1  + 

«‘>i] 

k-l 

- 

xk(At)£l 

=  2j 

*ik 

e  J 

2m 

■v  . 

-s 

A 

*ik 

e^ 

(5) 

k=l 

or ,  in  matrix 

form,  for 

2m  stations  and 

s  instants  of  time: 

[*]  =  [»]  [A]  (6) 

(2m  x  s)  =  (2m  x  2m)  (2m  x  s) 


For  s>  =  2m,  [V]  and  [Y]  are 

related  through  Eqs.  (4)  and  (6), 
eliminating  [A],  by: 

[A]  [y]  -  [?]  (7) 

(2m  x  2m)  (2m  x  2m)  “  (2m  x  2m) 


"11 


'X2 


Kl,  2m 


where 


21 


K22 


r2,2m 


[«]T  [A]T  -  [*]T  (8) 


X 


(s  x  2m)  (2m  x  2m)  ■  (s  x  2m) 


2m,  1 


'  *2m,2m 


Xlfcl  Xifc2 


X2*l  _X2t2 
e  e 


XlfcS 


.X2*s 


Since  the  columns  of  [Y]  and  [?]  are 

X  (At)i 

related  from  Eq.  (5)  by  {Y}k  “  e 
{fjjt,  the  complete  system  can  now  be 
placed  in  the  form  of  a  single  eigenvalue 
problem  as: 


X.  (At) . 

[A]{<Hk  -  e  K  A{*Jk  (9) 


,x2mtl 


•  e  • 


e 

X 

e 


2mts 


The  matrix  [A]  is  referred  to  in  this 
(3)  paper  as  the  "system  matrix,"  and  con¬ 
tains  information  characterizing  the 
complete  set  of  modal  parameters  of  the 
system. 
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The  desired  structural  (damped) 
natural  frequencies  and  damping  factors 
are  determined  from  the  eigenvalues  of 

[A],  eAk<At)l  =  ak  +  ibk,  by: 

‘“d’k  =  2*  fk  =  WT7  tan’1(Vak) 


ak  “  Tat) ”  ln(ak2  +  bk2) 

(10) 

0k 

(C/C_) «  - - - 

c  k  , — * - x- 

^k  +  (ud)k 

The  eigenvectors  of  [A]  are  the 
desired  (complex)  structural  mode 
shapes,  . 

Equations  (8)  and  (9)  form  die 
basics  of  the  solution  approach:  free- 
response  functions  are  placed  into  the 
rows  of  4  and  4;  [AJt  is  obtained 
by  a  least-squares  solution  of  Eq.  (8) ; 
and  the  complex  eigenvalues  and  eigen¬ 
vectors  of  [A]  are  then  found,  to 
which  the  system's  modal  parameters 
are  directly  related. 

The  dimension  'm'  is  referred 
to  throughout  this  paper  as  the  "number 
of  allowed  (computational)  degrees-of- 
freedom,"  NDOF.  This  term  should  not 
be  confused  with  the  more  widely  used 
meaning  of  "degrees-of-freedom"  as 
the  number  of  independent  spatial  coor¬ 
dinates  necessary  to  define  the  motion 
of  a  system.  The  "number  of  assumed 
modes"  or  the  "order  of  the  math  model" 
are  other  descriptors  that  have  been 
used  to  denote  this  fundamental  analysis 
constant.  The  matrix  dimension  1  s,'^ 
the  number  of  columns  in  [4]  amd  [4] 
(i.e.,  the  number  of  time  samples  used 
from  each  free-response  function) ,  is 
referred  to  throughout  as  NCOL.  The 
matrices  [4]  and  [$]  are  referred 
to  as  the  two  "response  matrices.” 

Three  distinct,  user-selectable, 
time  shifts  are  used  in  positioning  over¬ 
lapping  segments  of  the  measured  free- 
response  functions  into  the  rows  of  the 
response  matrices.  The  fundamental  time 
increment  between  all  data  placed  into 
[4]  and  [I]  is  (At)i«  Two  other 
time  shifts,  denoted  by  (At) 2  and 
(At) 3,  will  be  discussed  in  the  report 
section  entitled  "Transformed  Stations 
and  Modal  Confidence  Factors."  The 
number  of  consecutive  time  samples 


corresponding  to  each  of  the  shifts 
will  be  denoted  hereafter  by  simply  Nj, 
N2,  and  N3,  respectively. 

Figure  1  provides  an  example  of 
the  placement  of  free-response  data  into 
the  two  response  matrices,  assuming  that 
three  response  functions  are  available. 

In  this  example,  NDOF  and  NCOL  are  se¬ 
lected  equal  to  7  and  30,  and  the  three 
data  shifts,  Nj.,  N2,  and  N3,  are  3, 

8,  and  4.  This  figure  should  be  used  as 
a  reference  in  clarifying  the  definition 
of  each  of  these  five  primary  user- 
selectable  analysis  constants. 

Solution  Considerations 

Equations  (8)  and  (9)  are  forms 
whose  computer  solution  have  been  studied 
in  depth  by  numerical  analysts.  Eq.  (8) 
is  an  over-determined  system  of  simulta¬ 
neous  linear  equations,  and  Eq.  (9)  is 
an  algebraic  eigenvalue  problem,  where 
the  (2m)  eigenvalues  of  [A]  are 
X.  (At) . 

e  and  the  corresponding  eigen¬ 

vectors  are 

The  "conventional  transpose  ap¬ 
proach"  of  solving  Eq.  (8)  consists  of 
pre-multiplying  both  sides  by  [4]  and 
then  solving  for  [a]t  by  any  of  several 
methods  for  the  solution  of  2m  simulta¬ 
neous  linear  equations  in  2m  unknowns. 
This  is  the  approach  used  for  the  results 
shown  in  this  paper.  In  particular,  pre¬ 
multiplying  Eq.  (8)  by  [4]  results  in: 

([*]  [®]T)  [A]T  -  ([4]  [$]T)  (11) 


Equation  (11)  was  then  solved  by  a  stan¬ 
dard  Gaussian  elimination  subroutine 
using  an  LU  decomposition  of  the 
([*]  [4]T)  matrix  of  coefficients. 

Other  methods  are  available  for 
solving  Eq.  (8)  which  do  not  require 
the  pre-multiplication  of  each  side  by 
[4],  [8,9].  These  methods  have  been 
developed  for  the  express  purpose  of  in¬ 
creasing  the  solution  accuracy  when  the 
matrix  of  coefficients,  in  this  case 
[4]t,  is  ill-conditioned?  the  pre¬ 
multiplication  will  increase  any  ill- 
conditioning  of  the  coefficient  matrix. 

A  limited  number  of  comparison  identifi¬ 
cations  have  been  run  using  two  other 
computer  subroutines  available  for  the 
solution  of  Eq.  (8),  namely: 

1.  by  singular  value  decomposition 
of  the  coefficient  matrix  using 
Householder  transformations, 
obtaining  the  isometric  matrix 
[u]  and  orthogonal  matrix  [V], 


such  that  [*]T=[U] [Q] [V]T,  where 
the  singular  values  comprise  the 
diagonal  matrix  [Q] .  The  least- 
squares  solution  is  then  formed 
by  [A]T«[V] fQt] [U]T[$]T,  where 
[Q+]  contains  the  reciprocals  of 
the  non-2ero  values  of  [Q] . 

2.  by  using  Householder  trans¬ 
formations  to  perform  the  QR 
decomposition  of  the  coeffi¬ 
cient  matrix,  where  [Q]  is 
an  orthogonal  matrix  and  [R] 
is  an  upper  triangular  matrix. 
The  least-squares  solution  is 
then  formed  as  [A]T= [R]-1 [QjJt 
[$]*,  where  [Q]  is  partitioned 
in  the  form  [Q]=(Qi,Q2)  with 
[*]T«[QlHR]. 


In  all  cases  run  using  these  other  methods, 
no  changes  in  the  computed  modal  param¬ 
eters  were  observed  to  the  precision  used 
in  printing  the  results  shown  in  this 
paper.  On  the  other  hand,  each  of  the 
two  methods  described  above  required 
considerably  more  computer  memory  to 
implement  using  available  FORTRAN  sub¬ 
routines  than  the  conventional  transpose 
approach.  In  both  cases,  the  [#]T  and 
[$]T  matrices— each  of  size  (s  x  2m)  — 
needed  to  reside  in  core,  whereas  the 
transpose  method  was  implemented  with 
two  matrices  of  order  2m  each.  For 
a  typical  s/2m  ratio  of  3  used  in  many 
of  the  identifications,  selection  of 
either  optional  solution  method  required 
a  factor  of  6  times  more  core  storage. 

The  details  of  available  tech¬ 
niques  for  the  solution  of  Eq.  (8)  are 
compiled  in  several  numerical  analysis 
textbooks  [8,9].  A  subroutine  pack 
containing  a  standardized  set  of  computer 
code  for  implementing  these  methods  is 
available  [10]. 

The  numerical  techniques  for  solving 
Eq.  (9)  are  not  as  plentiful;  the  QR 
method  advocated  by  Wilkinson  [8,11], 
is  the  accepted  approach  for  determining 
the  complete  set  of  real  and  complex 
eigenvalues  and  eigenvectors  of  [A], 
a  fully-populated  general  matrix  with 
real  elements.  This  is  the  method  used 
to  obtain  all  results  presented  in  this 
paper.  A  subroutine  pack  [12]  con¬ 
taining  standardized  code  for  the  com¬ 
puter  solution  of  eigenvalue  problems 
is  also  available. 


"Transformed  Stations"  and 
"Modal  Confidence  Factors" 

Two  aspects  of  the  practical  imple¬ 
mentation  of  the  method  described  thus 
far,  which  have  been  discussed  in  pre¬ 
vious  papers  [2,3,5],  are:  (1)  process¬ 
ing  data  when  the  number  of  available 
free-response  measurements  is  less  than 
the  number  of  rows  in  [♦]  (equal  to 
twice  the  number  of  degrees-of-freedom 
desired  in  the  identification  process) , 
and  (2)  distinguishing  those  eigenvalues 
of  [a]  corresponding  to  the  desired 
structural  modes  from  those  eigenvalues 
corresponding  to  "noise  modes,"  computed 
whenever  NDOF  is  larger  than  the  number 
of  structural  modes  contributing  to  the 
responses. 

When  the  number  of  response  measure¬ 
ments  that  are  available,  say  p0,  is 
less  than  the  number  of  computational 
degrees-of-freedom  which  are  desired, 
fewer  than  half  the  rows  of  [<t>]  are 
filled  by  the  original,  unshifted, 
response  functions.  Under  these  circum¬ 
stances,  "assumed"  or  "transformed” 
stations  [2]  are  created  for  the  addi¬ 
tional  rows  of  both  response  matrices 
by  simply  shifting  the  original  functions 
placed  in  the  first  pe  rows  by  multi¬ 
ples  of  a  second  user-selectable  time 
shift,  (At) 2 :  (At) 2 ,  2(At)2,  3(At>2, 
etc.,  until  the  upper  halves  of  both 
matrices  are  filled.  This  process  of 
adding  transformed  stations  does  not 
mathematically  affect  the  eigenvalues  of 
the  system  matrix,  [a],  assuming  perfect 
identification.  (If  NDOF  is  selected 
smaller  than  pD,  only  NDOF  of  the 
available  response  functions  are  used  in 
the  analysis.) 

The  bottom  halves  of  the  two 
response  matrices  are  formed  by  duplicat¬ 
ing  the  upper  rows,  but  delaying  an 
additional  user-selectable  time  shift, 
(At) 3.  The  rationale  for  filling  only 
the  upper  halves  of  the  matrices  with 
the  available  response  functions  (and 
transformed  stations)  and  filling  the 
bottom  halves  with  a  time-shifted  form 
of  the  upper  halves  is  based  on  the  cal¬ 
culation  of  "Modal  Confidence  Factors," 
to  be  discussed  next. 

If  two  segments  of  a  free-response 
function  obtained  from  the  same  measure¬ 
ment  station,  but  separated  by  an 
arbitrary  time  interval  At,  are  placed 
into  different  rows  of  the  response 
matrices,  the  elements  in  each  computed 
eigenvector  of  [a]  corresponding  to 
these  two  rows,  ipi*  and  il^ik*  will  be 
related  (again  assuming  perfect  identifi¬ 
cation)  by: 
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* ik  ■♦ik8  <12> 


for  each  linear  structural  mode  k. 

This  fundamental  property.  Eg.  (12), 
and  the  time-shift  relationship  between 
the  data  in  the  upper  and  lower  halves 
of  the  response  matrices,  (At) 3,  are 
used  in  the  calculation  of  "Modal 
Confidence  Factors,"  MCF  [5],  devised 
to  distinguish  "noise  modes"  from  the 
desired  structural  modes.  The  (complex¬ 
valued)  MCF' s  for  accurately  identified 
linear  structural  modes — one  MCF  cal¬ 
culated  for  each  of  the  first  pp  ele¬ 
ments  in  each  computed  (complex) 
eigenvector  of  [AJ— will  cluster  near 
unity  in  amplitude  and  near  0°  in  phase; 
those  calculated  for  "noise  modes" 
will  be  randomly  distributed  in  value. 

To  form  the  MCF's,  the  first  pQ  ele¬ 
ments  in  the  lower  halves  of  the  com¬ 
puted  eigenvectors  are  compared  with 
"expected"  values  for  these  elements, 
calculated  using  Eq.  (12)  by  the  product 
of  the  corresponding  pp  upper-half 
eigenvector  elements  and  the  complex 
X.  (At) , 

exponentials,  e  ,  where  Xjj  are 

the  computed  characteristic  values.  The 
MCF  is  defined  as  the  amplitude  ratio  and 
phase  difference  between  each  of  these 
"expected"  values  and  the  corresponding 
values  computed  by  the  eigenvalue 
analysis.  If  the  amplitude  ratio  is 
greater  than  1.0,  the  reciprocal  is 
taken.  The  phase  angle  is  normalized  to 
range  between  -180°  and  180°.  Obtain¬ 
ing  MCF  values  near  100%  in  amplitude 
and  0°  in  phase  is  certainly  a  necessary 
(but  not  sufficient)  condition  to  indi¬ 
cate  that  an  accurate  identification  of 
a  linear  structural  mode  of  the  system 
has  been  made. 

This  process  can  be  thought  of  as 
the  comparison  of  two  sets  of  eigen¬ 
vectors,  corresponding  to  the  same  set 
of  eigenvalues,  computed  simultaneously 
for  the  system  using  two  different 
segments  of  the  available  free-response 
functions.  An  important  user  advantage 
in  obtaining  both  sets  of  eigenvectors 
in  one  eigensolution  is  that  no  effort 
is  needed  to  "pair  up"  corresponding 
eigenvectors  if  somewhat  different 
eigenvalues  are  computed  for  each  set  of 
segments.  A  single  eigenvalue  set  is 
obtained  using  information  derived  from 
both  sets  of  data,  and  the  two  eigen¬ 
vector  sets  are  correctly  compared  in  the 
computer  analysis  with  no  user  decisions 
required. 

An  MCF  is  calculated  in  this  manner 
for  each  of  the  p0  stations,  for  each 


identified  complex  eigenvalue.  To  com¬ 
pact  this  information  to  a  more  manage¬ 
able  level,  an  "Overall  MCF,"  OAMCF,  is 
calculated  for  each  "mode"  (that  is,  for 
each  computed  complex  eigenvalue)  as  the 
percentage  of  p0  stations  whose  MCF 
values  are  at  least  95%  in  amplitude  and 
within  10°  of  0.0  in  phase.  The  OAMCF 
parameter,  introduced  for  this  study,  has 
been  found  very  effective  in  distinguish¬ 
ing  the  desired  structural  modes  from  the 
"noise  modes,"  and  is  a  fundamental  part 
of  the  identification  results  presented 
in  this  paper.  Its  value  has  been  found 
to  provide  a  good  characterization  of  the 
Po  MCF's  calculated  for  each  mode  and, 
in  general,  a  closer  examination  of  the 
individual  station-by-station  MCF  data 
was  unnecessary. 

The  time  shift  (At) 3  should  not  be 
selected  equal  to  either  (At)x  or 
(At)2«  If  equal  to  (At)].,  all  MCF's 
will  be  computed  as  100%  in  amplitude  and 
OO  in  phase,  and  be  of  no  use.  If 
equal  to  (At) 2,  and  at  least  one  trans¬ 
formed  station  has  been  used,  [*]  and 
[0]  will  each  have  two  identical  rows 
and  Eq.  (8)  cannot  be  solved.  Setting 
(At) 3  equal  to  one-half  the  value  of 
(At) 2  has  been  found  satisfactory  in 
most  cases.  To  clarify  the  relationship 
between  these  time  shifts,  refer  again 
to  Fig.  1,  which  shows  a  typical  place¬ 
ment  of  data  into  the  response  matrices 
when  three  free-response  functions  are 
used. 

CONSTRUCTION  OF  THE  SIMULATED 
FREE-RESPONSE  FUNCTIONS 

Mode  shapes  used  in  constructing 
the  simulated  free-response  functions 
were  obtained  from  a  NASTRAN  finite-ele¬ 
ment  analysis  of  an  isotropic,  uniform¬ 
thickness  plate  with  8  x  24  square  ele¬ 
ments.  Data  for  65  stations  were  obtain¬ 
ed  by  using  the  analytical  mode  shape 
data  (for  motion  normal  to  the  plate 
only)  from  every  other  grid  point  in 
both  directions,  including  the  outside 
border.  The  first  15  modes  of  this 
analysis  were  used  in  forming  the 
responses.  For  each  desired  modal  model, 
a  damped  natural  frequency,  damping 
factor,  and  response  amplitude  were 
arbitrarily  selected  for  each  mode.  The 
effects  of  randomizing  the  initial  phase 
angle  for  all  stations  of  each  mode  and 
of  selecting  other  than  0°  or  180°  be¬ 
tween  the  stations  in  a  mode  (i.e., 
complex  modes)  were  studied  for  several 

cases,  and  no  changes  in  the  identifi- _ 

cation  accuracy  were  noted.  Thus,  unless 
otherwise  stated,  the  contribution  of 
each  mode  in  the  responses  was  represent¬ 
ed  as  a  damped  cosine  function  multiplied 
by  an  appropriate  (positive  or  negative) 
mode  shape  amplitude  constant. 
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That  is,  each  free-response  func¬ 
tion  was  forasd  as 


xi(V  -  2  *ik  *  k  3  cos[(“d,kti] 

k-l 

(13) 

For  this  study,  each  simulated 
free-response  function  consisted  of 
1000  data  points  calculated  using 
Eg.  (13) ,  at  a  sampling  rate  of  400 
samples  per  second.  Uniformly  distri¬ 
buted  noise  was  added  to  these  functions 
on  a  function-by-function,  rms-percentage 
basis,  with  the  nos  value  of  each  noise- 
free  function  calculated  using  all  1000 
available  data  points.  The  mode  shapes 
used  in  forming  each  modal  model  were 
assigned  to  the  15  mode  indices  in  the 
order  determined  by  the  finite-element 
analysis. 

For  ease  in  interpreting  identifi¬ 
cation  results,  the  modal  frequencies 
were  arbitrarily  selected  for  all  models 
in  this  study  (i.e.,  the  natural  fre¬ 
quencies  of  the  plate  obtained  from  the 
NASTRAN  normal-mode  analysis  were  not 
used) .  Many  of  the  simulated  models 
were  formed  by  spacing  the  15  modal  fre¬ 
quencies  every  2  Hz  from  10.0  to  38.0  Hz, 
and  setting  the  modal  damping  factors  and 
response  amplitudes  equal  for  each  of  the 
modes.  Each  of  these  basic  modal 
models  are  characterized  by  a  single 
modal  damping  factor  and  noise  per¬ 
centage,  and  are  referred  to  throughout 
this  paper  for  simplicity  as  "baseline 
models . " 


EVALUATION  OF  IDENTIFICATION  ACCURACY 

The  accuracy  of  all  mode  shape 
identifications  for  this  study  has 
been  quantified  by  computing  a  "Mode 
Shape  Correlation  Constant,"  MSCC, 
between  the  identified  mode  shapes  and 
each  of  the  15  input  mode  shapes.  The 
constant  is  calculated  in  a  manner 
analogous  to  that  of  coherence,  often 
computed  in  time-series  analysis  work. 
The  functional  form  is  that  of  the 
square  of  the  correlation  coefficient 
defined  in  basic  statistics,  computed 
between  two  sequences  of  complex  numbers. 

Mathematically,  if  {<(n}  is  a  known 
input  (complex)  mode  shape,  and  {<|»2) 
is  an  identified  (complex)  mode  shape t 


MSCC  - 


I (»X>T  <»2>*|2 


(14) 


where  T  denotes  the  transpose  and 
*  the  complex  conjugate. 

The  MSCC  between  two  mode  shapes 
will  always  range  from  zero— for  no 
resemblance  of  the  two  shapes — to  100% — 
for  perfect  resemblence.  Values  inter¬ 
mediate  between  0.0  and  100.0  can  be 
interpreted  as  the  amount  of  coherent 
information  in  the  two  compared  mode 
shapes. 

The  accuracy  of  identified  fre¬ 
quency  and  damping  parameters  was 
assessed  by  direct  observation  only. 


RESULTS  AMD  DISCUSSION 

In  processing  a  set  of  free- 
response  functions  with  the  identifi¬ 
cation  algorithm,  five  primary  user- 
selectable  constants  must  be  chosen. 

They  are  NDOF,  NCOL,  (At)i,  (At) 2, 
and  (At) 3.  Secondary  considerations 
include  the  selections  of  data  sampling 
rate  and  analog  or  digital  filtering 
ranges,  the  particular  stations  to  be 
analyzed  in  one  computer  run,  and  the 
absolute  starting  times  of  the  free- 
response  data  (i.e.,  whether  any  data 
points  are  skipped  at  the  beginning  of 
the  functions) .  An  optimum  selection  of 
the  analysis  options  is  a  function  of 
the  characteristics  of  the  data  being 
analyzed,  and  "cookbook"  instructions 
are  difficult  to  develop.  The  results 
to  be  shown  in  this  section,  however, 
provide  guidelines  for  their  selection 
and  for  judging  the  sensitivity  of  the 
choices,  and  illustrate  identification 
accuracies  which  may  be  expected. 

All  results  shown  in  this  paper 
were  obtained  using  a  vectorized  version 
of  the  code  on  Langley's  CDC  Cyber  203 
(formerly  Star-100)  computer.  Typical 
CPU  times  for  identification  were  15  sec¬ 
onds  for  NDOF  -  65  and  NCOL  -  390,  and 
340  seconds  for  NDOF  -  200  and  NCOL  - 
968.  The  required  computer  time  varied 
approximately  as  the  number  of  columns 
used  in  [♦]  and  [I],  NCOL,  and  as 
the  square  of  the  number  of  allowed 
computational  degrees-of-freedom,  NDOF. 

Some  Baseline  Model  Results 

Figure  2  shows  the  time-  and  fre¬ 
quency-domain  responses  at  measurement 
Station  No.  1  (a  corner  of  the  plate) 
for  three  of  the  baseline  models  analysed 
in  the  study.  In  Figs.  2(a)  and  2(b), 
the  damping  factor,  C/Cc,  of  all  15 
modes  was  set  to  2%.  The  rms  noise 
levels  in  these  two  cases  were  2%  and 
20%,  respectively.  Similarly,  Fig.  2(c) 
shows  the  response  of  Station  No.  1  with 
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all  15  modes  assigned  5%  damping  and 
10%  noise.  The  dashed  lines  on  the 
time  history  plots  designate  the  range 
of  points  used  from  each  function  in  1TD 
analyses  whose  results  will  be  pre¬ 
sented  in  Table  I  and  Figs.  3  through  5. 
The  center  and  right-hand  plots  in 
Fig.  2  show  the  quadrature  (imaginary) 
component  and  modulus,  respectively,  of 
the  Fourier  transform  of  the  correspond¬ 
ing  free-response  function. 

Table  I  contains  MSCC  values  for 
these  three  identifications  calcu¬ 
lated  between  each  of  the  15  input  mode 
shapes  and  each  identified  mode  (whose 
OAMCF  was  2%  or  larger) ,  rounded  to  the 
nearest  whole  number.  Also  included 
are  the  identified  frequencies  in 
Hertz,  the  identified  damping  factors  in 
percent,  and  the  QAMCF  for  each  mode. 

The  column  to  the  right  of  the  OAMCF 
data  contains  the  number  of  stations  of 
65,  NST,  that  were  used  in  calculating 
the  corresponding  OAMCF  value;  only 
those  stations  with  non-negligible 
modal  response  (at  least  3%  of  the  max¬ 
imum  value  of  the  mode)  are  included  in 
the  calculation.  This  3%  criterion  was 
imposed  on  the  calculation  of  OAMCF 
because  many  of  the  selected  65  measure¬ 
ment  stations  were  located  exactly  on 
mode  shape  node  lines;  the  variance  in 
the  calculated  MCF  data  for  these 
stations  was  generally  high,  as  to  be 
expected,  because  very  small  modal 
amplitudes  identified  for  these  stations 
were  used  in  the  calculations.  Each  of 
these  identifications  were  run  using 
NDOF  of  65  and  NCOL  of  390.  The  other 
50  "modes"  obtained  in  each  identifi¬ 
cation  were  "noise  modes,"  differentiated 
by  low  (<2%)  OAMCF  values. 

For  these  identifications,  the  user- 
selectable  time-shift  constants,  (At)i, 
(At) 2#  and  (At) 3,  were  set  to  3/SF, 

8/SF,  and  4/SF,  respectively,  where  SF 
is  the  data  sampling  rate.  The  values 
Nj.  -  3,  N2  “  8,  N3  -  4  were  used  in 
obtaining  all  identification  results 
shown  in  this  paper,  unless  otherwise 
noted.  (These  are  the  values  selected 
for  Fig.  1  in  illustrating  a  typical 
placement  of  free-response  data  into  the 
two  response  matrices.) 

Figure  3  shows  the  15  identified 
(complex)  mode  shapes  for  the  2%-damping, 
2%-noise  baseline  model,  corresponding 
to  the  data  contained  in  Table  I.  These 
identified  mode  shapes  are  indistinguish¬ 
able  from  those  used  in  constructing  the 
model.  Note  that  the  ZTD  algorithm 
identifies  complex  mode  shapes,  consisting 
of  a  magnitude  and  phase  at  each  selected 
measurement  station;  the  identified 
mode-shape  phase  angles  are  included 
adjacent  to  each  mode  shape,  assigned  by 


consecutive  station  number  from  the 
center  of  the  circle  to  the  outer  ring, 
as  depicted  in  the  lower-right  corner  of 
Fig.  3;  the  data  for  the  accompanying 
mode  shape  plots  were  obtained  by  the 
product  of  the  identified  mode-shape 
amplitudes  and  the  cosine  of  the  cor¬ 
responding  phase  angle. 

Figures  4  and  5  show  the  mode  shapes 
identified  for  the  two  other  baseline 
models  whose  results  were  presented  in 
Table  I,  also  using  NDOF  of  65  and  NCOL 
of  390  in  the  analyses.  As  before,  only 
those  "modes"  with  an  OAMCF  of  at  least 
2%  are  shown.  In  Fig.  4,  for  the  2%- 
damping,  20%-noise  model,  the  identified 
shapes  are  also  indistinguishable  from 
the  exact,  input  mode  shapes,  and  the 
phase-angle  scatter  averages  only  a  few 
degrees.  Identification  results  for  the 
5%-damping,  10%-noise  model,  provided 
in  Fig.  5,  show  mode  shapes  that  are 
slightly  distorted  for  modes  11  through 
14,  with  significant  phase  angle  scatter 
in  several  of  the  modes.  In  interpret¬ 
ing  these  results,  however,  the  reader 
is  cautioned  that  more  accurate  identifi¬ 
cations  are  obtainable  for  these  models; 
as  shown  later,  allowing  higher  degrees- 
of-freedom  in  the  identification  will 
increase  the  accuracy  to  some  degree. 
These  identifications  all  used  NDOF  of 
65  and  NCOL  of  390,  and  the  results 
typify  the  effects  of  changing  modal 
damping  and  noise  level  while  holding 
all  of  the  algorithm  constants  fixed. 

Note  in  Table  I  that  an  MSCC  of 
100%  was  calculated  for  each  of  the 
accurately  identified  mode  shapes  of  the 
2%-damping,  2%-noise  baseline  model, 
shown  in  Fig.  3.  Also  of  interest  in 
these  MSCC  results  is  the  slight  "blend¬ 
ing"  of  the  higher-numbered  mode  shapes 
for  the  5%-damping,  10%-noise  model, 
corresponding  to  the  small  distortions 
seen  in  the  plots  in  Fig.  5. 

The  Number  of  Allowed  Degrees-of-Freedom 

The  number  of  computational  degreee- 
of-freedom  allowed  in  the  identification, 
NDOF,  should  be  selected  equal  to  the 
number  of  modes  excited  in  the  responses 
if  the  free-response  functions  are 
noise- free.  For  any  deviation  of  the 
response  data  from  the  exact  analytical 
form — that  is,  some  level  of  super¬ 
imposed  noise--more  degrees-of-freedom 
them  this  must  be  allowed  for  accurate 
identification.  It  is  somewhat  intuitive 
that  better  identification  of  the  under¬ 
lying  deterministic  modal  data  may  result 
when  one  allows  for  the  calculation  of 
extra  "noise  modes,"  in  addition  to  the 
number  of  actual  structural  modes  con¬ 
tributing  to  the  responses,  to  provide 
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an  outlet  in  the  assumed  model  for  the 
noise  contribution. 


To  illustrate  the  effect  of  increas¬ 
ing  the  allowed  degrees-of- freedom, 
identified  modal  frequencies  for  the 
2%-damping  baseline  model,  using  values 
of  NDOF  from  1  to  75,  are  plotted  in 
Figs.  6  and  7  for  each  of  eight  increas¬ 
ing  levels  of  superimposed  noise.  At 
each  value  of  NDOF,  the  identified  fre¬ 
quencies  are  denoted  by  vertical  line 
segments  at  the  corresponding  frequen¬ 
cies,  whose  heights  are  proportional  to 
the  OAMCF  value  computed  for  each  mode. 

As  before,  only  those  identified  "modes* 
with  negligible  OAMCF  (less  than  2%)  are 
not  shown.  When  the  individual  seg¬ 
ments  align  to  form  a  solid,  vertical 
line,  the  OAMCF 's  are  all  100%  and  the 
identified  modal  frequency  is  invariant 
with  increasing  NDOF.  On  examining 
these  eight  plots,  a  consistent  trend 
in  the  requirement  for  increased 
degrees-of-freedom  to  accurately  iden¬ 
tify  all  15  frequencies,  with  increased 
noise  level,  is  noted.  Another  interest¬ 
ing  trend  is  that  after  an  NDOF  level 
is  attained  for  each  noise  level  where 
all  15  frequencies  are  accurate,  increas¬ 
ing  NDOF  above  this  value  did  not  de¬ 
grade  the  frequency  identification 
accuracy.  These  plots  will  be  referred 
to  as  "NDOF-frequency  maps,"  and  have 
been  found  very  useful  in  interpreting 
experimental  identification  results. 

The  identifications  at  each  NDOF  level 
in  Figs.  6  and  7  were  run  using  NCOL 
of  300. 

The  lowest  value  of  NDOF  for  accu¬ 
rate  identification  has  been  found  in 
this  study  to  be  related  to  the  signal- 
to-noise  ratios  of  the  modal  responses. 
The  considerable  shifting  of  the  fre¬ 
quency  "lines"  in  these  NDOF-frequency 
maps  at  low  values  of  NDOF  results 
largely  from  setting  all  15  modal 
response  levels  equal.  When  experi¬ 
mental  data  are  processed,  the  lowest 
NDOF  values  for  identification  of  each 
made  vary  considerably  more  between 
modes  than  the  data  shown  in  Figs.  6 
and  7,  due  to  different  response  levels, 
and  almost  no  line  shifting  occurs. 

Typical  accuracy  at  much  higher 
allowed  degrees-of-freedom  are  included 
in  Table  IZ  for  the  2%-damping,  20%-noias 
baseline  model  with  analyses  at  NDOF  of 
65,  200,  250,  and  300.  These  iden¬ 
tifications  used  all  1000  data  points  in 
each  of  the  65  response  functions;  that 
is,  NCOL  was  made  as  large  as  possible 
in  each  case.  Although  the  parameters 
for  all  15  modes  are  of  acceptable 
accuracy  for  most  applications  at  NDOF 


of  200,  it  is  interesting  that  the 
accuracy  (of  the  damping  factors)  con¬ 
tinued  to  increase  as  NDOF  was  raised 
beyond  this  point.  Only  those  "modes” 
with  an  OAMCF  of  less  than  2%  are  ex¬ 
cluded  from  these  results;  at  NDOF  of 
300,  for  example,  285  additional 
"noise  modes"  were  computed,  all  of 
which  are  differentiated  by  the  OAMCF 
parameter.  Also  very  important  is  that 
no  anomalous  identification  problems 
or  numerical  instabilities  were  observed 
in  this  or  any  other  identification  con¬ 
ducted  in  this  study  using  such  high 
values  of  NDOF.  These  results  suggest 
that  the  ITD  algorithm,  used  with  a  high 
number  of  degrees-of-freedom,  may  accu¬ 
rately  identify  all  of  the  excited 
structural  modes,  for  large  modal  sur¬ 
veys,  in  one  computer  run. 

Note  that  the  results  shown  in 
Table  XI  for  NDOF  of  65  were  not  as 
accurate  as  those  shown  earlier  in 
Table  I  for  analysis  of  the  same  2%-damp¬ 
ing,  20%-noise  baseline  model;  the  re¬ 
sults  in  Table  I  were  obtained  using 
NCOL  of  390  and  those  in  Table  II  with 
NCOL  of  993.  The  effects  of  the  selec¬ 
tion  of  NCOL  on  identification  accuracy 
will  be  addressed  in  a  later  report 
section. 

The  Selection  of  (At) ^ 

To  help  understand  the  effects  of 
the  user-selectable  algorithm  constant 
(At) i  (the  time  increment  between  cor¬ 
responding  data  in  the  two  response 
matrices) ,  note  from  Eq.  (9)  that  the 
computed  eigenvalues  of  [A],  a*  +  ibk, 
are  exponential  functions  of  the  product 
of  the  system's 'characteristic  values, 

Ak«  and  (At)i.  The  desired  structural 
modal  frequencies  and  damping  factors 
are  then  calculated  directly  from  these 
eigenvalues  by  Eqs.  (10).  Using  these 
relationships,  loci  of  constant  damping 
factor  are  plotted  in  Fig.  8  in  the  com¬ 
plex  a-b  plane,  for  fa  ■  w a/(2x) 
ranging  from  0  to  l/(2(At)i).  A  typical 
eigenvalue  of  [A]  is  denoted  by  point 
'k, '  whose  corresponding  natural  fre¬ 
quency  in  radians/sec  is  simply  the 
angle  ©k  divided  by  (At)i.  Since 
equal  damping  values,  o^,  lie  on  equal 
radii  in  the  a-b  plane,  by  Eq.  (10) , 
the  contours  of  constant  damping  factor 
(equal  to  the  damping  value  divided  by 
the  undamped  natural  frequency)  will  con¬ 
verge  to  the  point  (1,0)  for  fa  ■  0 
and  separate  from  one  another  as  fa 
increases.  As  C/Cc  increases,  the 
contours  lie  inside  one  another,  until, 
at  100%,  the  locus  is  simply  the  positive 
x-axis. 

The  frequency  in  Hertz  correspond¬ 
ing  to  0^  -  tt,  denoted  as  f„,  is  the 


point  at  which  the  identified  fre¬ 
quencies  will  "fold"  because  of  the 
circular  nature  of  the  exponential  func¬ 
tion — analogous  to  the  well-known 
"Nyquist  folding-frequency1'  which  results 
from  the  circular  nature  of  the  discrete 
Fourier  Transform.  That  is,  all  iden¬ 
tified  frequencies  will  fall  in  the 
range  0  to  fff,  regardless  of  their 
actual  value;  only  those  modal  fre¬ 
quencies  no  larger  than  fn  will  be 
correctly  calculated.  The  value  of  fw 
is  simply  l/(2(At)i_).  Of  course, 
this  "eigenvalue  aliasing"  will  lead  to 
erroneous  frequency  and  damping  factor 
results  for  modes  with  frequencies 
greater  than  f_  contributing  to  the 
response  functions  used  in  the  identi¬ 
fication;  as  with  the  well-understood 
Nyquist- frequency  aliasing,  however, 
the  phenomenon  can  also  be  used  bene¬ 
ficially,  with  the  results  accordingly 
-adjusted,  if  the  data  are  pre-filtered 
to  contain  information  only  in  a  cert¬ 
ain,  known  frequency  interval. 

Obviously,  for  two  eigenvalues  of 
[A]  separated  by  e,  any  inaccuracy 
in  their  calculation  may  translate  to  a 
considerable  inaccuracy  in  their  cor¬ 
responding  modal  frequencies  and  damping 
factors ,  depending  on  the  location  in  the 
a-b  plane.  To  quantify  this  character¬ 
istic,  Fig.  9  provides  contours  of  mini¬ 
mum  and  maximum  percent  deviation  in  the 
identified  modal  frequencies  and  damping 
factors  for  three  magnitudes  of  uncer¬ 
tainty  in  the  eigenvalue  determination. 
Note,  in  Fig.  9(a),  that  percent  fre¬ 
quency  deviations  are  nearly  independent 
of  damping  level,  and  are  large  only  for 
values  less  than  0.1  f*  (because  the 
data  are  shown  on  a  percent-deviation 
basis,  and  f  is  small  in  this  range) . 
For  all  three  uncertainty  levels,  the 
percent  frequency  deviations  are  no 
greater  than  2%  at  all  frequencies  at 
least  0.2  f„,  for  C/Cc  <  10%.  The 
envelopes  of  maximum  percent  deviation  in 
the  damping  factor  identification,  on  the 
other  hand,  are  considerably  larger,  as 
shown  in  Fig.  9(b).  These  data  suggest 
that  damping  factors  derived  from  eigen¬ 
values  of  [a]  subtending  small  angles 
in  the  a-b  plane  may  be  subject  to 
appreciable  error. 

As  (At) i  increases,  the  fre¬ 
quency  interval  corresponding  to  eigen¬ 
values  located  at  6*  -  0  and  9*  ■  ir 
decreases,  and  the  eigenvalues  for  any 
two  modal  frequencies  separate  in  the 
a-b  plane.  When  this  occurs,  a  more 
accurate  analysis  generally  can  be  made 
of  a  smaller  total  frequency  interval. 
Figure  10  shows  typical  results  of  this 
effect  in  the  identification  of  the 
2t-damping,  20%-noise  baseline  model  for 


two  selections  of  Nj  (the  number  of  data 
samples  corresponding  to  the  time- shift 
interval  (At) j) .  The  results  in 
Fig.  10(a)  were  obtained  with  Ni  **  1 
and  those  in  Fig.  10(b)  with  Ni  -  3, 
holding  all  other  algorithm  constants 
unchanged.  In  the  polar  plots  of 
Fig.  10,  the  symbols  denote  the  loca¬ 
tions  of  all  identified  eigenvalues  of 
[A]  in  the  a-b  plane;  the  eigenvalues 
corresponding  to  the  15  structural  modes, 
distinguishable  from  the  "noise  modes" 
whose  OAMCF's  were  all  less  than  2%, 
lie  approximately  equally  spaced  along 
the  2%-damping  (dashed) line  in  each 
figure.  As  shown  in  the  tabulated  re¬ 
sults,  the  identification  accuracies  of 
both  damping  factors  and  mode  shapes 
were  improved  when  N^  was  increased 
from  1  to  3. 

An  Alternate  Method  for 
Calculating  Modal  Damping 

In  addition  to  the  straightforward 
calculation  method  for  the  desired  modal 
damping  factors  using  the  eigenvalues  of 
[a],  shown  in  Eq.  (10),  limited  study  has 
been  done  of  an  alternate  method  using 
the  first  p0  elements  in  the  upper  and 
lower  halves  of  the  computed  eigen¬ 
vectors— data  used  previously  in  comput¬ 
ing  the  MCF  values.  Based  on  experience, 
the  identified  damping  factors  often  show 
the  greatest  variance  of  all  the  computed 
modal  parameters.  By  assuming  that  the 
eigenvector  data  are  more  accurate  than 
the  identified  damping  data,  a  method 
similar  to  the  reverse  process  used  in 
computing  the  MCF  data  can  be  used  to 
obtain  a  second  estimate  of  the  modal 
damping  factors. 

Mathematically,  a  form  analogous  to 
that  for  obtaining  the  amplitude  of  a 
frequency  response  function  using  the 
Fourier  components  of  input  and  response 
signals  can  be  used  to  compute  an  average 
modal  amplitude  ratio  between  the  ’upper* 
and  'lower,'  po-element,  mode  shape 
vectors.  In  particular,  if  is  an 

upper  identified  (complex)  mode  shape,  and 
is  a  lower  identified  (complex) 
mode  shape,  a  Modal  Amplitude  Ratio  (MAR) 
can  be  calculated  as: 

l<VT 

MAR  -  - — i - =~f-  (15) 
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from  which  an  alternate  modal  damping 
factor  can  be  calculated,  using  the  cor¬ 
responding  damped  natural  frequency,  wa 
obtained  directly  from  the  eigenvalue  or 
[A],  by: 
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corresponding  to  "modes"  with  OAMCF  less 
than  2%,  the  cutoff  used  for  plotting 
the  data  shown  in  Figs.  6  and  7.  This 
cutoff  criterion  was  removed  for  these 
plots  to  allow  the  24-Hz  mode  data  in 
Fig.  12(a)  to  be  discernible. 


where  0^3  -  In (MAS) /(At) 3. 

This  estimate  of  modal  damping  was  found 
more  accurate  in  many  cases — but  not 
all — particularly  for  modes  with  poor 
signal- to-noise  ratios.  Figure  11 
shows  modal  damping  factors  identified 
by  each  of  the  two  methods  for  the 
2%-damping,  50%-noise  baseline  model  for 
NDOF  in  steps  of  20  from  60  to  200. 

Only  data  for  the  first  10  modes  are 
included.  Although  the  data  for  modes  1 
and  2  (circle  and  square  symbols)  art 
significantly  over-estimated  by  either 
method,  overall,  the  data  in  Fig.  11(b), 
obtained  indirectly  using  the  eigenvector 
and  identified  frequency  data,  cluster 
appreciably  closer  to  the  true  value  of 
2%  than  the  data  in  Fig.  11(a),  cal¬ 
culated  directly  from  the  eigenvalues 
of  [A] . 

When  the  modal  damping  is  calculated 
using  this  alternate  method,  an  MSCC 
between  the  upper  and  lower  p0-element 
vectors  used  in  the  calculation  should 
also  be  formed  to  be  used  as  an  indi¬ 
cation  of  the  consistency  of  the  eigen¬ 
vector  data,  which  may  itself  be  inaccu¬ 
rate.  A  conservative  approach  would 
certainly  be  to  calculate  the  damping 
factors  by  both  methods,  and  use  any 
discrepancy  in  their  values  as  a  indi¬ 
cator  of  inaccurate  identification. 

Unless  otherwise  noted,  the  damping 
identification  results  shown  in  this 
paper  were  obtained  using  the  direct 
calculation  method  from  the  eigenvalues 
of  [A] , 


Although  Figs.  12(a)  and  12(b)  show 
that  the  24-Hz  modal  frequency  was  iden¬ 
tified  in  both  cases,  these  data  do  not 
indicate  the  accuracy  of  either  the 
identified  mode  shapes  or  modal  damping 
factors;  this  information  is  included  in 
Figs.  12(c)  and  12(d),  respectively. 

In  Fig.  12(c),  MSCC's  calculated  between 
the  identified  mode  shapes  and  the  known 
input  shape  are  plotted  for  each  case  as 
a  function  of  NDOF.  For  the  5t-response 
case,  denoted  by  the  square  symbols,  the 
MSCC  is  essentially  100%  for  all  NDOF 
above  46;  for  the  1%-response  case,  on 
the  other  hand,  the  MSCC  value  does  not 
rise  above  the  83%  level.  In  fact,  when 
the  1%-response  model  was  analyzed  using 
NDOF  of  250,  the  MSCC  of  the  24-Hz  mode 
remained  at  approximately  83%. 

Identified  modal  damping  factors 
for  these  cases,  calculated  both  using 
Eq.  (10)  and  by  the  alternate  method 
discussed  in  the  previous  report  sec¬ 
tion,  are  shown  in  Fig.  12(d).  In  all 
cases,  the  data  appear  to  be  approaching 
the  correct  value  of  2%  with  increasing 
NDOF;  the  results  for  the  5%-response 
case  being  closer  to  the  true  value  than 
those  for  the  1%-response  case.  Addi¬ 
tionally,  the  damping  factors  calculated 
by  the  alternate  method  using  the  com¬ 
puted  eigenvector  data  are  more  accurate 
at  each  value  of  NDOF  than  the  damping 
factors  calculated  directly  from  the 
identified  eigenvalues  of  [a]. 

The  Selection  of  NCOL 


Modal  Response  Level 

In  all  identification  results  pre¬ 
sented  thus  far,  the  response  levels  of 
all  15  modes  in  the  simulated  models  were 
set  equal;  for  actual  experimental  data 
this  would  not  be  the  case.  To  examine 
identification  accuracy  of  modes  with 
significantly  different  response  level, 
Figs.  12(a)  and  12(b)  show  NDOF-fre- 
quency  maps  for  the  2%-damping,  2%-noise 
baseline  model  when  the  response  level 
of  mode  8  (at  24  Hz)  was  reduced  to  1% 
and  5%,  respectively,  of  the  level  selec¬ 
ted  for  each  of  the  other  14  modes.  The 
1%-response  case  represents  the  approxi¬ 
mate  lower  limit,  at  which  this  mode  was 
identifiable  for  NDOF  up  to  75.  Com¬ 
pared  with  a  similar  plot  shown  earlier 
in  Fig.  6(c)  for  all  modes  of  equal 
response  level,  note  that  these  plots 
have  several  randomly  scattered  dots, 


In  establishing  the  two  response 
matrices,  both  the  number  of  rows  (equal 
to  twice  NDOF)  and  the  number  of  columns, 
NCOL,  must  be  selected  for  each  identifi¬ 
cation.  As  shown  in  NDOF- frequency  maps 
in  Figs.  6,  7,  12(a),  and  12(b),  the 
minimum  required  NDOF  is  related  to  the 
signal-to-noise  ratio  of  the  modes. 

The  value  for  NCOL,  denoted  by  's'  in 
the  THEORY  section  of  this  report,  is 
restricted  to  be  at  least  twice  NDOF, 
so  that  Eq.  (8)  contains  no  fewer  equa¬ 
tions  than  unknowns.  An  intuitive  upper 
limit  in  selecting  NCOL  corresponds  to 
the  time  at  which  the  free-response  sig¬ 
nal  for  the  mode  to  be  identified  becomes 
smaller  than  the  noise  level;  beyond  this 
point  each  additional  data  point  used 
from  the  response  functions  would  provide 
more  noise  than  additional  information 
to  the  identification  algorithm. 
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The  effects  of  the  selection  of 
NCOL  on  identification  results  for  the 
2%-damping,  20%-noise  baseline  model 
are  shown  in  Fig.  13.  To  estimate  the 
time  at  which  the  superimposed  noise 
exceeds  the  signal  information  in  the 
free- responses,  a  20-point,  running 
mean- square  value,  averaged  over  all  65 
functions  used  for  the  model,  is  plotted 
in  Fig.  13(a).  These  data  have  been 
normalized  so  that  the  asymptotically 
approached  noise  level  corresponds  to 
0  dB.  Since  all  15  modes  have  the  same 
response  level  in  this  model,  the  mean- 
square  value  of  the  free-response  signal 
for  each  mode  equals  the  mean-square 
noise  level  when  the  function  of 
Fig.  13(a)  equals  10  log (16)  or  12  dB. 
This  corresponds  to  NCOL  of  approximate¬ 
ly  225. 

Using  NDOF  of  65,  all  15  modal  fre¬ 
quencies  for  this  model  were  accurately 
identified  for  NCOL  ranging  from  200 
to  950,  and  their  values  are  not  shown. 
Of  interest,  though,  are  the  cor¬ 
responding  MSCC  values  and  identified 
modal  damping  factors  for  these  cases. 
These  results  are  shown  in  Figs.  13(b) 
and  13(c),  respectively.  To  maintain 
clarity,  data  for  only  the  first  five 
modes  (which  typify  the  results  obtained 
for  all  15  identified  structural  modes) 
are  included.  Of  particular  interest  in 
these  figures  is  the  rapid  deterioration 
of  the  identification  results  when  NCOL 
is  less  than  200.  Above  NCOL  of  200, 
the  MSCC  data  are  affected  only  slightly 
as  NCOL  increases  to  950,  although  a 
slight  downward  trend  is  noted  for  NCOL 
greater  than  300.  Optimum  mode  shape 
identification  was  obtained  for  NCOL 
ranging  from  200  to  300.  The  identified 
modal  damping  factors,  on  the  other  hand, 
diverge  from  the  selected  value  of  2% 
considerably  faster  than  the  MSCC  data 
from  100%,  as  shown  in  Fig.  13(c). 
Selecting  NCOL  near  200  would  also  pro¬ 
vide  the  best  damping  identification 
over  the  range  of  NCOL  from  170  to  950. 

It  is  of  interest  to  note  that  the 
identified  damping  factors  in  Fig.  13(c) 
all  tend  to  approach  the  correct  value 
of  2%  as  NCOL  decreases.  This  effect  is 
similar  to  that  shown  in  Fig.  11(a)  for 
an  increase  in  NDOF  with  NCOL  held 
constant. 


Close  Natural  Frequencies 

A  classic  problem  using  any  modal 
identification  technique  is  the  accurate 
determination  of  the  modal  parameters 
for  two  or  more  structural  modes  of 
approximately  the  same  natural  frequency. 
Assuming  no  attempt  was  made  to  appor¬ 
tion  the  force  used  in  exciting  the 
structure,  the  response  levels  of  two 


modes  close  in  frequency  may  well  be 
approximately  equal  in  a  set  of  response 
measurements  obtained  during  wide-band 
force  excitation.  If  T  seconds  of 
data  are  available  for  analysis,  the 
corresponding  frequency-domain  functions 
will  be  determined  to  a  resolution  of 
1/T  Hz  by  Fourier  methods.  For  the 
models  constructed  in  this  study, 

T  =  2.5  seconds,  which  corresponds  to  a 
frequency  resolution  of  0.4  Hz.  To 
obtain  accurate  modal  parameters  with 
methods  that  rely  on  visual  determina¬ 
tion  of  response  peaks  in  frequency 
spectra  or  frequency  response  functions 
is  unreasonable  when  the  modal  frequency 
separation  approaches  the  frequency 
resolution  value. 

To  study  the  frequency  resolution 
ability  of  the  ITD  algorithm,  several 
modal  models  were  constructed  by  moving 
the  frequency  of  mode  8,  originally  at 
24.0  Hz  in  the  baseline  model,  to  a 
lower  value,  close  to  mode  7  at  22.0  Hz. 
All  14  other  modes  were  maintained  at 
their  original  spacing  of  2  Hz  frcm 
10.0  to  38.0  Hz.  Table  III  shows  the 
identification  results  using  the  2%-danp- 
ing,  2%-noise  baseline  model,  for  0.10, 
0.05,  and  0.01  Hz  frequency  separation 
between  modes  7  and  8.  Sixty-five 
degrees-of -freedom,  with  NCOL  of  390, 
were  used  in  the  identifications.  At 
each  frequency  separation  value,  the 
damping  in  mode  8  was  successively 
changed  from  2%  (the  same  value  assigned 
to  mode  7),  to  3%,  to  10%.  For  all 
three  frequency  separations,  near-perfect 
identification  of  the  parameters  for  all 
15  modes  was  obtained  for  the  cases  when 
the  mode  8  damping  was  either  3%  or  10%. 
Identification  accuracy  of  modes  7  and 
8  in  the  cases  where  both  modes  were 
assigned  2%  damping  successively  deter¬ 
iorated  as  the  frequency  separation  was 
decreased.  These  trends  are  consistent 
with  the  fact  that  two  modes,  although 
of  equal  natural  frequency,  will  cor¬ 
respond  to  different  eigenvalues  of  [A] 
if  their  damping  factors  are  different — 
the  larger  the  difference  in  damping, 
the  larger  the  corresponding  eigenvalue 
separation. 

To  extend  the  study  of  eigenvalue 
resolution  one  step  further,  modal 
models  were  constructed  with  five  of  the 
15  modal  frequencies  set  to  22.0  Hz. 
Figure  14  provides  identification  results 
for  two  of  these  models:  Fig.  14(a) 
with  the  five  modes  assigned  dancing 
factors  of  1,  2,  3,  4  and  5%;  and 
Fig.  14(b)  with  damping  factor  assign¬ 
ments  of  2,  4,  6,  8  and  10%.  Of  course, 
as  shown  in  the  frequency  spectrum  plot* 
only  one  response  peak  is  discernible  at 
22  Hz  in  both  cases.  The  parameters  of 
all  15  modes  were  accurately  identified 
in  each  model,  as  shown,  when  the 


percentage  of  added  noise  was  held  to  a 
very  low  level:  0.01%  in  the  AC/Cc  = 

1%  case  and  0.1%  in  the  AC/Cc  =  2% 
case.  Although  these  noise  levels  are 
extremely  low — often  unattainable 
with  experimental  data — these  results 
do  illustrate  the  potential  accuracy  of 
the  method  and  the  relationship  between 
noise  level  and  the  attainable  eigen¬ 
value  resolution.  These  two  identifi¬ 
cations  were  run  with  NDOF  of  65;  the 
same  models  could  be  identified  with 
somewhat  higher  noise  levels  at  the 
(computational)  expense  of  allowing  more 
degrees-of- freedom. 

A  Condition  on  the  Selection 
of  (At) j 

The  selection  of  the  time  shift 
between  the  upper  and  lower  halves  of 
the  two  response  matrices,  (At) 3, 
can  significantly  affect  the  iden¬ 
tification  accuracy  of  modes  at  or 
near  certain  frequencies;  in  particular, 
if  all  of  the  data  in  the  lower  halves 
are  obtained  by  delaying  the  data  in  the 
upper  halves  by  (At) 3,  frequencies 
fx  *  n/(2(At)3),  for  integer  values  of 
n,  will  not  be  identified.  Using  a 
different  time  shift  on  one  or  more  of 
the  stations  will  help  alleviate  this 
problem,  which  may  occur  whenever 
fx  <  f,,.  Of  course,  selecting 
(At) 3  <  (At) 1  will  always  eliminate  the 
condition  by  forcing  the  lowest  value  of 
fx  to  be  larger  than  fv,  the  upper 
limit  of  the  analysis  range. 


CONCLUDING  REMARKS 

Using  simulated  free-response 
functions,  the  Ibrahim  Time  Domain  (ITD) 
algorithm  has  been  found  capable  of 
accurately  identifying  known,  structural 
modal  parameters  over  a  wide  range  of 
frequency  separations,  damping  factors, 
mode  response  levels,  signal-to-noise 
ratios,  and  user-selectable  algorithm 
constants.  It  has  been  found  that  the 
modal  parameters  can  often  be  identified 
in  cases  of  poor  signal-to-noise  ratio 
if  sufficient  computational  degrees- 
of-freedom  are  allowed  in  the  identifi¬ 
cation  process.  A  significant  finding 
is  that  no  detrimental  effects  were 
observed  when  many  times  more  degrees- 
of-freedom  were  allowed  than  the  minimum 
necessary  for  reasonable  identification; 
this  result  suggests  the  use  of  a  high 
number  of  degrees-of-freedom  for  the 
"blind"  use  of  the  algorithm  in  analyz¬ 
ing  experimental  data. 

For  many  of  the  models  analyzed, 
the  identified  modal  frequencies  and 


mode  shapes  were  more  accurate  than  the 
corresponding  modal  damping  factors. 

When  the  identified  damping  factors  were 
plotted  as  a  function  of  either  the 
number  of  allowed  degrees-of-freedom, 
NDOF,  or  the  number  of  time  samples 
used  from  each  response  function,  NCOL, 
however,  the  correct  values  were  often 
asymptotically  approached.  An  alternate 
method  for  calculating  modal  damping, 
using  the  identified  eigenvectors  and 
modal  frequencies,  was  found  more  accu¬ 
rate  in  some  instances  than  using  the 
identified  eigenvalues  directly. 

For  each  set  of  user-selectable 
algorithm  constants,  direct  correlation 
was  found  between  the  variance  in  the 
identification  results  and  the  signal- 
to-noise  level  of  the  responses.  In 
analyzing  noisy  data,  when  sufficient 
degrees-of-freedom  were  allowed  in  the 
analyses,  all  natural  frequencies  and 
mode  shapes  were  identified  with  good 
accuracy  in  nearly  every  instance.  Low 
values  of  Overall  Modal  Confidence 
Factor,  OAMCF,  for  modes  with  reasonably 
identified  mode  shapes,  were  usually 
indicative  of  inaccuracy  in  the  esti¬ 
mated  damping  factors.  For  noise-free 
input  data,  the  identification  accuracy 
of  all  parameters  approached  the  computa¬ 
tional  accuracy  of  the  computer. 

The  required  computer  time  varied 
approximately  as  the  number  of  columns 
in  the  response  matrices,  NCOL,  and  as 
the  square  of  the  number  of  allowed 
degrees-of-freedom,  NDOF.  Typical 
CPU  times  for  identification  on  the  CDC 
Cyber  203  computer  were  15  seconds  using 
NDOF  of  65  and  NCOL  of  390,  and  340 
seconds  using  NDOF  of  200  and  NCOL  of 
968. 

Related  areas  of  work  which  need 
further  attention  include  the  study  of: 

1.  techniques  to  minimize  noise 
and  distortion  on  free-response 
functions  from  experimental 
measurements; 

2.  effects  of  structural  non- 
linearities  on  ITD  identifi¬ 
cation  results;  and 

3.  resolution  and  roundoff  errors 
which  may  occur  in  using  the 
technique  on  smaller-wordlength 
computers . 
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TABLE  I.-  IDENTIFICATION  RESULTS  FOR  THREE  BASELINE  MODELS 


NDOF  •  €5;  NCOL  •  390  in  etch  identification.  (All  "Noise  Nodes"  had  QAMCF  <  2X) 

C/Cc  *  2%  In  all  nodes.  2%  noise.  (See  Figure  3  for  node  shapes) 
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TABLE  II.-  IDENTIFICATION  RESULTS  FOR  THE  2X- DAMPING,  20X-N0ISE 
BASELINE  MODEL  AT  HIGH  ALLOWED  DEGREES-OF- FREEDOM. 
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100 

■a 

4.36 

76 

98 

19.99 

2.49 

89 

100 

19.99 

2.32 

90 

100 

20.00 

2.24 

95 

100 

m 

3.59 

77 

98 

22.01 

2.28 

89 

100 

22.01 

2.15 

93 

100 

22.00 

2.08 

93 

100 

8 

24.04 

2.84 

85 

99 

24.01 

2.16 

95 

100 

24.00 

2.13 

92 

100 

24.01 

2.07 

93 

100 

9 

26.09 

3.87 

59 

96 

26.02 

2.34 

96 

99 

26.02 

2.22 

94 

100 

26.01 

2.13 

92 

100 

10 

28.00 

4.64 

35 

95 

28.00 

2.57 

89 

99 

27.99 

2.48 

88 

100 

27.99 

2.27 

93 

100 

11 

30.04 

3.51 

70 

95 

30.00 

2.31 

94 

100 

30.00 

2.25 

91 

100 

30.02 

2.14 

87 

100 

12 

32.05 

4.41 

39 

91 

32.03 

2.39 

85 

99 

32.03 

2.21 

81 

100 

32.03 

2.09 

87 

100 

13 

34.25 

4.22 

33 

86 

34.00 

2.18 

89 

99 

33.99 

2.15 

89 

100 

34.00 

2.07 

90 

100 

14 

36.30 

5.24 

17 

51 

36.02 

2.29 

85 

100 

36.02 

2.21 

83 

100 

35.99 

2.08 

85 

100 

15 

37.43 

6.12 

19 

87 

37.98 

2.22 

94 

100 

37.98 

2.14 

96 

100 

37.97 

2.06 

88 

100 

(Ail  "Noise  Modes"  had  UwiCF  <  2%) 


TABLE  III.-  IDENTIFICATION  RESULTS  WITH  FREQUENCIES  OF  MODES  7  AND  8 
SET  NEARLY  EQUAL  IN  22-DAMPING,  2%-NOISE  BASELINE  MODEL. 


Af  -  O.IO  Hz 


(HOOF  ■  65;  NCOL  ■  390  In  each  Identification.) 


Af  •  0.05  Hz 


INPUT  PARAMETERS 


f7(Hz) 

f8(H2) 

(C/C,) 
c  7 

(C/C,) 
c  8 

22.000 

22.100 

2.00 

2.00 

3.00 

10.00 

Af  «  0.01  Hz 


IDENTIFIED  PARAMETERS 


MSCC 

f 

m 

OAMCF 

MSCC 

f 

c/ce 

OAMCF 

MSCC 

78 

21.941 

4.28 

57 

66 

21.184 

36.69 

1 

33 

77 

22.034 

2.01 

100 

66 

22.007 

2.01 

100 

66 

99 

22.001 

2.12 

96 

99 

22.001 

2.12 

98 

99 

99 

22.053 

3.09 

100 

99 

22.015 

3.09 

100 

99 

100 

22.001 

2.01 

100 

100 

22.001 

2.01 

100 

100 

100 

22.051 

10.02 

100 

100 

22.011 

10.02 

100 

100 

(Identification  accuracy  of  other  13  inodes  comparable  to  values  shown 
In  Table  I  for  2X-damp1ng,  22-noise  model.) 


59 


3  free- response  functions  : 
(100  samples  each) 


•1  «2  *3 

bi  b2  ba 
ci  c2  C3 
t 


tioo 
...  bioo 
...  cioo 


(at)i  -  Hj/SF 


(at  2  -  H2/SF 

(at)3  *  "3 /SF 

(SF  *  data  sampling  frequency) 


t*l 


NCOL*- 


*1 

*2 

•  •  • 

•30 

bl 

*>2 

•  •  • 

<=1 

c2 

•  at 

C30 

•9 

*10 

•  •  • 

*38 

b9 

bio 

•  •  • 

*>38 

eg 

cio 

•  •  • 

c38 

«17 

■18 

•  •  • 

*46 

*5 

H 

•  •  • 

•34 

*>5 

•>6 

aaa 

b34 

c5 

•  •• 

c34 

•13 

•14 

•  •  • 

•42 

bl3 

b14 

•  •  • 

*>42 

c13 

c14 

•  •  • 

c42 

■21 

•22 

•  •  • 

•50 

*  NCOL  »  2  •  HOOF 


“1 

Ljp* 


1 

(At)3 


[*] 


(bt)x 


•4 

•5 

•  *33 

**4 

*>5 

•  b33 

«4 

c5 

.  C33 

•12 

•13  • 

•  Ml 

bi2 

b13  • 

.  b41 

c12 

c13  • 

.  C4i 

•20 

•21  • 

.  m9 

*8 

•9 

•  «37 

*>8 

bg 

.  b37 

c8 

eg 

.  c37 

•16 

*17  • 

.  M5 

b16 

b17  * 

*  b45 

c16 

c17  • 

.  c45 

•24 

•25  • 

•  *53 

I 


Figure  1.-  Example  Placement  of  Free-Response  Data  Into  the  Two  Response  Matrices. 


SAMPLING  FREQUENCY  -  400  HZ  (1000  PTS.  IN  EACH  FREE -RESPONSE  FCT.) 


Frequency,  Hz 


(a)  C/Cc  *  22  In  all  inodes.  22  noise. 


(c)  C/Cc  *  5*  In  all  inodes.  102  noise. 


Figure  2.-  Typical  free-responses  and  frequency  spectra  for  three  baseline  models, 
with  modal  frequencies  spaced  every  2  Hz  from  10  to  38  Hz. 


(Mode  shape  phase  angles 
Indicated  In  polar  plots) 


Figure  3.-  Identified  (complex)  mode  shapes  for  baseline  model  with  2*  danplng 

In  all  modes  and  2X  noise. 


Figure  4.-  Identified  (complex)  node  shapes  for  baseline  model  with  2*  deeping 

In  all  eodes  and  2QX  noise. 


HOOF  «  65;  NCOL  -  390. 


Figure  5.*  Identified  (complex)  mode  shapes  for  baseline  model  with  5X  damping 

In  all  modes  and  10X  noise. 


joq 


NCOL  *  300  In  each  Identification. 


NOOF  NDOF 


NCOL  »  300  In  each  Identification. 

(Heights  of  vertical  line  segaents  proportional  to  OAMCF  values) 

0  10  20  30  40  50  0 

75 

70 
65 
60 
55 
50 
45 
b_  40 
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§35 
30 
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20 
15 
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5 

0  1 0  20  30  40  50  o 

Frequency,  Hz 

(a)  10*  Noise 


10  20  30  40 


xl  mmxu  1 .  umiiil .  muuj. 

10  20  30  40 

Frequency,  Hz 

(b)  20%  Noise 


10 


20 
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40 


50 


(c)  50%  Noise 


10  20  30  40 

Frequency,  Hz 


(d)  100%  Noise 


Figure  7.-  "NDOF-Frequency  Maps"  for  2%-damplng  baseline  model  at  several  high 

noise/signal  ratios. 


IDENTIFIED ^C/CC  -  X  OCVINTION  _  _  IDENTIFIED  FREQ-  -  X  DEVIATION 


Figure  9.-  Sensitivity  of  Identified  frequency  and  damping  factors  at  three 
uncertainty  levels  In  computation  of  the  eigenvalues  of  [A]. 
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Imag.  Part 


Zt-damplng,  20*-no1se  baseline  model. 
HOOF  -  65;  NCOL  -  390. 

tt/2 


Identification  Results 


F,  Hz 

9.97 

12.02 

14.00 

16.03 

17.98 
19.94 
22.02 
24.02 

25.98 

27.99 
30.07 
32.07 
34.02 
36.03 
37.92 


C/Cc’  * 
10.26 

8.98 
4.22 
6.20 
3.24 
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93 
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84 
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68 
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37 
68 
59 

79 


99 

98 

98 

99 
99 
98 

98 
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97 
96 

93 

94 
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Identification  Results 


Nodtk  F,  Hz 


1 

2 
3 

TT/2  l 


9.98 

11.97 
14.01 

15.98 

17.99 
20.00 
21.98 
24.00 
26.02 
28.03 
30.03 
31.97 
34.01 
36.05 
37.95 


c/cc.  t 

4.37 

4.48 

2.93 

3.16 

2.40 

2.75 

2.43 


2.79 

2.50 

2.61 


2.54 

2.43 


OMCF 

95 

88 

98 

91 

93 
89 
86 
89 

94 
93 
81 
72 
87 
75 
66 


100 

99 

100 
100 
100 
100 
100 
100 
99 

99 

100 
99 
99 

99 

100 


Figure  10.-  Typical  effect  of  changing  <At)j  on  Identification  accuracy. 
Polar  plots  show  eigenvalues  of  [A]. 


each  Identification. 


♦  NOOOlO^NOOOB^NOOOlO’INO 


%  ‘°0/0 
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ng  computed  by  standard  and  alternate 
50%-nolse  baseline  model. 


(a)  N DOF- frequency  map  with  mode  8  response  (b)  N DOF- frequency  map  with  mode  8  response 
level  IX  that  of  other  modes.  -  level  5X  that  of  other  modes. 


toor 

o 

^  50 
2 

0 


F  o°°y 


‘oflPPi^uuuuuuPPPooooaaeaaaeaaaaaaaaaaeaaaa 

iooooooo^00__0oqo®ooooooooooo1 


OOOO 


0^00^ 


-I- 

20  25  30  35  40 


45  50 

NOOF 


O  IX  Response  Level 
o  5*  Response  Level 

- 1 _ I _ I _ L 


55  60  65  70  75 


(c)  Node  8  NSCC  values. 


Figure  12.-  Identification  results  for  2X-damp1ng,  2X-no1se  baseline  model  with 
response  level  of  mode  8  equal  to  IX  and  SX  that  of  other  modes. 
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DISCUSSION 


Mr.  twins  (Up«rl«l  Collage  .London) : 

Arc  you  convinced  thct  the  theoretlcel 
data  you  have  uaed  which  wee  polluted 
with  noise,  realistically  represents  ths 
kind  of  data  you  get  from  experiments  on 
real  structures? 

Mr.  Ibrahln:  Froa  ay  prsvious  ex¬ 
perience  ,  I  would  rather  work  with 
experlaental  data  than  slaulated  data. 

Mr.  Ewinsi  I  asked  because  we've  been 
thrpugh  a  slallar  kind  of  process  and  we 
find  that  experlaental  data  contains  a 
quite  different  type  of  error  to  that 
which  you  put  in  with  randoa  errors 
superlaposed  on  the  theoretical  ideal. 
The  structures  have  systeaatic  errors. 
You  have  non-linearities  and  I  wonder 
whether  the  aethod  is  equally  effective 
on  real  data  as  you  have  shown  on  the 
synthesized. 

Mr.  Ibrahla;  Yes,  we  have  lots  of  pre¬ 
vious  applications  and  we  will  put  the 
paper  in  the  AIAASDM  Conference  in  April 
and  we  are  dealing  with  large  aodal  sur¬ 
veys  of  real  experlaental  full  scale 
itructures.  And  to  answer  your  ques¬ 
tion,  I  personally  feel  as  coafortable 
with  experimental  noise  as  with  simu¬ 
lated  noise  because  the  experlaental 
noise  is  nice  and  randoa.  What  you 
generate  in  the  computer  usually  has 
soae  distribution.  The  other  question 
is  non-linearity.  He  did  not  Include  a 
non-linearity  here,  but  non-linearity  of 
the  structures  is  another  completely 
different  ball  gaae  and  it  has  to  be 
dealt  with  separately.  But  we  get  as 
good  results  with  experlaental  data, 
yes. 
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EFFECTIVE  DYNAMIC  REANALYSIS  OF  LARGE  STRUCTURES 


B.  P.  Hang 

University  of  Virginia 
Charlottesville,  Virginia  22901 

and 

F.  H.  Chu 
RCA  Astro 

Princeton,  New  Jersey  08540 


This  paper  describes  an  effective  dynamic  reanalysis  method  which  can  be 
used  to  estimate  the  new  natural  frequencies  of  the  structure  after  modi¬ 
fication  using  the  modal  information  of  the  original  structure  (i.e., 
natural  frequencies,  mode  shapes  at  the  location  of  the  changes,  and  the 
generalized  mass  for  each  of  the  modes).  A  nonlinear  algebraic  equation 
is  derived  and  by  solving  this  equation  using  either  the  Newton  Raphson's 
iteration  method  or  simply  the  bisection  method  will  give  the  new  nature) 
frequencies  of  the  structure  after  modification.  This  method  can  be 
applied  to  the  change  of  a  linear  spring,  a  concentrated  mass,  an  extension 
member,  a  beam,  and  a  plate  element.  A  group  change  of  the  above  mentioned 
elements  can  be  achieved  by  solving  a  set  of  coupled  nonlinear  algebraic 
equations.  Since  this  method  makes  no  assumption  on  the  changes  of  the 
mode  shapes  after  modification,  it  is  not  restricted  to  small  local  modifi¬ 
cations  as  in  most  of  the  dynamic  reanalysis  methods.  The  accuracy  of  the 
method  can  be  improved  by  including  the  static  deflections  of  the  original 
structure  at  the  modification  locations  due  to  a  unit  force  at  these  loca¬ 
tions  to  simulate  the  effect  of  higher  modes  of  the  original  structure.  A 
finite  element  model  of  a  196  degree  of  freedom  solar  array  panel  system  is 
used  to  demonstrate  the  effectiveness  and  accuracy  of  the  method. 


INTRODUCTION 

In  the  dynamic  analysis  of  large  struc¬ 
tures,  an  analytical  finite  element  model  is 
usually  constructed  to  calculate  the  resonant 
frequencies  of  the  structure.  This  model  may 
contain  hundreds  of  degree  of  freedom  and  if 
the  model  is  changed  locally,  either  due  to  a 
design  change  or  a  modeling  change  reanalysis 
of  such  a  model  by  solving  a  new  eigenvalue 
problem  is  expensive. 

This  paper  describes  an  application  of  the 
general  formulation  of  the  efficient  structural 
reanalysis  techniques  of  References  1  and  2. 

In  particular,  a  method  of  estimation  for  the 
new  resonant  frequencies  of  the  modified  struc¬ 
ture  using  the  modal  information  of  the  original 
system  will  be  presented.  The  modal  information 
needed  is  the  natural  frequencies,  the  mode 
shape  coefficients  at  the  location  of  modifica¬ 
tions,  and  the  generalized  mass  for  each  mode. 
For  structure  modification  involving  one  para¬ 
meter  at  a  local  location  (such  as  add  a  spring 


to  ground) ,  it  can  be  shown  that  the  frequency 
equation  is  a  nonlinear  algebraic  equation  in 
terms  of  the  modal  parameters  of  the  original 
system.  When  all  the  modes  of  the  original 
system  are  used,  this  equation  will  yield  the 
exact  solution  of  the  modified  system.  When  only 
partial  modes  are  available,  the  accuracy  of  the 
method  can  be  improved  by  including  the  static 
deflections  of  the  original  structure  at  the 
modification  locations  due  to  a  unit  force  at 
these  locations  to  approximate  the  effect  of 
higher  modes  of  the  original  structure. 

To  find  the  natural  frequencies  of  the 
modified  system,  the  above  frequency  equations 
are  to  be  solved  numerically  using  Newton-Raphson 
iteration  or  the  bisection  method. 

The  above  method  can  be  applied  to  the 
•change  of  a  linear  spring,  a  concentrated  mass, 
an  extension  member  a  beam,  or  a  plate  element, 
etc.  A  group  change  of  the  above  mentioned 
elements  can  be  achieved  by  solving  a  set  of 
coupled  nonlinear  algebraic  equations.  Since 
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this  method  makes  no  assumption  on  the  changes 
of  the  mode  shapes  after  modification,  it  is  not 
restricted  to  small  local  modifications  as  in  most 
of  the  perturbation  type  dynamic  reanalysis 
methods. 


A  196  degree  of  freedom  finite  element 
model  of  a  a  solar  array  panel  system  is  used 
to  demonstrate  the  effectiveness  and  accuracy 
of  the  method. 


GENERAL  FORMULATION 

Consider  the  free  vibration  of  an  undamped 
nonrotating  N-dof  structure  model  described  by 
the  well  known  equation  of  motion 

[M]{U}  +  (K]{u)  -  {0}  (1) 

Equation  (1)  describes  the  behavior  of  the 
"original  system".  When  the  structure  is 


modified,  the  mass  and  stiffness  matrices  will 
be  changed  and  the  equation  of  free  vibration 
of  the  modified  system  becomes 

[M']{U'}  +  [K'J{u'}  »  {0} 

(2) 

where 

[M']  -  (M]  +  [AM] 

(3a) 

[X']  -  [X]  +  [AK] 

(3b) 

By  substituting  (3)  into  (2) ,  the  modified  sys¬ 
tem  equation  of  motion  can  be  written  as 

[M]{\1'}  +  [K]{u’>  -  -  (AMlOl'}  -  lAKKu'}  (4) 

Assume  harmonic  motion 

{u*}  -  {U-}eiut  (5) 

(4)  becomes 

<-w2fM]  +  [K]){u'}  -  (<D2fAM]  -  [AK]){U'}  (6) 

Now  if  the  structural  modification  is  localised, 
then  the  modification  matrices  [AM]  and  [AX] 
will  be  highly  sparse,  i.e. ,  they  will  have 
only  a  few  nonzero  entries.  Under  these  condi¬ 
tions,  we  can  rewrite  (6)  as 

(-m2[M]  +  IX)){U'}  -  {L(U'))  (7) 

where  {u'}  contains  only  the  dof's  affected  by 
the  modification.  When  the  modification  is 
localized,  the  dimension  of  {U1}  is  much  smaller 
than  the  dimension  of  {U'>.  Each  element  L^(u’) 
of  the  vector  {L(U’)}  is  a  linear  function  of 
{u'}.  Equation  (7)  can  be  solved  now  as 

(uM  -  [R]  (HU'))  (8) 

where 

[R]  -  (-u2[M]  +  [X])"1  (9) 

■  receptance  matrix  of  the 
original  system 


When  the  modal  superposition  approach  is  used, 
the  element  R. .  of  the  receptance  matrix  can  be 
expressed  as  2 


Rij 


"  *ii  Ut 

i  2  3 

i-1  "  <*>  ) 


(10) 


where 

«  natural  frequency  of  the  1th  mode 

mode  shape  coefficient  of  dof  i  of  ith 
mode 

Gj  ”  generalized  mass  of  the  Ith  mode 

-  U4>TlM]Ut} 

Note  that  w , (4^}  and  G^  are  assumed  known  in  the 
solution  of* the  original  system.  Now  from  equa¬ 
tion  (8) ,  one  can  extract  a  subset  of  equations 
such  that 


(5'}  «  [W){U’}  (11) 

where  the  elements  W..  of  the  matrix  [W]  is  a 
function  of  elements  of  the  known  matrices  [R] , 
[AM]  and  [Ax]  as  well  as  the  unknown  frequency  u. 
From  (11) ,  the  condition  of  the  nontrivial  solu¬ 
tion  leads  to  the  frequency  equation  for  the 
modified  system,  which  is 

det([I]  -  [W])  -  0  (12) 

The  dimension  of  matrix  [W]  of  c  x  c  where  c  is 
the  number  of  dof's  affected  by  the  modification. 

For  specific  modifications,  equation  (12) 
can  be  simplified  to  explicit  equations  in  terms 
of  unknown  frequencies  and  known  parameters. 

Once  the  natural  frequency  of  the  modified  system 
are  solved  for  the  corresponding_mode  shape  can 
be  computed  by  first  computing  (U'}  using  equa¬ 
tion  (11)  and  then  computing  {u'J  using  equation 
(8) .  The  above  general  formulation  will  be 
applied  to  special  cases  in  the  next  section. 


APPLICATION  OF  GENERAL  FORMULATION 

In  the  following,  we  will  apply  the  general 
formulation  derived  in  the  previous  section  to  a 
few  special  cases  of  local  modification. 

Case  1 i  Add  Spring  Kfl  between  dof  i  and  dof  j 

Assume  the  added  spring  is  massless,  then 

[AM]  -  [0] 
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[AK] 


i  j 

0  •  •  0  •  ■  0  •  •  0 


0  K  •  --K  •  •  0 


K  •  ■  K  •  •  0 


and 

(5* } 

for  this  case, 


■fit 


( 


\ 


{L 


-K  0.  +  K  U. 
a  i  a  j 


^(0)}  -  -[AK]{u)  «/ 


(13) 


K  U.  -  K  U. 

a  i  a  j 


Substituting  (13)  into  (8) ,  we  can  write  the 
equations  for  UJ  and  Uj : 

Ui  ■  Rii<*K.Ui  +  w  +  Rij<KaUi  -  Vj> 

Uj  ■  Rji(-K.Ui  +  Vj>  *  Rij(KaUi  '  KaUj> 

Comparing  equations  (14)  with  (11) ,  we  can 
identify 


(14) 


lii 

+  Rij 

Rii  '  Rij 

‘ji 

+  Rjj 

Rji  '  Rjj 

[W]  -  K 

and  the  frequency  equation  becomes 
det(  [ I ]  —  f W ] ) 


(15) 


1-K*(-Rii+Rij)  Ka«-Rii+Rij> 


1-VRji-RjJ> 


Ka(RJi-Rjj) 


which  can  be  simplified  to  (note  that  R 


ji 


RiJ> 


1  ♦  Ka (Rii  +  R^  -  2Ri:j)  -  0  (16) 

Express  R^  and  R,  .  in  terms  of  modal  data  of  the 
original  system  D 


ril 


"ii 


N 

1  2  2 
l-l  <u» J  -  u  ) 


Rij  “ 


"  lit  it 

L  2  2 
i=l  -  u  ) 


Thus,  equation  (16)  becomes 


(♦ 


+  E 


ii  ~Jjt) 


1=!  G^tui2  -  “2> 


=  0 


(17) 


Equation  (17)  is  the  frequency  equation  of  the 
system  with  spring  K&  added  betweed  dof  i  and 
dof  j .  If  all  the  n  modes  of  the  original  sys¬ 
tem  are  available,  then  the  equation  is  exact. 
Otherwise ,  the  equation  will  give  an  approximate 
solution  to  the  natural  frequencies  of  the 
modified  system. 

As  a  special  case  of  adding  spring  K  be¬ 
tween  dof  i  and  ground  at  which  4> .  =  0,  equa¬ 
tion  (17)  becomes  3 


rlZ 


'  2  2 
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=  0 


(18) 


Case  II:  Add  Mass  at  node  P  with  3  dof  i,j,k 

Assume  that  the  mass  is  a  point  matrix  and 
does  not  change  the  affect  of  the  stiffness  pro¬ 
perty  of  the  system.  Then 

i  j  k 
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and  the  frequency  equation  becomes 


It 


i  j  k 


Assume  the  beam  element  is  massless  and  the 
4  dof  associated  with  the  ends  are  a,  b,  c,  and 
dj  respectively,  as  shown  in  Figure  1. 


Fig.  1  Plane  bending  beam  element 
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The  frequency  equation  becomes 

det  <[I]  +  (R]  tAKJ)  -  0 
which  can  be  expanded  and  simplified  to 
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when  only  p  lower  modes  are  available,  the  above 
equation  becomes i 

r_l  -1  2  S-l  -1  L  {*lH*l}T“2 
[R]»  E  ( tK]  [M),  1  [K)  A+  Z  -  (26) 
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ACCURACY  IMPROVEMENT  OP  RECEPTANCE  MATRIX 


For  r  -  1,  we  have 
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In  practice,  when  applying  Eq.  (27),  one  does 
not  have  to  compute  [Kl_1,  instead,  only  the  re¬ 
quired  columns  of  [K] are  computed.  For 
example ,  if  the  1th  column  of  [A] _1  is  required, 
we  solve  (x)  from 


(KJ  {x>  -  {F> 


where 


The  receptance  matrix  can  be  expressed 
using  modal  data  as 
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IR] 


L 
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1-1  Gt(w2  -  wj) 


(23) 


when  L  <  n,  the  above  representation  is  not 
complete.  Hirai  et  al  (3]  and  Leung  (4] ,  have 
suggested  ways  of  improving  (23)  using  the  static 
solution  plus  L  lower  modes .  Their  developments 
are  based  on  the  following  two  identities i 


-  x  ,  «2  ,  ...  ,  t-V'1  ,  l“WS 

2  4  4  4*  <4  -  “2) 
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([K]"1«2tM))r_1[K)1 
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Using  the  above  identities,  the  exact  spectral 
representation  of  (R)  becomes: 


{F}  -  (0 . 0,  1  ,0....0] 

1 

Then  (x)  -  1th  column  of  [K]  2. 

As  an  example  of  applying  the  improvement 
in  receptance  matrix,  we  apply  the  case  of  r  -  1 
to  the  case  of  adding  spring  K#  between  dof  i 
and  dof  j .  The  resulting  frequency  equation  is 

_  .  !  <*irV2  !  ‘♦ii'*3t>2  . 

V  1  - 22 - E  -  2 - (ui~uj>  ”  0 


1-1  Gt(“t"“  )  1-1  GjWj 


(28) 


where 


&i  A  Uj  —  STATIC  DEFLECTION  DUE  TO 

(F)T  -  {0...0  1  0...0  -1  0...0) 

i  j 

NUMERICAL  EXAMPLES 

A  deployed  solar  array  system  shown  in  Fig. 
2  is  used  to  demonstrate  the  accuracy  of  the 
present  method  The  system  is  composed  of  a 
short  and  a  long  boom  and  two  solar  panels  on 
each  side  of  the  supporting  casing.  The  panels 
are  modeled  as  beam  e laments  using  the  stiffness 
on  the  back  of  the  panels  and  general  springs 
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are  used  to  represent  the  hinge  joints  and  the 
supporting  casing.  This  finite  element  model  is 
shown  in  Pig.  3. 


Fig.  2  A  deployed  solar  array  system 


Original  System  K,  ■  105  in-lb/rad. 

8  4 

Modified  System  Kg  «  10  in-lb/rad. 


Fig.  3  Finite  element  model  of  solar  array 
system  with  196  dynamic  degree-of- 
freedom 


The  first  case  considered  is  the  effect  of 
rotating  spring  Kfl  at  the  support.  The  original 
system  is  designed  using  K0  •  10 5  in-lb/rad.  It 
is  desired  to  investigate  the  case  when  this 
stiffness  is  reduced  by  a  factor  of  10.  Thus,  a 
change  in  spring  rate  9  x  104  in-lb/rad  is  re¬ 
quired  to  correct  the  model.  Since  the  modifi¬ 
cation  is  localized  affect  only  one  dof,  the 
frequency  equation  (18)  is  applied  here.  For 
this  case, 

-  -9  x  104  in-lb/sec 

The  modified  system  frequencies  are  solved  for 
using  Eq.  (18)  with  the  first  8  of  the  original 
system  modes.  The  solutions  are  not  satisfactory 
when  compared  with  the  exact  solution  of  the 
modified  system.  (See  Table  1)  The  improved 
receptance  formula  with  r  -  1  is  then  applied  to 
this  problem.  The  results  are  put  under  the 
title  "8  modes  plus  static  deflection"  in  Table 
1.  It  can  be  seen  that  the  first  mode  frequency 
is  improved  drastically  over  using  8  mode  with¬ 
out  static  deflection. 

As  a  second  example,  consider  adding  a  1.5 
lb  mass  at  node  A  as  shown  in  Fig.  3.  This  mass 
could  represent  the  additional  balance  weight 
added  to  the  system  after  the  structural  analy¬ 
sis  has  been  performed.  This  mass  had  3  dof's. 
The  modified  system  natural  frequencies  are 
computed  using  Eq.  (19).  The  elements  of  the 
receptance  matrix  are  computed  by  using  8  modes 
of  the  original  system.  The  results  are  summa¬ 
rized  in  Table  2,  along  with  the  exact  solution. 
It  can  be  seen  that  all  the  8  frequencies  com¬ 
puted  using  Eq.  (19)  are  in  very  good  agreement 
with  the  exact  solution.  The  computation  cost 
ratio  of  the  exact  solution  to  the  reanalysis 


solution  is  25.  Thus,  a  considerable  saving  is 
achieved 


TABLE  1  Comparison  of  Natural  Frequencies  of 
the  Modified  System 

Natural  Frequencies  of  Modified  Systems 


Local  Modification  Theory 


Mode 

No 

Exact 

Solution 

8  Mode 

8  Mode  Plus 

Static  Deflection 

1 

0.234Hz 

0.394Hz 

0.243Hz 

2 

0.737 

0.738 

0.737 

3 

0.890 

0.890 

0.890 

4 

1.090 

1.090 

1.090 

5 

1.735 

1.735 

1.735 

6 

2.450 

2.573 

2.454 

7 

3.162 

3.472 

3  162 

8 

3.467 

3.474 

3.470 

TABLE  2  Comparison  of  Natural  Frequencies  of  the 
Modified  System  (Mass  Modification) 


Mode 

NO. 

Exact  Solution 
of  Modified  System 

Local  Modification 
Theory,  Use  8  Modes 

1 

0.526  Hr 

0.526  He 

2 

0.729 

0.729 

3 

0.857 

0.857 

4 

1.089 

1.089 

5 

1.709 

1.709 

6 

2.674 

2.675 

7 

3.114 

3.115 

8 

3.457 

3.458 

CONCLUSIONS 

A  systematic  method  of  deriving  the  fre¬ 
quency  equation  of  modified  structures  is  pre¬ 
sented  in  this  paper.  It  has  been  shown  that 
the  frequency  equation  can  be  expressed  as  a 
determinant  of  the  order  equal  to  the  number  of 
degrees  of  freedom  affected  by  the  modification 
and  is  independent  of  the  number  of  dof  of  the 
original  system.  Frequency  equations  for  special 
cases  of  local  modification  are  derived.  It  is 
clear  that  those  equations  can  be  used  to  per¬ 
form  parametric  studies  of  large  structures 
effectively.  The  accuracy  of  the  method  depends 
on  the  number  of  modes,  methods  of  improving 
accuracy  are  indicated.  The  numerical  example 
shows  that  even  with  r  •  1,  i.e.,  static  correc¬ 
tion,  the  results  are  improved  drastically. 
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EFFECT  OF  STIFFENER  ARRANGEMENT  ON  THE  RANDOM 
RESPONSE  OF  A  FLAT  PANEL 


R.B.  Bhat  and  T.S.  Sankar 
Department  of  Mechanical  Engineering 
Concordia  University 
Montreal,  Quebec,  Canada 


The  effect  of  stiffener  arrangement  on  the  random  response  of  a  flat 
panel  Is  Investigated.  The  panel  Is  stiffened  In  two  orthogonal  di¬ 
rections  and  simply  supported  on  all  edges.  A  stationary  random  load 
whose  power  spectral  density  1$  a  band  limited  white  noise,  acts  at  the 
geometric  center  of  the  panel.  The  mean  square  values  of  displacement, 
velocity  and  acceleration  responses  at  the  center  of  the  panel  as  well 
as  the  space  averaged  values  of  these  responses  over  the  entire  area  of 
the  panel  are  obtained.  Equivalent  viscous  damping  of  the  structure  Is 
Included  to  account  for  the  structural  damping  In  the  material  of  the 
panel.  Response  analysis  Is  carried  out  by  the  normal  mode  approach 
using  finite  element  techniques  and  generalized  harmonic  analysis  with 
damping  assumed  proportional  to  the  mass  and  stiffness.  It  Is  concluded 
that  It  Is  possible  to  reduce  the  response  of  a  stiffened  structure  by  a 
nonuniform  arrangement  of  the  stiffeners.  The  results  are  discussed  for 
design  applications. _ _ 


INTRODUCTION 

Stiffened  structures  are  extensively  used 
In  aerospace  applications  to  minimize  structural 
weight  while  satisfying  the  required  strength 
criteria  In  operation.  They  are  also  used  In 
design  situations  where  weight  may  not  be  the 
primary  concern  such  as  In  ship  construction, 
buildings  etc.  The  current  practice  Is  to 
space  the  stiffeners  uniformly  on  the  struc¬ 
ture  and  the  advantages  of  such  an  arrangement 
are  mainly  the  convenience  In  fabrication  and 
simplicity  In  design  analysis.  The  random 
response  of  panels  stiffened  uniformly  may  be 
obtained  using  any  one  of  the  following  methods, 
namely:  1)  smearing  the  effect  of  stiffeners 
over  the  panel  area  [1]  and  analyzing  the  re¬ 
sponse  of  the  resulting  orthotropic  panel 
using  the  techniques  In  [2],  11)  the  finite 
element  method?  [3,4],  ill)  the  transfer  matrix 
methods  [5]  and  1v)  the  wave  propagation  approach 
[«]. 

The  aim  of  the  present  Investigation  Is  to 
critically  study  the  effect  of  nonuniform 
stiffener  arrangement  on  the  random  response 
of  the  panel.  When  the  stiffeners  are  arranged 
nonunlformly,  only  the  finite  element  methods 
and  transfer  matrix  methods  are  suitable  for 
carrying  out  the  response  analysis.  In  this 
paper,  the  finite  element  technique  by  the  nor¬ 
mal  mode  approach  Is  employed  for  analysis. 

The  structure  under  consideration  Is  a  square 


panel  stiffened  In  two  orthogonal  directions 
and  simply  supported  on  all  edges.  A  station¬ 
ary  random  load  whose  power  spectral  density  Is 
a  band  limited  white  noise  acts  at  the  geo¬ 
metric  center  of  the  panel.  Equivalent  viscous 
damping  of  the  structure  Is  Included  to  account 
for  the  hysteretlc  structural  damping  In  the 
material  of  the  panel.  The  mean  square  values 
of  displacement,  velocity  and  acceleration  re¬ 
sponses  at  the  center  of  the  panel  as  well  as 
the  space  averaged  values  of  these  responses 
over  the  panel  area  are  obtained  for  design 
recommendations. 

RANDOM  RESPONSE  ANALYSIS 

Normal  mode  analysis  Is  used  along  with 
finite  element  techniques  and  a  generalized 
harmonic  analysis  to  obtain  the  random  re¬ 
sponse  of  the  stiffened  panel.  The  equation 
of  motion  of  the  structure  can  be  written  as: 

[M]{w)  +  [C]{i>  +  [K]{w)  -  {F}  (1) 

where  [M]  Is  the  mass  matrix,  [C]  Is  the  dam¬ 
ping  matrix,  [K]  Is  the  stiffness  matrix,  (w) 

Is  the  displacement  vector  and  (F)  Is  the 
vector  of  forces  acting  on  the  structure.  The 
admittance  matrix  Is  then  given  by: 

[H( loo) ]  -  [-«* [M]  ♦  1oi[C]  ♦  DC]]-1  (2) 

When  the  forces  acting  on  the  panel  are 
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stationary  and  ergodlc,  the  relation  between 
the  response  cross  power  spectral  density 
(PSD)  and  the  cross  PSD  of  forces  Is  given  by 
[7] 

[Sw(1<o)]  -  [H*(1«)][SF(1u)][H(1<a)]T  (3) 

The  asterisk  denotes  the  complex  conjugate  and 
(1«)  denotes  the  complex  functional  dependence 
on  <■).  The  cross  PSD  matrices  are  hermltlan  and 
can  be  expressed  as 

[S(M]  -  [P(o>)]  +  1[Q(«)]  (4) 

where  [P(«)]  Is  a  real  symmetric  matrix  (co¬ 
power  spectral  density)  and  (Q(&>) ]  Is  a  real 
skew-symmetric  matrix  (quad-power  spectral  den¬ 
sity).  The  equation  of  motion  Is  solved  for  un¬ 
damped  free  vibration,  by  discarding  the  damp¬ 
ing  and  the  forcing  terms  In  Equation  (1), 
which  provides  the  natural  frequencies  ay  and 
the  normal  modes  of  the  structure.  Tne 
damping  Is  assumed  to  be  proportional  to  mass 
and  stiffness  In  the  form 

[C]  •  ji[M]  +  A[K]  (5) 

where  p  and  A  are  proportionality  factors. 

Hence  the  normal  modes  can  be  used  to  diag¬ 
onalize  the  mass,  stiffness  and  the  damping 
matrices.  The  generalized  mass  of  the  1-th 
mode  Is  given  by 

Mj  -  (♦J)T  (H)Uj)  (6) 

and  the  generalized  admittance  of  j-th  mode  Is 

Hj(1«)*($j}T  [H(1a>)]{$j}  (7) 

which  can  be  written  as 

Hj(lrn)  ■  l/Mj[-«2  +  1w(u  \o>j2)  ♦  Wj2]  (8) 

The  modal  damping  factor  c,  for  the  j-th  mode 
Is  related  to  the  damping  proportionality 
factors  p  and  A  as 


[PJm)]-  E  [^(10)1 2  [pjj(a>)]  (12) 

W  j*l  3  r 

The  joint  deflection  moment  for  a  structure  can 
be  obtained  by  Integrating  the  corresponding 
cross  PSD  terms  In  Equation  (12)  over  the 
entire  frequency  range.  Denoting  such  an  oper¬ 
ation  by  a  matrix  Integration,  the  joint  defier 
tlon  moments  for  the  pairs  of  structural  node 
points  are  given  by 

[<wqwr>]  >  /  [Pw(<a)]dw  (13) 

where  angular  brackets  denote  time  averages 
and  the  subscripts  q  and  r  denote  the  qth  and 
rth  structural  node  pairs.  The  diagonal 
elements  of  [<w  w  >]  are  the  mean  square 
deflections.  "  r 

In  the  present  study,  the  PSD  of  excitation 
Is  assumed  to  be  a  band  limited  white  noise, 
which  covers  all  the  major  structural  modes. 
Hence  the  joint  deflection  moments  can  be 
written  after  Integration  of  Equation  (13)  as 

[<WqWr>]  -  04) 

Frequency  response  expressions  for  the 
velocity  and  acceleration  response  for  the 
j-th  mode  can  be  written,  respectively,  as 

Hj(1w)vei  ■  1w/Mj[-«2+1(o(p+Aa>j)  +wj]  (15) 

and 

Hj(1o)acc  “  -«2/Hj[-w2+1w(p+A<Uj)  +o)j]  (16) 

Using  Equation  (15)  In  (12)  and  performing  the 
necessary  Integrations,  the  joint  moments  of 
velocities  are  obtained  as 

[<iqWr>]  •  E  [pJJUj)]  (17) 

J*1 


Cj  •  u/2<0j  +  Aa>j/2  (9) 

Using  Equation  (7)  In  (3)  the  total  cross  PSD 
of  the  response  Is  obtained  as  the  double  sum¬ 
mation  of  the  cross  PSD  of  the  response  of 
pairs  of  modes  as 

CSjlw)]-  E  E  H*(1«)Hk(1o))[S^(1«)]  (10) 

w  j-1  k-1  J  K  f 

where  [sik(1»)]  Is  the  cross  PSD  of  generalized 
forces  ot  pairs  of  modes  and  1$  given  by 

[s£k(1o>)]  »  {♦JH*j>TtSF(l4.)]{^H4|c}T  (11) 

When  the  damping  In  the  structure  Is  small, 
an  approximate  solution  for  the  response  Is 
obtained  by  neglecting  the  cross  product  terms 
In  Equation  (10)  which  leads  to  a  single  sum¬ 
mation  over  the  modes  and  Is  given  by 


Assuming  that  the  band  limited  white  noise 
excitation  covers  a  frequency  range  of  0  to  o>  , 
and  using  Equation  (16)  In  (12),  the  joint 
moments  of  accelerations  are  given  by 


C^qW^I *  E  CPF^(«j)](«j/Mj)f(«0/«j)  ♦ 
j*l 

l-4c!  ,  2c,  KAO  (4ci-3) 

+  tan  1  J-  0  J  r 


„  1-K/o.j)2  Bd-c2)177 

J^)'  ♦  2(V^H1-Cj)|^  +  1] 
((»0/o)’)2  -  2(«0/mj)(l-cj)^J  ♦  lj 

STIFFENER  SPACING  PARAMETER 


(18) 


Although  there  are  several  possible  ways 
of  arranging  the  stiffeners  with  nonuniform 
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spacing.  In  this  study  It  Is  accomplished  In 
accordance  with  a  single  parameter.  This  para¬ 
meter,  m.  Is  established  such  that 

n 

Is,*  1/2  (19) 

1*1  1 

and 

s1+1  *  sl'Hn  1  “  1,2, ...n-1  (20) 

where  slt  s2...  sn  are  stiffener  spaclngs, 
starting  at  the  center  and  proceeding  towards 
the  boundaries  as  shown  In  Figure  1,  and  1  Is 
the  length  of  the  side  of  the  square  panel.  In 
this  arrangement,  m  >  0  Indicates  an  arrangement 
where  the  stiffeners  are  densely  packed  near  the 
panel  center  whereas  m  <  0  shows  that  stiffeners 
are  denser  near  the  panel  edges.  This  particu¬ 
lar  configuration  of  stiffener  spacing  Is  chosen 
because  It  provides  a  single  spacing  parameter 
against  which  the  responses  can  be  plotted  for 
comparison. 

RESULTS  AND  DISCUSSIONS 

The  panel  studied  Is  shown  In  Figure  1  with 
a  dimension  1.2x  1.2  m  and  2  mm  thick.  There 
are  seven  channel  stiffener  sections,  which  were 
10  cm  deep  with  5  cm  flange  and  4  mm  thick, 
placed  along  each  of  the  two  orthogonal  direc¬ 
tions.  The  damping  proportionality  factors  p 
and  A  are  taken  as  0.1  rad/sec  and  0.1x10**  sec, 
respectively.  The  response  analysis  of  the 
structure  was  carried  out  using  SPAR  structural 
analysis  program  [8]. 

The  natural  frequencies  and  normal  modes  of 
the  stiffened  panel  are  obtained  by  solving  the 
problem  of  free  vibration  for  the  undamped  str¬ 
ucture.  The  mean  square  values  of  displacement, 
velocity  and  acceleration,  responses  are  given  at 
all  points  on  the  panel  surface  using  Equations 
(14),  (17)  and  (18).  The  space  averages  of  the 
mean  square  responses  are  evaluated  by  summing 
the  mean  square  responses  at  all  points  on  the 
panel  and  dividing  It  by  the  total  panel  area. 

The  variation  of  first  eight  natural  fre¬ 
quencies  with  the  stringer  spacing  parameter,  m, 
Is  shown  In  Figure  2.  The  fundamental  frequency 
decreases  as  m  Is  Increased  but  It  Increases  for 
negative  values  of  m  (Indicating  closer  spacing 
near  the  edges)  until  around  m*-8,  beyond  which 
the  frequency  starts  decreasing  again.  The  In¬ 
crease  In  fundamental  frequency  when  the  spacing 
of  stringers  Is  changed  from  a  uniform  config¬ 
uration,  (m«0)  to  a  nonuniform  configuration 
with  m •  -8  Is  approximately  21.4%.  An  explana¬ 
tion  of  this  behavior  Is  that  a  closer  spacing 
of  stringers  near  the  panel  edges  reduces  the 
Inertia  of  the  panel  In  the  fundamental  mode, 
and  Increases  Its  stiffness  resulting  In  a 
higher  fundamental  frequency.  The  natural  fre¬ 
quencies  corresponding  to  the  higher  modes  In¬ 
crease  with  Increasing  m. 

The  variations  of  the  central  mean  square 


displacement  with  the  spacing  parameter,  m, 
are  shown  In  Figure  3.  The  response  at  the 
panel  center  reduces  with  an  Increase  In  m 
until  mis  around  8  (when  the  response  becomes 
89%  of  the  value  at  m*0)  and  then  starts  In¬ 
creasing  again.  However,  the  space  averaged 
mean  square  displacement  response  Increases 
monotonlcally  with  m.  Since  the  panel  Is  load¬ 
ed  at  the  center,  the  response  Is  predominant 
In  the  fundamental  panel  mode,  and  hence  the 
above  behavior  can  be  explained  by  looking  at 
the  fundamental  mode  shapes  of  the  panel  for 
different  values  of  m,  shown  In  Figure  4.  When 
m  >  0,  the  fundamental  mode  Is  shallower  com¬ 
pared  to  that  when  m*0  (uniform  stringer 
spacing).  Hence,  when  m  >  0,  the  mean  square 
displacement  response  at  the  center  Is  less, 
but  because  the  response  Is  more  evenly  dis¬ 
tributed  on  the  panel  surface  compared  to  the 
case  of  m*0,  the  space  averaged  displacement 
response  Is  more  than  that  corresponding  to 
m  *  0. 

The  mean  square  velocity  at  the  panel  center 
and  the  space  average  mean  square  velocities  are 
plotted  against  the  stringer  spacing  parameter, 
m.  In  Figure  5.  The  response  at  the  panel  center 
decreases  monotonlcally  with  Increasing  m,  for 
the  range  of  m  values  studied.  The  space  aver¬ 
aged  mean  square  velocity  also  decreases  as  m 
Is  Increased  until  m  Is  around  6  and  then  starts 
Increasing.  The  same  trend  Is  observed  In  the 
case  of  mean  square  acceleration  responses  as 
shown  In  Figure  6. 

The  above  results  Indicate  that  by  rearran¬ 
ging  the  stiffeners  In  a  nonuniform  fashion.  It 
Is  possible  to  change  the  natural  frequencies  of 
the  structure  and  to  reduce  the  panel  response. 

A  reduction  In  vibration  response  of  the  struc¬ 
ture  will  result  In  a  reduction  of  the  noise 
produced  by  the  structure  and  hence  these  re¬ 
sults  have  greater  significance  In  providing 
optimum  aerospace  structural  design,  for  re¬ 
ducing  Interior  noise  In  aircraft  fuselages  etc. 
In  the  case  of  floor  mounted  machinery,  the 
response  of  the  floor  can  be  reduced  by  the 
suggested  rearrangement  of  the  floor  beams.  For 
any  particular  application,  an  optimum  value  of 
m  can  be  found  from  the  results  shown  here. 

CONCLUSIONS 

The  effect  of  nonuniform  stiffener  arrange¬ 
ment  on  the  random  response  of  a  flat  panel 
stiffened  In  two  orthogonal  directions  Is  stud¬ 
ied  for  design  applications.  The  mean  square 
responses  of  the  panel,  both  at  Its  center  and 
Its  space  averaged  value,  when  excited  by  a 
stationary  random  load  at  the  panel  center, 
were  calculated  when  the  stiffeners  were  arranged 
uniformly  and  nonunlformly.  The  results  In¬ 
dicated  that  It  Is  possible  to  reduce  the  dis¬ 
placement,  velocity  and  acceleration  responses 
of  the  panel  by  arranging  the  stiffeners  non¬ 
unlformly  over  the  panel  surface  by  a  proper 
choice  of  m  for  a  specified  limiting  response 
of  the  structure.  These  results  are  quite 
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useful  In  th«  design  of  aerospace  structures. 

In  the  design  of  floor  beans  In  buildings  with 
nachlnery  Mounted  on  floors,  etc.  where  stiff¬ 
ened  structures  are  used  for  minimizing  the  re¬ 
sponse  at  a  given  location. 
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Fig.  1  -  Schematic  sketch  of  the  strlngered  plate 
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mean  square  displacement 


Fig. 


4  -  Variation  of  fundamental  mode  shape  of  panel  with  stringer  spacing 
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Fig.  S  -  Variation  of  mean  square  velocity  with  stringer  spacing 
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Fig.  6  -  Variation  of  mean  square  acceleration  with  stringer  spacing 


DISCUSSION 

Mr.  Tang  (University  of  Maryland):  In 
your  study  you  varied  the  spacing  of 
stiffeners  when  you  used  the  finite 
element  technique.  Did  you  actually  do 
any  optialzatlon  studies  or  did  you  Just 
plug  In  different  values  and  vary  the 
parameters  during  each  run? 

Mr.  Bhat:  We  haven't  done  any  optimi¬ 
sation  study  to  date.  It  Is  possible  we 
may  do  some  In  the  future.  Right  now  we 
are  seeing  how  the  parameter  M  varies. 
Parameter  M  affects  the  vibration 
response  and  that  Is  what  we  are 
studying.  However,  It  Is  possible  to 
use  an  optimization  technique  to  find 
out  the  optimum  value  of  M. 

Mr.  Yangt  But  with  an  optimization 
technique  you  need  mathematical  equa¬ 
tions.  You  really  cannot  operate  on  the 
finite  element.  What  I  just  wanted  to 
mention  Is  that  there  has  been  slot  of 
work  In  this  area  starting  off  with  Dr. 
Klosterman  of  University  of  Cincinnati 
back  5  to  6  years  ago  with  his  PhD 
thesis.  With  that  technique  you  use  the 


measured  data  to  get  the  modal  para¬ 
meters  then  you  do  a  parametric  study  to 
get  a  mathematical  model.  Two  years  ago 
a  student  of  mine.  Dr.  Rhee,  did  work  In 
this  area.  He  actually  obtained  a 
mathematical  model  from  measured  modal 
parameters.  The  advantage  of  this  Is 
that  once  you  have  the  mathematical 
equations  then  you  do  the  optimisation 
study  without  changing  all  the  para¬ 
meters  and  plugging  Into  the  finite 
element  technique.  I  think  now  they  are 
also  coming  out  with  hardware  with  which 
one  can  do  this  type  of  study. 
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In  the  first  part  of  this  p7perTT!o?aT^n7TTscrefeTno3eTTar?TxamTne^ 
from  the  point  of  view  of  predicting  the  dynamic  response  of  a  single 
jet  engine  turbine  or  compressor  blade  to  harmonic  excitation  by  an 
external  force  and  with  restraint' provide^  by  a  dry  friction  link  to 
ground.  Experimental  Identification  of  parameters  In  the  modal  and  dis¬ 
crete  models  is  discussed.  The  discrete  model  Is  then  used  as  a  basis 
to  characterize  the  nonlinear  response  of  a  set  of  several  blades 
connected  at  their  roots  to  a  rigid  disk,  and  having  dry  friction 
coupling  from  blade-to-blade  and  from  blade-to-ground.  The  nonlinear 
differential  equations  of  motion  of  the  system  are  transformed  Into  a 
set  of  nonlinear  algebraic  equations,  which  are  solved  numerically  using 
an  Iterative  method.  The  results,  which  are  given  In  terms  of  amplitudes 
and  phase  angles  of  the  response.  Illustrate  several  effects  Including 
blade  mistunlng,  magnitude  and  distribution  of  excitation  forces,  and 
phase  differences  between  exciting  forces  on  adjacent  blades.  Two 
general  types  of  conclusions  may  be  drawn  so  far,  concerning  the 
Influence  of  dry  friction  between  blades.  One  concerns  the  effect  of  dry 
friction  In  reducing  response  amplitudes  (damping  effect)  and  the  other 
concerns  effects  of  blade  mistunlng  (effects  of  blade-to-blade  coupllnq). 
These  conclusions  will  be  discussed  In  the  paper. 


1 .  INTRODUCTION 

Vibration  Induced  fatigue  failures  In 
turbomachinery  blading  occur  very  often  In 
modern  systems,  partly  because  ever-increasing 
performance  requirements  Inhibit  traditional 
modifications  such  as  changes  In  blade  geometry, 
which  have  often  been  found  effective  In  the 
past,  usually  on  an  empirical  basis.  The  high 
stresses  which  lead  to  such  failures  are  due  to 
flutter  and/or  aerodynamic  or  mechanical 
excitation  of  blades  at  frequencies  equal  to 
some  multiple  of  the  rotation  speed,  coupled 
with  coincidence  of  mechanical  resonances  of 
the  bladed  disk  system,  under  conditions  where 
aerodynamic  sources  of  damping  are  Ineffective. 
For  this  reason,  other  sources  of  damping,  such 
as  material  or  structural  have  been  of  con¬ 
siderable  Interest  for  the  past  several  years. 
However,  the  very  nonlinear  nature  of  the 
phenomena  Involved  has  made  rational  analysis 
difficult,  so  that  much  of  the  Industrial 


application  work  has  usually  been  done  on  an 
empirical  basis. 

The  problem  of  predicting  the  response 
of  a  bladed  disk  system  with  allowance  for 
Interblade  coupling,  mistunlng,  and  frictional 
forces  Is  very  difficult  to  solve  exactly. 
Several  approaches  to  the  problem  are  possible. 
Including  finite  element  modeling,  syntheses 
of  harmonic  receptances  and  discrete  element 
modeling.  Finite  element  techniques  are 
becoming  ever  more  widely  applied,  and  have 
been  applied  to  some  extent  to  this  problem 
[1-3].  However,  these  will  not  be 
discussed  further  in  this  paper,  except  to 
note  that  running  times  can  be  quite  high, 
making  It  expensive  to  study  the  effect  of  all 
possible  relevant  parameters.  Receptance 
methods  are  potentially  applicable,  and  have 
been  used  to  solve  many  different  linear 
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problems  [4].  For  systems  having  nonlinear 
elements  and  for  very  complex  structures,  It  Is 
more  difficult  to  apply  and  iterative  solutions 
will  probably  have  to  be  sought  for  multiple 
blade  systems.  Up  to  the  present,  however, only 
a  single-blade  analysis  has  been  completed  for 
the  nonlinear  damping  from  dry  friction  forces, 
and  this  will  be  discussed  and  the  results  com¬ 
pared  with  the  discrete  analysis,  which  is  the 
main  subject  of  the  paper. 

Two  main  problems  will  be  addressed, 
namely  single  blade  response  and  multiple  blade 
response,  in  each  case  with  allowance  for 
frictional  damping.  The  single  blade  analysis 
is  of  interest  in  its  own  right,  and  to  estab¬ 
lish  the  limits  of  the  discrete  model  In  com¬ 
parison  with  receptance  methods,  including 
identifying  single  blade  parameters  in  a  dis¬ 
crete  model,  which  in  turn  forms  the  basis  for 
a  discrete  analysis  of  a  multiple  blade  system. 
The  results  of  the  multiple  blade  analysis  are 
of  considerable  interest  and  throw  light  on 
several  effects,  including  (a)  mistunlng  of 
blades,  (b)  amplitude  and  phase  relationships 
between  excitation  forces  on  each  blade,  and 
(c)  influence  of  blade-to-blade  friction  forces. 

2.  IDENTIFICATION  OF  SINGLE  BLADE  PARAMETERS 
2.1  Modal  Analysis 

In  order  tc  provide  a  basis  for  the 
analytical  modeling  of  a  single  blade  clamped 
at  the  root,  one  may  resort  to  finite  element 
analysis  [1-7],  other  analytical  methods  [8-9], 
or  experimentally  measured  receptances  at  two 
or  more  points,  along  with  measured  mode  shapes 
for  the  Important  modes  of  vibration  [10-19]. 

In  this  paper,  the  latter  approach  will  be 
adopted  and  applied  to  a  typical  jet  engine 
compressor  blade,  as  described  In  more  detail 
in  Appendix  1. 

The  first  set  of  test  results  were 
obtained  for  the  test  blade  clamped  In  a  rigid 
fixture,  which  was  set  in  turn  on  rubber 
Isolator  pads,  with  excitation  and  response 
pickup  at  the  tip  leading  edge,  as  Illustrated 
in  Figure  1.  Several  measurements  were  made 
of  the  driving  point  receptance  a^(u),  being  a 
function  of  the  frequency  u>,  for  various 
driving  force  levels  In  the  linear,  low  ampli¬ 
tude  range,  and  the  results  are  shown  in 
Figure  2  [20].  Following  Ewins  and  others 
[18,19,21,22],  the  receptances  were 

represented  by  the  form:  J 


n  VyyiJVyyj) 

n*l  Mn[ujJ  (l+1nn)  -u>Z] 


(1) 


where  Mr  is  the  n-th  modal  mass,  4n(x,y)  is 
the  n-th  modal  function,  normalized  here  at 
the  tip  leading  edge,  nn  is  the  modal  loss 
factor  in  the  n-th  mode,  w  *  2irf n  Is  the  n-th 
natural  frequency,  and  1  and  j  are  the  two 
points  where  the  receptance  was  measured. 


Fig.  1.  Compressor  blade  with  excitation  and 
pickup  points. 

Oj,(w)  is  the  driving  point  receptance  at 
point  1,  the  tip  leading  edge,  a22(u))  that  *t 
another  point  2,  and  a  =  are  the  cross 
receptances.  c' 


The  modal  functions  4>n  were  measured 
from  receptance  tests  and  from  laser  holographic 
Interferometry  [20,23],  and  are  illustrated 
for  the  first  three  modes  in  Figure  3.  The 
nn’s  and  fn's  were  determined  for  each  mode 
from  the  receptance  plots,  and  M„  were  esti¬ 
mated  from  the  peak  value  of  an  at  point  1. 

If  the  modes  are  well  spaced: 


lalllmax  *  1/Mnnn“n 


M  «  1/n  or  |«„ I 
n  '  'n  n  1  11  ■max 


(2) 


for  each  mode  n.  This  procedure  is  most 
effective,  of  course,  for  widely  separated 
natural  frequencies  and  would  have  to  be 
modified  If  they  were  close.  Figure  2  shows 
the  fit  between  such  a  series  representation 
and  the  experimental  data,  for  specific  values 
of  u-  (or  2irfn)  and  M„,  the  series  being 
terminated  at  the  third  mode.  The  agreement  1$ 
quite  good,  and  It  does  not  seem  that  In  this 
case  neglect  of  higher  order  modes  leads  to 
any  significant  high  frequency  residuals  In 
the  estimation  of  [19], 

The  data  in  Figure  2  was  fitted  using 
the  following  parameter  values; 


90 


RECEPTANCE  H  -tn/H 


\ 

•  EXPCftNENT 
1,-125  Mi 
V420HI 

1,-935  Ht 
**  ,-0  045  Kg 

M^O  030  Rg 
Nf0.05S  Kg 

I  4,  -00*0 

I  4,-0150 

ft  4,-0  SO 

1 

k 

!  /I\  \  // 
■  1  j>  s-r 

h  V 

i\  V 

V\  X 

■M\  La 

ooc\  \  /] 

If  \  \  L  X 

f  !  \  \ 

/  \ 

/  T  \ 

_ a_i _ 

0  200  400  600  BOO  1000  1200 

frequency  -  hi 


Fig.  2.  Measured  receptances 
and  modal  representation. 


Fig.  3.  Modal  functions  for  compressor  blade. 


data  set  for  use  in  establishing  the  best 
discrete  model  of  the  blade,  as  will  be 
discussed  In  section  2.2. 


2.2  Discrete  Model 

The  advantage  of  a  discrete  model  Is  that 
the  differential  equations  of  motion  of  a 
system  encompassing  several  structural  elements 
may  be  described  quite  simply  In  terms  of 
ordinary  second  order  differential  equations, 
and  therefore  reasonably  accurate  solutions 
may  be  obtained  at  low  cost.  Customarily,  one 
identifies  the  parameters  In  a  discrete  model 
in  such  a  way  that  the  lowest  order  natural 
frequencies  of  the  more  complex  system  are 
properly  replicated,  but  for  analyses  involv¬ 
ing  nonlinear  forces,  such  as  friction  damping, 
one  needs  a  model  In  which  the  receptances 
ay  are  accurately  reproduced  also,  and  this 
is  much  more  difficult  to  do. 

Consider,  for  example,  the  two  degree  of 
freedom  system  shown  In  Figure  4.  The  two 
masses  and  mo,  and  the  springs  Ki  and  K?, 
allow  one  to  replicate  the  first  two  natural 
frequencies  of  the  blade,  both  of  which  repre¬ 
sent  bending  type  modes  In  this  case,  as  well 
as  an  *n  vicinity  of  the  fundamental 
resonant  frequency.  The  modeling  of  ai?  and 
aoo  ls  '"“ch  poorer,  but  the  parameter  R?  which 
controls  the  apparent  amplitude  of  the  force 
S»  does  allow  one  some  scope  for  Improvement 
or  the  model .  Hence  R?  represents  a  correc¬ 
tion  coefficient  for  trie  continuous  nature  of 
the  real  blade.  Consider  the  equations  of 
motion  of  the  system  In  Figure  4: 

Vl  ♦  MX1  -  V  *  S,e1wt  (4) 

■>2*2  ♦  ^(Xj,  -  X1 )  4  ^2  •  SjRje1"1  (5) 


"l 

•  0.045  kg 

*2 

•  0.030  kg 

"3 

•  0.035  kg 

f, 

•  1^/2- 

•  1?5  H2 

f2 

•  <112/2* 

•  420  Hi 

f3 

•  <dj/2* 

•  935  mi 

♦l< 

*2*^2^ 

•  0.06 

♦2( 

*2,x2^ 

•  -0.15 

♦3< 

*2*22^ 

■  -0.30 

♦l< 

x,.y,) 

■  1.00  (1 

This  Identification  of  receptances 
for  the  blade  serves  three  purposes.  First, 
to  obtain  analytical  expressions  for  a<j  to  be 
used  In  further  analysis  of  nonlinear  problems, 
such  as  that  of  a  blade  with  dry  friction 
damping  at  point  2;  secondly,  to  model  several 
blades  In  a  rigid  disk  through  vector  addition 
of  receptances  (not  done  In  this  paper)  and, 
thirdly,  to  fill  gaps  In  the  sparse  measured 


These  equations  are  solved,  with  Si  and  S2 
having  harmonic  time  dependence  (steady-state 
solution),  and  the  corresponding  receptances 
obtained  In  the  form: 


S, 


S*R* 


Fig.  4.  Discrete  model  of  compressor  blade. 


ax. 


all  *  ' 


♦K.2~*n2u> 


(6) 
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ax.  ax2  K.R- 

35^  "  “21  "  357  “  -5- 

(7) 

ax2  (  k, -m,  w? )  Rj 

SI  *  A 

(8) 

(Kj-m^MlCj+iymgW2)-^2 

(9) 

Figure  5  shows  the  variation  of  the  receptances 
<*n(1.j*1.2)  with  frequency  for  the  set  of 

0.040  kg 
0.022  kg 

35,530  N/m  ^ 

111,034  N/in 

0.1 


parameters: 

"l 

«2 

K1 

Ro 


It  Is  seen  that  <*u  and<»i2  are  reproduced 
quite  well  In  the  vicinity  of  the  fundamental 
mode,  but  <*22  not  quite  so  well,  although  022 
does  approach  zero  as  the  frequency  approaches 
about  150  Hz,  as  It  should.  This  Is  evident 
from  Equation  (8).  For  the  fundamental  mode, 
therefore,  the  discrete  model  Is  reasonably 
accurate,  although  by  no  means  perfect,  and 
will  form  the  basis  for  Investigations  of  mul¬ 
tiple  blade  systems.  The  second  mode  Is  not 
well  modeled,  except  that  the  resonant  fre¬ 
quency  Is  properly  reproduced.  Clearly,  much 
Improvement  Is  needed,  and  Is  possible  If  one 
looks  at  models  having  more  than  two  degrees 
of  freedom,  but  this  does  defeat  the  purpose  of 
•  simple  model.  The  problem  of  Identifying 
continuous  systems  In  terms  of  discrete  models 
has  attracted  much  attention  [11-17],  but  It 
seems  clear  that  more  attention  must  yet  be 
paid  to  perfecting  such  models  to  properly 
duplicate  the  receptances  of  the  continuous 
systems  In  the  lower  order  modes.  In  addition 
to  matching  the  resonant  frequencies. 


2.3  Receotance  Analysis  of  Single  Blade 
wftft  SHp~at  PoWl - - 

If  now  the  blade  Is  excited  by  a  force 
Si(t)  -  SiCos(wt)  at  point  1,  and  Is  linked  to 
ground  at  point  2  through  a  dry  friction  joint, 
as  Illustrated  In  Figure  6,  then  the  equations 
of  motion  can  be  written  In  terms  of  a  summa¬ 
tion  of  receptances  as  follows: 


Fig.  6.  Blade  with  friction  damper  at  point  2. 


X1  *  S1  °11  +  s9n(x2)°i2 

(10) 

« 

*2  “  S1  °21  ♦  »*  **ntty°22 

(ID 

where  uN  sgn(X-)  represents  the  Coulomb  model 
of  the  friction  forces.u  Is  the  coefficient  of 
friction  (dynamic)  and  N  Is  the  normal  force. 

Even  though  the  term  UN  sgn(Xj  Is  nonlinear, 
the  linear  suamilng  of  receptances  Is  permitted 
because  the  nonlinearity  Is  external  to  the 
blade  Itself.  The  Equations  (10)  and  (11)  are, 
of  course,  nonlinear.  They  can  be  solved  for 
steady-state  vibrations  by  the  method  of  Harmonic 
Balance,  as  shown  In  Appendix  2,  to  give  the 
magnitudes  of  the  responses  D  and  A  of  the 
points  1  and  2  respectively: 

D»  -(4pH/w)^{2  o^Jo^r  02) 


.  A  -  og,  /  Sjf  -  (4nM/*)Z(ote/  og,  )2  (13) 

where  X1  »  0  Cos(wt+T)  and  X,  A  Cos(wt+  0).  It 
Is  evident  from  Equation  (13)  that  A  can  exist 
only  when: 

|S,  j  >  (4pN/ir)  \°22/aZ\  I  0«) 

and  If  this  condition  Is  not  satisfied,  A  must 
be  assumed  to  be  zero,  and  the  solution  for 
which  X»  ■  0  must  be  sought.  This  can  be 
found  by  Introducing  any  constant  amplitude 
force  F  In  place  of  pN  sgn(X-)  In  Equations 
(10)  and  (11),  letting  X,*  0  and  eliminating 
F  between  the  equations,  so  that: 


•8 


Fig. 7.  Apparent  receptance  of  continuum  and 
discrete  models  with  friction. 


(15) 

LS1Jx2=0  °22 

Using  the  expressions  for  the  receptances  ay 
from  earlier,  and/or  the  experimental  results 
directly,  one  can  therefore  predict  the  non¬ 
linear  response  of  the  single  blade.  Figure  7 
Illustrates  the  predicted  variation  of  |D/Si| 
and  | A/S, I  with  frequency  for  the  compressor 
blade,  uilng  the  same  values  of  tt1.M2.N3,  f], 
f2,f3,  4>i ,  and  43  as  were  tabulated 
earlier,  and  for  the  case  |iN/Si*100.  It  Is 
seen  that,  for  this  particular  case,  |A/Sj| 
exists  over  only  a  very  narrow  frequency  range, 
defined  by  Inequality  (14),  for  modes  1  and  2. 
The  three  mode  expansion  does  not  allow  one  to 
predict  more  modes,  because  the  combination  of 
an ,  &12*  and  a22  always  leads  to  the  loss  of 
one  mode  when  ajj  Is  determined;  hence  more 
terms  In  the  expansion  would  be  needed  to  model 
more  modes. 

2.4  Discrete  Analysis  of  Single  Blade 

with  Slip  at  Point  ? 

If  the  blade  Is  represented  by  a  two  deg¬ 
ree  of  freedom  model ,  as  In  Figure  8,  the  equa¬ 
tions  of  motion  can  be  written  In  the  form: 

mjX*j  ♦  K1(X1-X2)  -  $}(t)  (16) 

mgXg  ♦  ^(Xg-X^+KjX^yRjH  sgn(X2)  -  0  (17) 


where  *  Is  the  dry  friction  coefficient,  N  Is 
the  normal  load,  and  R2  Is  a  correction  coef¬ 
ficient.  Again,  using  the  method  of  Harmonic 
Balance,  we  get  the  solution: 


Fig.  8.  Discrete  model  of  blade  with  friction 
damper. 


Note  that  A  does  not  exist  unless: 

|Sj|  ^ApNRg/w)  |l-m1ui2/X1|  (20) 

$0  that  only  one  mode  can  be  modeled  for  this 
case.  Discrete  models  with  more  than  two 
Inertial  elements  would  be  needed  to  account 
for  slip  In  more  than  one  mode.  Using  the 
values  of  the  parameters  m|,  »2,  Ki,  and  Kg 
determined  earlier,  the  response  of  the  damped 
blade  Is  plotted  In  Figure  7  for  uN/S;  ■  100. 
The  specific  values  of  the  parameters  used  are 

*1  ■  0.040  kg 

■  0.049  kg 
K1  -  35.530  N/m 

Kg  -  111,034  N/m 

Rg  -  0.1 

ViN/S,  -  100 


The  value  of  mg  Is  found  to  be  not  very  criti¬ 
cal,  and  this  value  was  used  Instead  of  0.022 
kg  because  It  reduces  the  second  resonant  fre¬ 
quency,  to  correspond  to  some  degree  with  the 
mass  loading  effect  of  a  platform  of  a  real 
blade.  It  Is  seen  that  the  discrete  and 
receptance  model  agree  quite  well  In  the 
vicinity  of  the  fundamental  mode.  This  sec¬ 
tion  completes  and  extends  some  of  the  pre¬ 
vious  work  In  the  area  of  single-blade 
response  [20,  25-29]. 

3.  ANALYSIS  OF  RESPONSE  OF 

MULTIPLE  BLADE  SYSTEM 

3.1  Equations  of  Motion 


It  Is  for  systems  Involving  many 
blade  elements.  In  a  disk,  that  the  discrete 
model  of  the  blade  becomes  most  useful,  since 
It  allows  one  to  reduce  the  analytical  problems 
to  manageable  proportions  while  retaining  some 
measure  of  the  real  behavior  of  the  original 
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system.  For  example,  for  a  rigid  disk  having 
n  blades,  one  might  create  a  discrete  model 
as  Illustrated  In  Figure  9.  In  this  figure, 
the  masses  mov  represent  the  platform  (or  per¬ 
haps  a  shroud)  on  the  vth  blade,  so  one  can 
allow  for  frictional  coupling  between  blades 
and  between  blade  and  disk.  Since  miv  and  Kiv 
can  be  varied,  one  can  allow  for  mlstunlng  of 
the  blades.  The  Interblade  stiffness  elements 
K3nj  allow  one  to  model  Interblade  coupling. 

Tney  can  represent  the  disk  flexibility  to 
some  limited  extent.  The  equations  of  motion 
of  the  system,  and  the  method  of  solution,  are 
described  In  Appendix  4.  At  this  point  It  Is 
sufficient  to  say  that  the  method  of  Harmonic 
Balance  Is  used  to  obtain  the  steady-state 
harmonic  solution,  but  an  Iterative  procedure 
Is  now  necessary.  In  contrast  to  the  closed 
form  solutions  obtained  for  a  single-blade. 

The  numerical  solution  obtained  from  the 
computer  program  consists  of  printed  values  of 
amplitudes  Dy  and  Ay  ,  and  phases  yv  and  ol,  of 
the  response  of  each  blade  (see  Appendix  4),  as 
a  function  of  the  system  parameters  m^v,  m2v, 
K]v»  *2vt  *3v»  Ny,  Njjy,  S^,  6y,  etc. 

3.2  Solutions  for  Zero  Friction  (Linear 

Cases) 

Since  many  prior  analyses  [7,  21,  22, 
31]  have  addressed  the  problem  of  predicting  the 
damped  response  of  a  bladed  disk,  or  multiple 
blade,  system  to  various  types  of  excitation, 
the  first  task  to  be  addressed  before  proceed¬ 
ing  to  a  study  of  the  effects  of  friction  was 
to  establish  that  the  present  approach  and  the 
related  computer  program  predicted  the  same 
behavior. 


The  first  case  considered  was  that  of 
12  blades,  both  tuned  and  mlstuned.  The  basic 
blades  were  modeled  by  the  discrete  parameters 
listed  In  Table  1,  representing  the  compressor 
blade  discussed  earlier.  Figures  10  and  11 
show  the  predicted  response  of  the  tuned  and 
mlstuned  systems  as  a  function  of  frequency. 
Figure  10  shows  the  effect  of  a  stationary 
"Cosine  excitation"  on  the  response  of  a 
typical  blade  (blade  1).  This  type  of  excita¬ 
tion  Is  described  analytically  by  the  expres¬ 
sion: 


S'  »  S  Cos(wt)»S  Cos[2jir(v-l)/n],  .Cos(wt)  (21) 

V  V  J  * 


where  n  Is  the  nunfcer  of  blades  (12)  and  S  is 
the  maximum  driving  force  (0.1  K),  and  j  Is  an 
Integer.  If  j  m  0,  Sy  Is  constant  for  all 
blades;1f  j  *  1,  then  Sy  ■  0  for  blade  nunfcer 
v  *3  and  v»  9,  and  so  on.  Figure  11  shows  the 
effect  of  a  stationary  "Sine  excitation," 
described  by: 


s;  -  Sv  Cos(u)t) 


(22) 

S  Sin  [2jit(v-l  )/n]  Cos(ut) 
j-1 


TABLE  1 

PARAMETERS  FDR  BLADES  (ZERO  FRICTION) 


Pareaeters 

GOHPftESSt 

m  BLADE 

UAOE  [31] 

Timed  (90) 

Kutuned 

(31.02/31.03) 

Tuned  (SO) 

(SI) 

n 

12 

12 

12 

12 

*2v 

0.049 

0.049 

0.0064 

0.0064 

"lv 

0.040 

0.036Afj(v) 

0.0052 

0.00»3f,(v) 

Clv 

35,530 

35,530 

40,530 

AO, 530 

111,034 

111,034 

126,050 

125,850 

20,000 

20,000 

40,000 

40.000 

n.rv, 

0.001*0.01 

0.001*0.01 

0.001*0.01 

0.001*0.01 

vv, 

0 

0 

0 

0 

u 

0.15 

0.15 

0.15 

0.15 

Sv 

0.1  f2(v) 

o.l  f,(v) 

0.1  fj(v) 

0.1  fj  (v) 

0 

0 

0 

0 

f,  •  1  ♦  0.1  Sl«[w(v-l)/n] 

f2  ■  >/n] 


For  the  tuned  case,  no  difference  Is  seen,  of 
course,  but  for  the  mlstuned  case,  some  clear 
differences  In  response  are  seen.  Including 
different  frequencies  of  maximum  amplitude.  It 
Is  also  seen  that  mlstunlng  allows  several 
response  peaks  to  appear, in  contrast  to  the 
tuned  case  [31].  The  second  case  considered 
was  to  predict  the  effects  of  mlstunlng  on  the 
response  of  a  simplified  blade  comprising  a 
beam  about  80  nm  long  (as  compared  with  203  mn 
for  the  compressor  blade),  and  discussed  by 
Ewlns  [31].  The  estimated  discrete  parameters 
corresponding  to  Ewlns'  geometry  are  also 
listed  In  Table  1.  Figure  12  shows  the 
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Fig.  to.  Response  of  Tuned  and  His  tuned  Systems 
to  Stationary  "Cosine  Excitation" 
(Blade  1;  Cases  30,31.  author's  not.). 

predicted  response  to  a  stationary  "Cosine 
excitation"  (J  ■  6),  for  the  tuned  and  *1s- 
tuned  cases,  as  was  considered  by  Ewlns.  In 
this  case,  the  "cosine  excitation”  corresponds 
to  a  180°  phase  shift  In  excitation  on  adjacent 
blades,  and  Sy  Is  of  constant  amplitude  for 
each  blade,  figure  12  also  shows  a  histogram 
of  the  relative  amplitudes,  Dy^um™*  and 
phases  yy  of  each  blade,  at  frequencies  corres¬ 
ponding  to  each  resonant  peak  In  the  tuned  and 
mlstuned  cases. 


Frictional  lj 


ped  Systems 


Having  established  that  the  dynamic 
response  behavior  without  friction  Is  In  keep¬ 
ing  with  previous  work,  one  Is  now  faced  with 
the  task  of  varying  a  large  number  of  para¬ 
meters  In  order  to  gain  Insight  Into  the  non¬ 
linear  effects,  since  each  parameter  configura¬ 
tion  Is  now  unique,  and  generalizations  cannot 
be  made  as  readily  as  In  the  linear  case. 


For  the  present,  we  have  confined 
attention  to  a  limited  number  of  cases,  Includ¬ 
ing:  (a)  a  tuned  system,  (b)  a  mlstuned 
system  with  smooth  variation  of  masses  miv,and 
(c)  a  mlstuned  system  with  random  variation  of 


miy.  Parameters  varied  for  each  case  Include 
(1)  the  excitation  force  amplitude  Sy  on  each 
blade,  (11)  phase  angle  6V  of  excitation  force 
on  each  blade,  for  traveling  wave  excitation 


of  the  form: 


Fig.  11.  Response  of  Tuned  and  Mlstuned  Systems 
to  Stationary  "Sine  Excitation” 

(Blade  1;  Cases  30,31,  author's  not.). 


S;  -  SyCos(«t  -  «v)  (23) 

where  Sy  ■  2*J(v-l)/n;J  »  0,1,2 — etc.;  (Ill) 
stationary  excitation  of  the  form: 

s;  -  Sv  Cos (wt)  (24) 

-  S*>  [2xj(v-1)/n]  Cos  (wt); 

(1v)  effects  of  Irregularities  In  the  phase  of 
exciting  forces,  such  as: 


2irJ  (v-1) 
n  ♦  An 


(25) 


where  bn  f  0,  and  an  Irregularity  In  phase 
occurs  between  blade  n  and  blade  1;  and, finally; 
(v)  the  effect  of  the  number  of  blades. 

The  first  case  considered  In  this  sec¬ 
tion  was  a  tuned  system  (author's  working  nota¬ 
tion,  Case  16)  of  n  blades,  each  having  Identi¬ 
cal  mass  and  stiffness  characteristics,  as  given 
In  Table  2.  Each  blade  v  was  excited  by  a  force 
Sy  of  constant  amplitude,  with  constant  Incre¬ 
ment  of  phase  angle  between  blade  v  and  blade 
vtl,  again  as  alven  In  Table  2,  such  that  the 
phase  angle  Sv  Is  equal  to  2ir(v-l)/n.  Figure 
13  shows  the  predicted  values  of  Dys,  for  all 
blades  and  for  one  value  of  pN/S,  and  for 
several  values  of  n.  It  Is  seen  that  this 


96 


Fig.  12.  Response  of  tuned  and  mlstuned 

multiple  blade  system  to  "Cosine 
excitation"  (Blade  1;  Cases  50.51). 
Histograms  of  relative  amplitude 
Dv/DVfMX  and  phases  Vv  of  each  blade 
at  frequencies  corresponding  to 
resonant  peaks. 

behavior  Is  qualitatively  similar  to  that  for  a 
single  blade.  The  peak  amplitude  steadily 
varies  from  a  large  peak  near  125  Hz  at  6V  ■  0 
(n  ♦  «),  to  a  large  peak  near  150  Hz  for  4^ 
growing,  with  lowest  amplitudes  occurring  for 
certain  values  of  n.  Figure  14  shows  the  effect 
of  varying  N/S  ratio  between  normal  force  and 
amplitude  of  driving  force  for  n  -  11,  v  •  0.15, 
on  the  values  of  response  amplitudes 
|A  /S|  and  |0|/S| .  It  Is  seen  that  the  effect 
of  varying  n  Is  similar  to  that  of  varying  pN/S. 
A  later  case  will  examine  the  same  behavior 
for  a  mlstuned  system. 

When  the  blades  are  mlstuned  In  a 
regular  manner  (author's  Case  20,  Table  2),  the 
mass  »hy  vary  smoothly  from  0.04  kg  to  0.044  kg, 
as  Illustrated  In  Figure  15.  This  flaure  also 
shows  the  random  distribution  to  be  discussed 
presently.  Figures  16  and  17  show  typical 
graphs  of  amplitudes  of  response.  |IWS|  and 
] Av/S I ,  for  several  values  of  H/S.  Figures  18 
to  20  show  three-dimensional ,  computer  gener¬ 
ated  plots  of  |VS|  »nd  IVSI  versus  frequency 
and  blade  number  for  particular  values  of 
uh/S  (u  ■  0.15,  H  -  10,  S  variable,  see  Table  3). 
Note  the  systematic  variation  of  the  peak 
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n 

11 

12 

11 

12 

11 

"lv 

0.040 

0.040 

o.owd^) 

0.040F|M 

Hondo* 

•u 

0.040 

0.049 

0.049 

0.049 

0.049 

Kiv 

35.530 

35.530 

1S.5J0 

35.530 

35.530 

111*034 

111.034 

111.034 

111.034 

111.034 

*3v 

0 

0  to 
120.000 

0 

0  to 
120.000 

0 

n,n| 

0.01 

0.01 

0.01 

0.01 

0.01 

V 

0 

0 

0 

0 

0 

*v 

10 

10 

10 

10 

10 

V 

0.15 

0.15 

0.15 

0.15 

0.15 

K 

0.1 

0.1 

fj(v) 

0.001  to 
10 

0.1fj(v) 

0.001  to 

10 

K 

0 

Tt(v-l)/n 

0 

2x(vO)/* 

f,  •  1  ♦  0.1  $«■  («(*.))/•] 

fl  ■  S?H>  ti»j<v1>/«] 


Fig. 13.  Response  of  n-blade  systems  to  traveling 
wave  excitation  (Case  16,  effect  of 
number  of  blades  n  and  phase  angle  of 
excitation  «v,  uN/S  -15). 


M 
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M 
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Fig.  14.  Response  of  tuned  11 -blade  system  to 
traveling  wave  excitation  (effects  of 
N/S,  Case  16,  symnetrlc  case,  all 
blades  bebave  Identically). 
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Fig.  16.  Response  of  mlstuned  system  to 

traveling  wave  excitation  (blade  1, 
Di/S,  Case  20- Table  3.  effects  of 
ratio  of  normal  force  to  exciting 
force  ar*>11tude). 


Fig.  15.  Mass  distribution  of  mlstuned  com¬ 
pressor  blade  systems  (n  ■  11;  Cases 
20,  regular  mlstunlng  and  Cases  22, 
random  mlstunlng). 
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Fig.  17. 


Response  of  mlstuned  system  to 
traveling  wave  excitation  (Blade  1, 
A)/S,  Cases  20- Table  3,  effects  of 
ratio  of  normal  force  to  exciting 
force  amplitude). 


Fig.  18.  Computer  generated  plot  of  response 
(D  and  A)  versus  frequency  and  blade 
number  (for  case  20.05-  Table  3,  Sv 
-  1 .ON,  Mv  «  ION). 

response  |Dysj  from  a  peak  at  125  Hz  to  one  at 
150  Hz,  as  yN/$  varies  from  0  to- (Fig.  16). 

The  limiting  case  N/S  ■  -  corresponds  to  all 
masses  mgv  locked  together.  Note  also  that 
l A^/S (  varies  somewhat  differently  than  In  the 
tuned  case,  and  exists  over  a  wider  frequency 
range.  Figures  21  and  22  show  similar  varia¬ 
tions  of  |Dv/S|  and  | A^/S |  for  a  blade  with 


Fig.  19.  Computer  generated  plot  of  response 
(D  and  A)  versus  frequency  and  blade 
number  (for  Case  20.18-  Table  3,  Sv 
■  0.2N,  \  ■  ION). 

randomly  mlstuned  masses  miy,  as  Illustrated  In 
Figure  15.  Despite  the  different  types  of  mls- 
tunlng,  the  response  plots  appear  remarkably 
similar  to  the  previous  case  (author's  Case  20), 
and  on  the  basis  of  this  very  limited  sample, 
one  might  conclude  tentatively  that,  while  the 
exact  type  of  mlstunlng  will  affect  precisely 
which  blade  sees  the  maximum  response,  it  does 


Fig.  20.  Computer  generated  plot  of  response 
(0  and  A)  versus  frequency  and  blade 
number  (for  Case  20.09-  Table  3,  S 
-  0.1N,  Nv  -  100N).  v 

not  affect  the  value  of  the  maximum  response. 
Obviously,  this  Is  not  a  final  conclusion,  and 
further  Investigation  seems  warranted,  espe¬ 
cially  for  large  values  of  yN/S.  Figure  23 
shows  the  values  of  lOv/Slmj*  versus  yN/S  for 
these  two  cases,  and  for  the  tuned  case,  and 
does  seem  to  bear  out  this  tentative  conclu¬ 
sion. 


TABLE  3 

PARAMETERS  FOR  VARIOUS  CASES 


Parameter 

■KHSi 

Case 

20.18 

Case 

20.09 

li 

11 

11 

0.04^  (v) 

0.04fj  (v) 

0.04^  (v) 

. 

0.049 

0.049 

0.049 

KM 

35,530 

35,530 

35,530 

N 

111,034 

111,034 

111,034 

*3v 

0 

0 

0 

n 

0.01 

0.01 

0.01 

nl 

0.01 

0.01 

0.01 

NNv 

0 

0 

0 

Nv 

10 

10 

100 

P 

0.15 

0.15 

0.15 

Sv 

1.0 

0.2 

0.1 

6v 

2tt(v-1  )/n 

2tt(  v-1  )/n 

2ir(v-l  )/n 

Fig.  21.  Response  of  mlstuned  system  to 

traveling  wave  excitation  (blade  1, 
Di/S,  Cases  22-  Table  3,y  -  0.15, 
effect  of  ratio  of  normal  force  to 
exciting  force  amplitude). 
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Fig.  22.  Response  of  mlstuned  system  to 

traveling  wave  excitation  (blade  1, 
Ai/S,  Cases  22- Table  3,  r  0.15, 
effects  of  ratio  of  normal  force 
to  exciting  force  amplitudes). 


Fig.  23.  Variation  of  (D/S)max  with  yN/S  for  1 
traveling  wave  excitation. 

Another  set  of  calculations  determined 
the  effect  of  an  Irregularity  In  the  phase 
between  exciting  forces  on  blade  5  and  blade  1, 
for  n  »  5,  for  traveling  wave  excitation  (j*l) 
of  the  tuned  system  (author's  Case  16).  This 
was  accomplished  In  the  computer  program  simply 
by  letting  4V  «  2ir(v-l)/(n+An),  where  An  Is  a 
positive  or  negative  number.  Figures  24  to  26 
show  the  response  |0y/S|  for  all  blades  of  the 
five-blade  system  and  several  values  of  An  with 
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Fig.  24.  Response  of  tuned  system  to  travel¬ 
ing  wave  excitation  (effect  of  phase 
Irregularity  of  the  exciting  force, 
yN/S  -  15,  Case  16). 

Sy  -  0.1.  It  Is  seen  that  the  phase  Irregula¬ 
rity  occurs  between  blades  1  and  5.  It  Is  also 
seen  that  blades  1  and  5  typically  see  the 
highest  response  amplitudes,  and  that  the 
behavior  changes  from  dominant  response  near 
125  Hz,  for  large  phase  Irregularity,  to 
dominant  response  near  150  Hz  when  the  phase 
shift  Is  less  severe.  Further  evidence  of  the 
effects  of  phase  Irregularities  In  a  mlstuned 
system  Is  shown  In  Figures  27  and  28,  where  an 
U-blade  system  (author’s  Case  20)  Is  examined. 
The  properties  are  given  In  Table  2,  column  3, 
except  that  Figure  27  corresponds  to  5v  • 
2ir(v-l)/(n+2)  and  Figure  28  to  2w(v-l )/ 
(n-2).  These  results  should  be  compared  with 
Figure  16,  which  corresponds  to  a  uniform 
distribution  of  phase  4V  ■  2ir(vl)/n.  Again, 
large  amplitudes  are  seen  for  blades  1  and  11. 
Further  Investigation  of  the  effect  of  other 
parameters,  especially  In  regard  to  minimizing 
the  large  Increases  In  amplitude,  seem  Indi¬ 
cated,  and  can  be  accommodated  by  this  model. 

Finally,  further  consideration  Is 
given  to  the  effect  of  variation  In  the  number 
of  blades,  other  parameters  being  equal,  on  the 
response  of  tuned  and  mlstuned  systems  under 
traveling  wave  excitation.  The  system  para¬ 
meters  are  given  In  Table  2,  column  1  (tuned 
system)  and  column  3  (mlstuned  system).  In 
these  cases, 4vB  2n(v-1)/n,  so  no  phase 
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Fig.  25.  Response  of  tuned  system  to  traveling 
wave  excitation  (effect  of  phase 
Irregularity  of  the  exciting  force, 
uN/S  -  15,  Case  16). 


frequency  * 


Fig.  26. 


Response  of  tuned  system  to  traveling 
wave  excitation  (effect  of  phase 
irregularity  of  the  exciting  force, 
uN/S  ■  15,  Case  16). 
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Fig.  27. 


Response  of  mlstuned  system  to 
traveling  wave  excitation  (effect  of 
phase  Irregularity  of  the  exciting 
force,  vN/S  ■  15,  Case  20). 


Irregularity  occurred,  but  the  Interblade 
exciting  force  phase  angles  do  change,  becoming 
smaller  as  n  Increases.  This  Is  reflected  In 
the  response  behavior,  as  Figure  29  (tuned)  and 
Figure  30  (mlstuned)  show.  Comparing  Figure  14 
and  29  and  Figures  16  and  17  with  Figure  30, 
we  see  that  Increasing  the  value  of  n  has  an 
effect  similar  to  that  of  decreasing  N/S.  In 
fact,  it  can  be  shown  [32]  that  a  single  para¬ 


meter  2  | Sin  jj-|  combines  the  effect  of 

wN/S  and  n. 


Obviously,  many  more  cases  need  to  be 
considered,  but  It  Is  not  possible  to  consider 
more  In  this  paper.  What  Is  clear  is  that  non¬ 
linear  response  behavior  Is  much  more  difficult 
to  classify  and  generalize  than  linear  behavior, 
so  that  special  rather  than  general  conclusions 
must  be  drawn,  both  from  these  results  and 
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Fig.  28.  Response  of  mlstuned  system  to 

traveling  wave  excitation  (effect  of 
phase  Irregularity  of  the  exciting 
force,  pN/S  *  IS,  Case  20). 

from  any  results  obtained  by  other  methods  of 
analysis. 

4.  CONCLUSIONS 

In  this  paper,  the  authors  have  developed  a 
simple  multiple  degree  of  freedom  model  of  a 
multiple  blade  array  capable  of  accounting  for 
effects  of  mlstunlng,  blade- to-blade  and  blade- 
to-ground  frictional  damping,  blade-to-blade 
compliant  coupling  and  different  magnitudes  and 
phases  of  exciting  forces  on  each  blade.  The 
applicability  and  limitations  of  the  two  degree 
of  freedom  model  of  each  blade  have  been  dis¬ 
cussed  and  compared  with  receptance  models  and 
experimental  data  for  a  nominally  undamped  blade 
In  a  rigid  fixture.  It  Is  shown  that  modes  of 
the  system  which  correspond  to  the  fundamental 
mode  of  the  blades  can  be  quite  accurately 
modeled.  The  second  mode  of  the  blade  cannot 
be  so  well  modeled  by  a  two  degree  of  freedom 
system.  It  has  also  been  shown  that  receptance 
techniques  of  response  synthesis  can  be  further 
developed  to  solve  such  nonlinear  multiple 
blade  problems  In  a  more  exact  manner.  In  this 


Fig.  29.  Effect  of  number  of  blades  on  res¬ 
ponse  of  tuned  systmi  (Case  16,  pN/S 
■  15). 
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Fig.  30.  Effect  of  number  of  blades  on  res¬ 
ponse  of  mlstuned  system  (Case  20, 
pN/S  »  15). 


paper,  however,  a  single  blade  receptance 
analysis  only  Is  completed. 

Specific  conclusions  emerging  from  the 
numerical  results  of  the  computer  program 
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generated  to  solve  the  equations  of  motion  are 
as  follows: 

1.  The  effectsof  mlstuning  are  to  Introduce 
blade- to-blade  coupling  through  the  stiff¬ 
ness  elements  K^v>  and  this  leads  to  typi¬ 
cal  mistuned  behavior  in  which  several 
response  peaks  are  observed,  scattered  on 
both  sides  of  the  tuned-system  resonant 
frequency. 

2.  When  friction  is  introduced  between  blades, 
it  usually  becomes  the  most  important blade- 
to-blade  factor  and  the  effects  of  <3^  are 
less  evident.  See  Figures  27  and  28,  for 
example. 

3.  The  type  of  harmonic  excitation  variation 
of  amplitudes  and  phases  has  a  very  great 
effect  on  the  qualitative  as  well  as  the 
quantitative  form  of  the  response,  and 
different  types  of  excitation  lead  to 
different  types  of  response  behavior, 
including  on  occasion  very  high  response 
levels.  Lowest  response  amplitudes  seem 
generally  to  correspond  with  the  "smooth¬ 
est"  6V  (least  radical  excitation  dis¬ 
tributions)  and  it  is  deviations  from 
uniformity  which  seem  to  lead  to  high 
amplitudes. 

4.  For  a  given  number  of  blades,  an  optimum 
value  of  the  friction  parameter  yN/S(ratio 
of  friction  force  to  driving  force  ampli¬ 
tude)  seem  to  exist,  for  which  response 
amplitude  are  a  minimum  in  all  blades, 
provided  that  uniformity  of  the  phase 
angle  ^  occurs.  This  optimum  does  not 
seem  to  be  very  strongly  dependent  on  the 
type  or  amount  of  mistunlng  (smooth  or 
random  variation  from  blade- to-blade) , 
except  that  at  high  values  of  uN/S  (typi¬ 
cal  of  real  engine  conditions),  the 
randomly  mistuned  cases  seem  to  have  some¬ 
what  lower  amplitudes  under  the  same 
(smooth)  excitation  conditions.  This,  how¬ 
ever,  remains  to  be  verified  when  more 
cases  are  examined. 

5.  The  mathematical  model  and  corresponding 
computer  program  which  has  been  developed 
for  numerical  calculations  have  quite 
general  character  within  limits  and  may  be 
used  for  prediction  of  amplitudes  of  blade 
or  disk  vibration  (and  corresponding 
stresses)  for  various  bladed  disk  systems. 
The  particular  Interest  of  this  program 
lies  in  the  possibility  of  investigation 
of  structural  friction  damping,  which 
exists  In  joints  or  is  deliberately  Intro¬ 
duced  to  the  system  through  platforms 

or  special  friction  dampers. 

Several  other  parametric  investigation, 
reflecting  various  blade  configurations  and 
dynamic  conditions  are  still  being  conducted, 
and  will  be  the  subject  of  future  publications. 

A  computer  program  has  been  developed  and 
Individuals  Interested  in  defining  specific 
problems  for  calculation  are  invited  to 
communicate  with  the  authors. 
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NOMENCLATURE 


A 

amplitude  of  X^t) 

Av 

amplitude  of  X2y(t) 

C1  ,C2 

constants 

D 

amplitude  of  Xj(t) 

Dv 

amplitude  of  Xfv  (t) 

flv,f2v 

functions  (see  Tables  1-3) 

fn 

n-th  natural  frequency  (Hz) 

1.J 

points  on  blade  surface  (1,j  •  1,2) 

i 

Integer 

Kl,K2 

stl ffnesses 

V<2v 

stiffnesses 

K3v 

coupling  stiffness 

modal  mass 

,«2 

messes 

*lv’*2v 

masses  of  v-th  elements 

N 

number  of  modes,  also  normal  force 

Nv,NNv 

normal  forces  for  v-th  blade 

n 

number  of  blades,  also  Integer 

P.Q.Z 

matrices 

*2 

correction  coefficient 

s. 

driving  force  amplitudes 
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Sj  driving  force 

driving  force 
t  tine 

Xj,yj  coordinates 

X1.Vi  response  dlsplacenents  at  point  1 

i  velocities 

X1v  response  of  mass  m^ 

X2  response  of  mass  m^ 

a1j’aij  cros$  receptances 

a.y.A  phase  angles 

VV4v  phase  angles 
01 ,6Z  constants 

A  see  Equation  9 

An  Irregularity  In  n 

elte2  precision  Indicators 

n  ,tVj  loss  factors 

loss  factor  of  n-th  mode 
♦„  n-th  modal  function 

u  coefficient  of  friction 

v  Integer 

o  Iteration  Index  (o»  0,  1,  — ) 

u  circular  frequency 

u_  natural  frequency  of  n-th  mode 


APPENOIX  1:  EXPERIMENTAL  INVESTIGATIONS 

The  specific  blade  chosen  for  base-line 
tests  mas  a  typical  slightly  tmlsted,  cambered, 
steel  compressor  blade  mlth  a  simple  dovetail 
geometry.  The  blade  mas  held  In  a  heavy  fix¬ 
ture,  Figure  31,  having  sating  surfaces  that 
notched  the  contours  of  the  blade  root.  For 
the  recap tance  tests,  the  root  conditions 
mere  such  that  the  clamping  pressure  prevented 
slip  from  occurring.  Homever,  the  centrifugal 
loads  mhlch  exist  In  the  operational  environ¬ 
ment  mere  not  simulated,  because  of  the  diffi¬ 
culty  of  duplicating  this  effect  mlthout  mask¬ 
ing  other  blade  characteristics,  such  as  low 
damping.  The  test  fixture  for  the  blade  was  a 
102  mi  square  broach  block,  made  of  steel.  In 
the  first  set  of  tests,  this  block  mas  placed 
directly  on  a  rubber  pad  to  Isolate  the  fixture 
from  the  surroundings.  Later  tests  mere  con¬ 
ducted  with  the  broach  block  fixture  attached 


to  a  51  -m*- thick  by  4 60- m&- square  aluminum 
plate,  which  In  turn  mas  mounted  on  rubber 
Isolators,  to  even  more  completely  isolate 
the  blade  from  the  surroundings. 

The  test  system  is  illustrated  by  block 
diagrams  In  Figure  32.  The  Bruel  and  Kjaer 
Model  1014  Beat  Frequency  Oscillator  could 
generate  a  harmonically  varying  voltage  of 
magnitude  0  to  120  volts,  at  any  selected  fre¬ 
quency  from  20  Hz  to  20  kHz.  The  output  imped¬ 
ance,  measured  In  Ohms,  mas  variable  within 
limits  to  accomnodate  various  impedance 
exciters.  As  the  frequency  mas  varied,  the 
current  through  the  output  terminals  to  the 
exciter,  or  driver,  could  be  controlled  by 
means  of  a  "compressor . “  This  mas  simply  a 
feedback  loop  which  measured  the  voltage 
across  a  fixed  resistor  In  the  output  circuit, 
and  used  It  to  control  the  output  current.  A 
meter  gave  a  reading  of  nominal  voltage  across 
the  terminals. 

The  output  current  from  the  oscillator 
mas  fed  directly  to  a  magnetic  transducer 
(Electro  Model  3030-HTB),  with  the  output 
Impedance  set  at  600  Ohms  to  best  match  the 
transducer.  The  transducer  consisted,  essen¬ 
tially,  of  a  magnetized  Iron  rod  with  many 
colls  of  fine  mire  surrounding  It,  through 
which  the  oscillating  current  flows.  This 
current  produces  an  oscillating  magnetic  field 
which  modulates  the  steady  magnetic  field  of 
the  rod,  and  hence  produces  an  oscillating 
harmonic  force  on  any  Iron  object  placed  nearby. 
The  magnitude  of  this  force  depends  on  the 
amplitude  of  the  current  and  on  the  gap  between 
the  end  of  the  magnetized  rod  and  the  structure 
being  excited. 

The  waveforms  of  the  Input  and 
response  signals  were  monitored  on  a  dual  beam 
oscilloscope  (Ballantine  Model  1066S).  The 
frequency  of  the  Input  signal  was  measured  by 
a  digital  frequency  meter  (HP  Model  521 6A). 

The  pickup  system  used  a  miniature  high 
Impedance  quartz  accelerometer  (Endevco  Model 
22),  of  mass  about  0.2  grams  and  having  a  very 
thin  and  flexible  cable  to  minimize  Interfer¬ 
ence.  An  W  Zero  Drive  (MB  MOO)  amplifier  was 
used  to  amplify  and  condition  the  accelerometer 
signals,  so  that  they  could  be  read  off  a  volt¬ 
meter  (HP  Model  3400A).  A  "line  driver"  was 
used  In  conjunction  with  the  high  impedance 
amplifier  to  minimize  losses  of  signal  strength 
in  the  cables.  This  system  was  used  to  measure 
the  driving  point  receptances  at  point  1, 
namely*^,  illustrated  in  Figure  2. 

This  system  has  been  further  updated  for 
further  analog  tests  at  the  Materials  Labora¬ 
tory.  The  sweep  oscillator  was  replaced  by  an 
SO  Model  104A-5  system  to  give  more  flexibility 
in  testing  procedures  and  display  of  results, 
and  was  connected  with  a  250-watt  power  ampli¬ 
fier  so  that  the  controllable  input  force 
amplitudes  could  have  a  greater  range.  This 
mas  particularly  important  because  of  the 


Fig.  31.  Blade  in  test  fixture. 


Fig.  32.  Analog  test  system. 


the  system  and  In  ensuring  that  each  Individual 
test  was  well  conditioned.  A  block  diagram  of 
the  test  system  Is  given  In  Figure  33. 


Fig.  33.  Digital  test  system. 

APPENDIX  2:  RECEPTANCE  ANALYSIS  OF  BLADE 
WITH  SLIP 

Equations  (10)  and  (11)  are  solved  by 
assuming,  for  steady  state  response  (the 
existence  of  the  steady  state  response  of  the 
form  Equation  (26)  was  analyzed  by  Plunkett  [33] 
from  the  viewpoint  of  a  solution  In  the  time 
domain)  that 

Xg  m  A  Cos  ut, 

S1  »  S-ji  Cos  ut  +  S^  Sin  wt  (26) 

Xj  -  Dj  Cos  wt+D2S1n  ut  -  DCos  (wt  +  y) 


Inductive  drop-off  of  the  magnetic  transducer 
output  force  at  high  frequencies.  To  correctly 
match  the  output  impedance  of  the  amplifier 
(4  Ohms)  to  that  of  the  transducer  (1,600  Ohms), 
an  audio  transformer  was  used.  This  minimized 
distortion  of  the  Input  signal.  To  ensure 
constant  output  force  from  the  transducer,  the 
current  was  monitored  by  observing  the  voltage 
across  a  fixed  (1  Ohm)  resistor.  Voltage  to 
the  transducer  was  monitored  so  as  to  control 
the  Input  power,  thereby  minimizing  the  danger 
of  fusing  the  wire  coils  together  in  the 
transducer,  which  could  lead  to  loss  of  signal 
strength  and  Increased  distortion,  as  well  as 
disturb  the  calibration  of  the  system. 


Then:  sgn  (Xgjs  -  4/irsgn(A)  Sin  wt  if  we  take 
the  first  term' and  the  Fourier  expansion  of 
sgn  (Sin  ut).  Putting  these  Into  Equations 
(10)  and  (11)  gives: 


DjCos  ut+D2S1n  wt  -  a^fS^Cos  wt+S^SIn  ut) 

-  -j-  wN  sgn  (A)  Sin  wt  aj2 
A  Cos  wt  *  (Sj^  Cos  wt  +  S^  Sin  uOo^ 


(27) 


-  ~pN  sgn  (A)  Sin  wt 


A  digital  signal  analyzer  (HP  Model  3582) 
has  also  been  used  to  conduct  tests.  The 
capability  of  this  digital  system  to  conduct 
spectrum  analysis  In  conjunction  with  Impulsive 
excitation  of  the  blade  (calibrated  banner) 
allowed  for  very  effecting  testing  procedures. 
The  Impact  banner  (PCS  068A60)  and  accelerom¬ 
eter  (PCS  3031)  were  both  low  Impedance  devices 
so  that  electronic  noise  was  minimized.  Even 
so,  great  care  had  to  be  taken  In  calibrating 


Equating  terms  In  Cos  wt  and  Sin  wt  gives  the 
four  equations: 

D1  ”  “l^ll 

°2  "  °11S12  “  S9n  (A)a12  (28) 
A  -  S^a^ 


106 


0  ■  S12o21  -  sgn(A)a22 

which  are  readily  solved  for  Dj,  D2,  S^,  and 

.’.  S,  “S, « Cosut+  ^  sgn  (A)  Sin  ut 

III  it  o^l 


(29) 


••■sf  -s?1.(M)2  (*)* 

■■■  s..-ATMlT 


Hence: 


Xl"°llSllCos  wt  +  *«" (X2)(-^f  ‘“12) 


SI  nut 


•••  oo) 


Hence,  Equation  (12).  Since  A  »  S,,  a-,. 
Equation  (13)  follows  also. 


APPENDIX  3:  DISCRETE  ANALYSIS  OF  BLADE 
WITH  SLIP 

Equations  (16)  and  (17)  are  solved,  for 
steady  state  response,  by  assuming  that 

X2  ■  A  Cos  ut 

X1  ■  D^Cos  wt  +  02S1n  ut»0  Cos  (ut  *7)  (31) 

S1  “  S11  0,5  wt  *  S12  S1n  ut  (32) 
and  uNR2  sgn  (X2)  *  —  mNR2  sgn(A)  •  Sin  ut 

Hence,  Equat1ons(16)  and  (17)  become: 

(Kj  -  niju2)  (D1  Cos  ut  +  D2  Sin  ut)  -^A  Cosut 

(33) 

■  (S^ |  Cos  ut  ♦  S12  Sin  ut) 


(K1+X2-«2u2)A  Cos  ut-X1(D1Cos  ut  ♦  D2S1n  ut) 
4pNR, 

- - -  sgn  (A)  Sin  ut  *  0 


equating  terms  In  Cos  ut  and  Sin  ut  gives  the 
four  equations: 


)  Dj  •  KjA  * 
(Kj-nt|U2)  D2  *  S 1 2 
(X^Xj-mjU2)  A  -  K1D1  «  0 
AuNRjj 


(34) 


-Xl°2  * 
Hence: 


sgn  (A). 


S^Cos  ut  + 


Ui 


p 

-m^u) 


sgn  (A) 


x  Sin  ut 


From  the  first  and  third  of  Equations  (34),  by 
eliminating  D,,  we  get  the  expression  (19)  for 
|A|.  Further!  we  get  the  expressions  for  D, 
and  d2:  A  36) 

Vs[(>-^)  ('*?■?  ^)-']  ' 

4uNR- 

D,  -  -=»-=■  sgn  (A)  (37) 


Hence,  since  |D|2  -D?  ♦  D?  ,  we  get  tne 
expression  (18)  for  |D|. 


APPENDIX  4:  ANALYSIS  OF  MULTIPLE  BLADE 
SYSTEM  WITH  SLIP 

The  equations  of  motion  for  the  v-th 
blade,  In  Figure  9  are: 

Vlv  +  Klv(Xlv-  X2v>  +  ¥  (Xlv  -  X2v>  * 
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(38) 


(43) 


*  SvCos  (ut  +  6y  ) 


.  k  v  + 

lv  (i  - 

Klv*lv 

w  \*2v 

K2vn  ; 

“  *2v 

.  K3vn1  /' 

<0  \*2v 

*3.  v-1nl 

u 

(X2v  ‘  X2,v-l)* 

(3,v-l  X2,v-1 

s9n  (X2v*  X2,v+1^  *  uNNvRlSgn  ^X2v^ 
+  wNv-1R2  sgn  (X2v‘  X2,v-1}  +  (Klv  *  X2v 

♦  *3v  +  *3,v-l>  X2v  0  <39> 


for  v  *  1,  2,  ...n,  where  n  Is  the  number  of 
blades  In  the  system.  These  are  a  set  of  non¬ 
linear  differential  equations  of  the  second 
order,  with  the  only  nonlinear  term  represent¬ 
ing  a  Coulomb  model  of  the  frictional  forces. 

In  Equation  (38)  and  (39)  n  and  rj,  are 
loss  factors  In  elastic  members  (hysteritlc 
damping  model),  R]  and  R2  are  correcting 
coefficients,  Ny  ,  and  are  normal  forces, 
and  y  Is  the  dry  frlctlofl  coefficient. 

Applying  again  the  method  of  harmonic 
balance,  we  let 


1v  *  °v  totU  nv) 

(40) 

^  '  Ay  COS  (lit  **v) 

(41) 

If  we  Introduce  these  Into  the  equation  of 
motion,  and  Introduce  the  simplifications: 

sgn  [C-jS1n(ii)t  +  Bj)  -  C2S1n  (wt  +82)] 


C|S1n(wt  ♦  8-j)  -  C2S1n(<ut  +  82) 
+  C2  -  2C.,C2  Cos  (6^  -  02) 


(42) 


(first  term  of  the  Fourier  expansion;  Ci  2* 

8]  2  are  constants)  then  the  equations  fir  the 
unknowns: 


Z2v-1 


"  Ay  Cosav 


P(Z)Z  -  Q, 

where  \  Is  the  column  matrix  (■  x  1)  of 
variables  ?2v_j  and  J^whereV"  l,...n  and  f 

m  *  2n,  g  Is  the  column  matrix  (m  x  1)  of  the 
excitation  vectors,  and  p  is  a  nonlinear 
square  matrix  of  dimension  m  x  m. 

The  matrices  P,  Z,  and  Q  are  given  by 
expressions  (44)  through  (51). 


Z1  ' 

s 

Aj  Cosaj 

Z2 

-A^  Sinaj 

Aj  Co$a2 
-A«  Slncxj 

Vi 

\Cosan 

z 

.  'An  Sinan  . 

9 M 

\  ' 

■ 

^1 1  +^2i  51n6j ) 

h 

•  • 

*  • 

Vi 

•  • 

S  . 

Sn( R1 nS1 n4n+R2nCos4n) , 

In  the  matrices  we  further  have: 
Pvl  "  *2v*  K3v*  *3,v-1  '  V2 

.  Kiv^2|y*n2*  Vy*3 

"  <V"l/>Z  +  (Klvn)Z 


Pv2  “  nl(2v  +  n1(X3v  +  S.v-l* 

+  nKlu  AS _ 

^Iv-^v-2)2  +  ^lv^2 


and 


Z2v"  '  \  S1no,v  v  •  1.  ■•••  " 

can  be  written  In  the  form  of  a  nonlinear 
algebraic  matrix  equation: 
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with  v  •  1,  2,  ....  n;  and  n  ♦  1  *  1,  n  +  2«2. 


Iterative  Calculations:  As  previously  noted, 


Involving  Mv  and 


Vv  which  In  turn  are  functions  of  the  components 
Zy  of  the  vector  Z.  Thus,  the  notation  P(Z)  Is 


meaningful. 

A  sequence  Z^  of  approximate  solutions 
Is  obtained  whlch'satlsfles 


p(o-l )j[o)  .  q.  a  .  lt  2,...  where 

P(o_1)  •  P(Z  (a_1));  a  -  2,3 . 

Initially,  p(°^  Is  calculated  with  Hv  ■ 

•  0,  and  Vy  «  V<°>  for  v«  1 . m  and 

the  system 

p(°)z  .  Q 

is  solved  for  Z  -  Z{1\  A*1*,  6*1*  ,  W*1*, 

V<’>.  end  finally  are  then  computed  and 

P(1)Z  -  Q  (52) 

solved  for  Z1*2^.  The  process  continues  with 
each  Iteration  obtained  by  a  standard  linear 
equation  solving  subroutine.  The  particular 
algorithm  utilizes  UL  factorization  with 
Iterative  refinement  (References  [34,35]). 

The  process  terminates  when  any  one  of  the 
following  conditions  Is  satisfied: 

(1)  Max  |zj,0)  -  zj8'1,|  <  e, 

V 

7(0)  .  z(o-l ) 

(2)  *x  -  <  c2  (53) 

(3)  a  *  ITMAX  (maximum  number  of 

Iterations.) 

(cp  e2  -  chosen  numbers  defining  the  precision 
of  results). 

The  amplitudes  and  phases  of  the  solution 
(40)  and  (41)  are  finally  expressed  as 
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V  /<WZ*  <**/ 


(54) 


°v  *  lsl *  -  \> 

+  r,S1n(5v  -ov)]}1/2t(K,v  -  «,v«2)2  (55) 

♦  (Klvn)2  ]‘1/2 

%  ■ arc  un  (-^r)  (56) 


yv  -  arc  tan  t<Sv<K,v  -  m^u,2)  Sin  «v  -  K,vn 
•Cos  6v]  +  AvKwS1n  «vCK1v(1  +  n2) 

-»1V“23  -  AvCos  av«ilvKlvnu>2}  /  (57) 

«V»IV  •  mlv“2)  005  V  K1vn  S1n6v] 

♦  VivCos  \[K,V0  +  n2)  -  m,v<-2] 

♦  Av  Sin  avmlvKlvmo2)] 
v  *  1 .....  n 
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VIBRATIONS  OF  A  BEAM  UNDER  MOVING  LOADS  BY  A  FINITE  ELEMENT 
FORMULATION  CONSISTENT  IN  TIME  AND  SPATIAL  COORDINATES 


Julian  J.  Wu 

U.S.  Any  Araaaane  Research  and  Development  Command 
Large  Caliber  Weapon  Systems  Laboratory 
Benat  Weapon*  Laboratory 
Watervllet,  NY  12189 


A  finite  element  formulation,  which  dlacretlcea  the  time  dimension  In  the 
same  manner  as  It  docs  to  the  special  dimension,  Is  presented  and  applied  to 
the  vibration  analysis  of  elastic  beams  under  moving  load  and  to  the  lateral 
motions  of  a  gun  tube  affected  by  a  moving  projectile.  The  procedure  la  baaed 
on  an  unconstrained  variational  approach.  Bi -cubic  polynomials  are  used  as 
element  shape  functions.  'Stiffness'*  matrices  and  “force*  vectors  Integrated 
both  In  time  and  epatlal  coordinates  are  described.  The  versatility  of  this 
formulation  la  demonstrated  by  ntaeerlcal  results  obtained  for  moving  loads  with 
constant  and  variable  velocity  beams  with  sundry  support  conditions  and  with 
differential  equations  which  can  be  non self -ad joint  and  with  variable  coeffi¬ 
cients.  Numerical  convergence  of  several  simple  cases  have  been  verified  with 
a  aeries  solution.  Results  of  motions  of  a  typical  cannon  tube  are  Included. 


INTRODUCTION 

A  general  and  versatile  procedure  Is  Intro¬ 
duced  and  applied  to  vibration  analysis  of  beams 
subjected  to  moving  loads.  Depending  on  the 
range  of  spaed  and  acceleration  of  the  load, 
this  problem  la  often  associated  with  the  design 
and  analysis  of  rails  and  bridge*  affected  by 
moving  vehicles,  tracks  for  rocket-firing  and 
the  gun  barrel  dynamic*  as  affected  by  a  moving 
projectile.  Most  of  tha  work  In  the  existing 
literature  are  concerned  with  railroad  struc¬ 
ture*  (see,  for  example  reference  [1|  and  many 
paper*  cited  therein  from  the  year  1911  to 
1971).  Recently,  application  of  this  mathasMt- 
lcal  modal  ha*  been  extended  to  gun  dynamic* 
analysis  [2,3]. 

Only  linear  problems  will  be  considered  In 
this  paper.  The  basic  differential  equation  la 
that  of  a  Euler- Bernoulli  beam  Including  Inertia 
effect.  This  equation  can  be  modified  to 
Include  structural  damping,  elastic  foundation 
and  axial  force.  There  can  be  a  wide  range  of 
support  conditions.  Frequently,  tha  reality  of 
multiple  epens  of  a  beam  must  be  dealt  with. 
Finally,  there  are  the  moving  loads.  These 
loads  may  be  concentrated  or  varying  In  spatial 
a*  well  as  la  time  coordinates.  They  may  be 
moving  with  constant  or  varying  speeds.  If  the 
moving  load  is  associated  with  a  mass,  the  Iner¬ 
tia  effect  must  be  Included. I  Classical  analy¬ 
ses  on  the  dynamic  behavior  of  beams  with  mov¬ 
ing  loads  were  usually  carried  out  either  by 
eigenfunction  expansions  (with  appropriate 


boundary  conditions),  or,  by  transform  methods. 
These  approaches  are  ad  hoc  and  have  many 
restriction*.  On  the  other  hand,  the  finite  ele¬ 
ment  method  has  not  yet  been  exploited  to  Its 
full  potential  In  solving  transient  dynamic  prob¬ 
lems  which  are  of  our  concern  here. 

In  Section  2,  the  partial  differential  equa¬ 
tion  of  an  Euler-Bernoulll  beam  subjected  to  a 
moving  force  and  on  elastic  foundation  and  that 
of  a  gun  tube  motions  are  stated.  These  equa¬ 
tions  are  nondlmenslonallced;  and  the  normalised 
parameters  are  Introduced  for  the  convenience  of 
parametric  studies  and  for  generality.  The  mov¬ 
ing  mass  problem  can  be  considered  as  a  special 
case  of  the  gun  motion  equation.  In  Section  3, 
the  variational  problems  equivalent  to  the  stated 
differential  equations  and  a  general  set  of  end 
conditions  are  presented.  Ote  special  feature  of 
the  present  formulation  Is  that  all  the  end 
condition*  -  l.e.,  boundary  as  well  as  Initial 
condition  are  made  to  be  natural  “boundary*  con¬ 
ditions  through  ths  use  of  some  large  “spring’ 
constants,  or  the  so  called  penalty  functions 
method  In  optimisation  theories.  Based  on  these 
variational  problems,  a  finite  element  discreti¬ 
sation  Is  Implemented.  This  Is  outlined  In  Sec¬ 
tion  4.  The  shape  function  Is  chosen  to  be  a 
product  of  two  third  order  (hermit lan)  poly¬ 
nomials,  one  In  spatial  coordinates  and  the  other 
In  time.  This  element  shape  function  ha*  been 
ueed  previously  with  success  In  conjunction  with 
a  hast  conduct  Ion  problem  [ 4] .  Some  numerical 
results  obtained  by  tha  present  formulation  are 
presented  In  Section  5.  Tha  moving  force 
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problem  with  constant  velocity  In  studied  with 
various  velocities.  The  results  are  compared 
with  a  aerie 3  solution.  Then  the  effect  of 
acceleration  Is  examined.  The  solutions  to  a 
beaa  on  elastic  foundation,  a  two-span  be as  and 
that  of  a  aovlng  aass,  are  presented.  Finally 
aaae  calculations  for  Che  aotion  of  a  typical 
cannon  tube  are  presented. 

2.  DIFFERENTIAL  EQUATIONS  AND 
NONDIMENSION ALIZATION 

2.1.  Moving  Force  on  a  Beaa  on  Elastic 
Foundation 


y*“"  +  k*y*  +  Y2y* 


Q$(xp*-x*) 


0  <  x*  <  1 
0  <  t*  <  1 


(3) 


where 


k* 


Q  -  pe 


Pi2 

El 


(4) 


Let  us  begin  with  the  differential  equation 
of  a  uniform  Euler-Bernoulll  beaa  on  elastic 
foundation  subjected  to  a  aovlng,  concentrated 
force. 


Also  note  In  eq.  (3)  that  the  differentiations 
are  now  with  respect  to  the  nond laen s lonal  1  zed 
variables  x*  and  t*.  From  now  on,  we  shall  use 
eq.  (3)  with  the  asterisks  dropped  altogether. 


Ely"”  +  ky  +  pAy  -  P«(xp-x) 


0  <  x  <  t 


0  <  t  <  T 


(1) 


y"“  +  ky  +  r2y  -  Q«(xp-x) 


0  <  x  <  1 


0  <  t  <  1 


(5) 


where 


E,p  -  Young's  aodulus,  density  of 

the  beaa  aaterlal 

I, A  -  second  wment,  area  of  the 

beams  cross-section 

t  -  length  of  the  beaa 

y  -  y(x,t)  -  beaa  deflection 

x,t  -  coordinates  In  beams'  axial 

direction  and  In  time 

P  -  magnitude  of  the  concen¬ 

trated  force 

6(x)  -  Dirac  delta  function 

Xp  •  Xp(t)  «  location  of  P 

T  -  some  finite  tlae  of  interest 

k  -  spring  constant  of  the 

foundation 

As  usual,  a  prime  (’)  denotes  dlfferantlatlon 
with  respect  to  x;  and  a  dot  (•),  differentia¬ 
tion  with  respect  to  tlae  t. 

It  Is  convenient  to  eaploy  nondlaenslonal 
paraaeters  and  equations.  These  will  be 
Introduced  by  way  of  eq.  (1).  The  nondlaenslonal 
paraaeters  will  first  be  Identified  by  an 
asterisk  (•).  When  everything  appears  with  an 
asterisk  at  the  and  of  nondlaenslonallsatlon,  we 
than  drop  all  the  asterisks  to  save  some  writing, 
but  with  the  realization  that  they  are  now 
nondlaenslonal  quantities.  iThus,  let 


2.2.  Gun  Tube  Dynaalce  and  Moving  Mass  Probleas 

The  second  differential  equation  considered 
here  Is  that  of  gun  tube  vibration.  We  shall 
simply  Introduce  the  equation  and  state  the 
meaning  of  each  term.  The  detailed  derivations 
of  this  equation  are  given  In  reference  [2]. 


(Ely")"  -  [P(x,t)y»l'  +  pAy  -  -P(x,t)H(xp-x) 

•  •  •  **  -  — 
“*pl*p2y"  +  2xpy'  +  y] 6(xp-x)-(apgcosa)S (xp-x) 

-  pAgcosa  (6) 

Referring  to  Figure  1,  y(x,t)  denotes  the 
lateral  aotion  of  a  gun  tube  approxlaated  by  a 
Euler-Bernoulll  beaa.  Symbols  In  addition  to 
those  already  defined  In  Section  2.1  are  the 
following: 


y*  ■  y/t  ,  x*  »  x/A  ,  t*  ■  t/T 
Use  (2)  In  (1),  one  has 


(2) 


F(x,t) 

R(x) 

p(t) 

P(x,t) 

*P»  *p 

8 

a 

H(x) 


»*2(x)p(t) 

Inner  tube  radius 
bora  pressure 


J*x  pAd» 


(-P(0,t)  +  gslna  /  pAdx) 

®  /*  PAdx 

1 


projectile  mess  and  velocity, 
respectively 

gravitational  acceleration 
elevation  angle  (see  Figure  1) 
Heaviside  step  function 
xp 
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x 


Fig.  1  -  A  schematic  drawing  of  the  gun  tube  motion  problem 


Assuming  uniform  cross-section  for  simplic¬ 
ity  at  the  present  time,  the  nondlmenslonallzed 
equation  of  (6)  can  be  written  as 


Including  non-self  adjoint  boundary  value  prob' 
leas  and  Initial  value  problems,  the  results 
have  been  encouraging  [4]. 


♦  (-F  +  g  aln  a)[(l-x)y’]  •  +  y2, 

•  • 

-  -Py”H(x-x)  -  T2m[x2y"  +  2xy'  +  ylfi(x-x) 

-  (gm  cos  a)6(x-x)-g  cos  o 
where  m  Is  the  projectile  mass  (normalized). 


(7) 


3.1.  Moving  Force  Problems 

To  establish  a  desired  variational  problem, 
one  begins  with  the  given  differential  equation 
and  perform  lntegratlons-by-parts  upon  the  inner 
products  formed  by  the  equation  and  the  varia¬ 
tion  of  some  properly  chosen  functions.  In  our 
procedure,  the  adjoint  variable  has  been  taken 
for  this  purpose.  Thus,  for  the  equation  con¬ 
sidered  In  Subsection  2.1,  we  have  obtained  the 
following  variational  problem. 


It  la  noted  that,  with  only  the  terms 
underlined  retaining,  eq.  (7)  become  one  for  a 
moving  mass  problem. 


3.  VARIATIONAL  PROBLEMS  AND  END  CONDITIONS 

It  la  well  known  that  many  procedures  for 
the  obtaining  of  approximate  solutions  to  Ini¬ 
tial  and  boundary  value  problems  can  be  based 
either  on  some  variational  problems  (principles) 
or  on  the  concept  of  weighed  residuals  [  S] .  In 
case  of  self-adjoint  problems,  the  two  can  be 
made  equivalent  to  each  other  and  the  conver¬ 
gence  proofs  of  such  procedures  are  well  estab¬ 
lished  Including  finite  element  discretizations 
(see,  for  example  [6]).  The  general  proof  of 
convergence  of  such  procedures  applied  to 
non-self  adjoint  problems  Is  not  known  to  this 
writer  except  In  some  very  special  cases  [7,8]. 
Since  the  problems  considered  In  this  paper  are 
non-self  adjoint  In  general,  the  solution 
procedure  can  be  viewed  as  numerical  experimen¬ 
tations.  For  many  problems  experimented, 


$I(y.y*)  -  o  (8a) 

where 

11  •  • 

1  ■  Iq  /  -  yzyy*  +  fcyy*  -  Q«(xp-x)y*]dxdt 

,i 

♦  J0  tMy(°.t>y*(0.O  +  h2y'(0,t)y*'(0,t) 

+  k3(y(l,t)y*(l,t)  +  k4y'(l,t)y*'(l,t) 

+  J*  iMy(*»0)  -  yo(x)]y*(x,l) 

-  yl(x)y*(x,0)|dx  (8b) 

where  y*(x,t)  Is  a  function  “adjoint"  to  y(x,t) 
[9],  By  carrying  out  the  first  variations  of 
eqs.  (8)  and  at  the  same  time  restraining  the 
original  function  y(x,t)  from  varying  at  all, 
one  arrives  at: 


-  Jl  Jl  [ y""  +  y  +  yzy  -  Q4(xp-x)]4y*dxdt 
0  0 


*  IQ  {[y"'(0,t)  +  kiy(0,t)]4y*(0,t) 

-  ty"(o,t)  -  k2y'(o.t)i4y*(o,t) 

-  ly"'  (1,0  -  k3y(l,t)]6y*(l,t) 

+  [y"(l,t)  +  k4y’(l,t)14y*(l,t) 

+  k5y(x8,t)«y*(x8,t)}dt 


+  IQ  ((-y(x,l)  +  k7(y(x,0)  -  yo(x)]«y*(x,l) 

+  [y(x,0)  -  yi(x)]4y*(x,0)}dx  (9) 

By  virtue  of  the  fundamental  lemma  of  the  calcu¬ 
lus  of  variation  [10]  and  the  fact  that  4y*(x,t) 
Is  not  restricted  In  any  way  whatever,  eq.  (9) 
leads  to  the  recovery  of  the  original  differen¬ 
tial  equation  plus  the  Initial  conditions: 

y(x,0)  -  yo(x) 

.  (10) 

y(x,o)  -  yi(x) 

a  set  of  very  general  boundary  conditions 
y-(0,t)+kiy(0,t)  -  o  ,  y-(0,t)-k2y*(0,t)  -  0 


y”'(l,t)-k3y(l,t)  -  0  ,  y"(  1  ,t)+k4y' ( 1  ,t)  -  0 

and  an  Intermediate  support  condition: 

y(xs,t)  -  0  (12) 

It  should  be  noted  that  the  first  eq.  (10)  and 
eq.  (12)  are  valid  only  when  ky  and  k5  goes  to 
Infinity,  respectively.  This  use  of  ks  was 
employed  previously  with  success  In  obtaining 
ntaerlcal  solution  to  a  simple  heat  conduction 
problem.  It  Is  also  known  as  the  penalty 
functions  method  In  optimization  theories 
for  example,  [U]).  However,  from  our  point  of 
view,  k7  la  an  extension  of  kj,  k2,  etc.  are 
simply  the  spring  constants  known  to  structural 
engineers  long  before  the  so  called  "penalty 
function  method"  came  Into  being. 

Thus,  one  has  established  the  equivalence 
between  a  variational  problem  and  an  Initial 
boundary  problem  for  a  particular  set  of 
parameters  to  be  selected.  For  example.  If  one 
chooses  kj  *  k2  -  m  ,  k3  *  k4  •  kj  «  0,  the 
problem  becomes  a  cantilevered  beam  without 
Intermediate  support. 


3.2.  Gun  Motions  and  Moving  Mass  Problems.  The 
variational  associated  with  eq.  (7)  for  gun  tube 
motions  can  be  written  as  follows: 

12  3 

41  -  ( 4 1 )y  -  l  (41i)y  -  l  (4X.)  -  0  (13a) 

1-1  3-1 

with 

h  -  /J  Il0  yHy*’d*dt 

,1  rl 

I2  -  (P  -  g  sin  o)/q  J  (l-x)y%y*'dxdt 
x3  "  -t2/q  Jq  yy*dxdt 


,1  r1 

I4  ■  -P /  JQ  y'y*'H(x-x)dxdt 


,1  .1 

I5  -  -P /  /  y'y*'4(x~x)dxdt 

0  0 


Ig  -  -m$2Y2/^  t  y'yW’Btx-xldxdt 


I7  -  -m02Y 2Jq  fQ  ty'y*'4 ’ (x-x)dxdt 


Ig  -  2mBY2/Q  I Q  ty*  y*4 (x-x)dxdt 


,.1  .1 

I9  -  -mY4JQ  yy*4 (x-x)dxdt 


7fl  fl  *  -  ” 

IjO  -  -mY 2/q  Iq  yy*4 (x-x)dxdt 
Ill  “  JQ  fkiy(0,t)y*(0,t)  +  k2y'(0,t)y*(0,t) 
+  k3y(l,t)y*(l,t)  +  k4y'(l,t)y*'(l,t)}dt 


I 1 2  “  k7/0  y(x,0)y*(x,l)dx 


,1  .1 

Ji  -  -g(cos  a)  j  I  y*dxdt 
0  0 


.1  .1  -  - 

J2  *  -gm(cos  a)  J  ^  J^y*4 (x-x)dxdt 

,1 

J3  -  kyj  Y(x)y*(x,l)dx 
0 


P 
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Similar  to  eqa.  (11)  and  (12),  the  boundary  and  between  global  coordlnatee  (x,t)  and  local  (( ,n) 

Initial  condltlona  turn  out  to  be  reepectlvely:  of  the  (i,))2*1  element  can  be  written  aa 


y"(0,t)  -  k2y'(0,t)  -  0 
y-(l,t)  +  k4y*(l,t)  -  0 


6  -  ((*>  -  Kx  -  1+1 
n  -  nO)  -  Lt  -  j+1 


y“’(0,t)  +  kjy(0,t)  +  (-P  +  g  coe  a)y'(0,t) 
♦  Py'(0,t)H(i(t))  +  m02y’(O,t)«oi(t))  -  0 
y-'U.t)  -  k3(l,t)  +  Py' (l,t)H(x(t)-l) 


In  terme  of  local  coordlnatee,  eq.  (9)  becomes 


j,  A  ;o[r 


+  m02y'(l,t)«(x(t)-l)  -  0  (14a) 

and 

y(x,0)  -  0 

y(x,l)[l  +  mi (x(l)-x)]  +  k7ly(x,0)  -  Y(x)]  -  0 

(14b) 

It  le  noted  that  with  I2,  Ij,  and  lg  dropped  In 
eqs.  (13),  the  problem  becomes  that  of  a  moving 
mass  Including  the  Inertia  of  the  bean . 

Equations  (19)  and  (13)  are  then  the  bases 
from  which  the  numerical  procedures  are 
established. 

4.  FEATURES  IN  FINITE  ELEMENT  DISCRETIZATION 


Local  Coordinates  and  Shape  Functions 


Aa  the  normalized  parameters  are  used,  the 
domain  of  Interest  of  a  problem  Is  always  a  unit 
square.  The  elements  then  consist  of  the  sub 
rectangles  resulting  from  a  division  Into  K 
equal  segments  In  x-dlrectlon  and  one  Into  L 
equal  segments  In  t -direction.  A  typical  ele¬ 
ment  scheme  la  shown  in  Figure  2.  The  relation 


‘  “  y(l))sy*(lJ)]<1W,' 

L  i  kj 

+  I  /.  I—  y(ij)(0,n>«y*(ij)(0,n) 
j-1  0  L 

K2 

+  k2  —  y’(ij)(0,n)«y**(ij)(0,n) 

Is 

+  I  J*  ^  [Y2k5(y(ij)«.o)«y*(lj)(e.i))l 
■  l  l  ~  I*  J*  «(x-i)6y*(lj)((.n)d(dn 

1-1  j-1  L  0  0 

r  y2k5  rl 

+  l  -  /  «  [T(l)(«fiy*(lL)«.l)l  (16) 

1-1  K  0 

The  shape  function  vector  Is  now  Introduced. 

Let 

y(lj)(«.»)  -  aT«,n)T(1J)  (17) 

y*(lj)(5,n)  -  aT(C,h)T*(1j)  -  T*T(ij)a((,n) 


Fig.  2  -  A  typical  finite  element  grid  scheme  showing 
and  the  global,  local  coordinates 


115 


la  this  praaaat  Mark,  mi  hivi  chosen  a((,n) 
to  be  in  the  following  fora: 


a.«,n)  -  bp(Obq(n)  (l«e) 

r  ”  _  _  _  *  >t  a  i 


p,q  -  1, 2, 3, 4 

with 

bj(C)  -  1  -  3€2  +  2C* 
b2(C)  -  €  -  C2  +  C3 
b3(C)  -  3€2  -  2C3 

b4(t)  -  -  C2  +  e3  (18b) 

4i  •  rooult  of  this  choice  of  shape  functions, 
the  generalised  coordinates  for  the 

(l,j)th  eleaent  can  be  written  aa 

JT(1J)  “  1*1  *2 . *16l(ij)  <19> 

-{<y  y,n  y.enh  <r  y.e  r.n  y,en>2 
(y  y.c  y.n  y,en>3  <y  r,e  y,n  y.cnH) 

where  the  superscript  T  denotes  the  transpose  of 
e  aatrlx  (In  this  esae,  a  sector)  and  the  sub¬ 
scripts  1,  2,  3,  end  4  indicate  the  local  nodes 
also  shown  in  Figure  2.  The  correspondence 
between  the  index  a  and  the  pair  (p.q)  in  eq. 
(18a)  is  gisen  in  Table  I  below. 


Table  I.  Correspondence  Between  (p,q)  and 
a  in  Displacement  Functions 

•a(C>D)  -  bp(n)b<,(n) 


!  a 

r 

(p.q> 

a 

1  (p.q) 

IT 

1 

1 

(l.i) 

9 

1  (1,3) 

1 

2 

1 

(2.1) 

10 

1  (2,3) 

3 

1 

(1.2) 

u 

1  (1.4) 

1 

4 

1 

(2.2) 

12 

1  (2,4) 

1 

5 

1 

(3.1) 

13 

1  (3,3) 

1 

6 

1 

(4,1) 

14 

1  (4,3) 

1 

7 

1 

(3,2) 

15 

1  (3,4) 

1 

8 

_ L 

.1*1*2 _ 

16 

■  I.  l*i*L_ 

With  shape  functions  Introduced  shore,  we 
shall  describe  the  obtaining  of  eleaent  "stiff¬ 
ness*  ,  "ease*  aat rices  and  elaaent  'force*  sec¬ 
tor  which  lnsolses  integrations  in  tlae  as  well 
as  in  spatial  coordinates  in  the  next  subsec¬ 
tion. 

4.2.  Stiffness  Hat rices  and  Force  Vectors 

Integrated  In  Tlae  and  Space  Coordinates 

Substituting  eq.  (17)  into  (16),  one  has 

K  L  si  ,2, 

I  [  «J*T(lj)  {_  a  -  ---  8}  T(1J) 

1-1  J-l  L  K 

L  ki  k2K2 

♦  I  «5*T(ij)  I—  *  t~  *2}  la j> 

1-1  *•  u 


L  k3  k4K2 

+  I  «*T(HJ)  I—  »S  ♦  - —  »4)  J(ij) 

1-1  ”  —  — 

l  Y*k5 

+  I  «J*t(il)  »s}  3(il) 

i"l  ~  *■ 

■  A  A  4rT»j>  I  F(u > 

1-1  1-1  l 

K  Y2k5 

♦  I  «J*T(1L)  ~  C(1)  (20) 

1*1  *  ^ 

where g  it  It  can  be  seen  easily,  that 

*  -  /q  fg  ?.«  ;T.«  d«" 

•  -  fl0  fl0  ;.n  !T.n  d«n 

Bj  -  /*  a(0,n)aT(0,n)dn 

•2  ■  JQ  a,5(0,n)eT,{(0,n)dn 

B3  -  l\  e(l,n)aT(l,n)dn 

-  0  - 

*4  -  /q  at5(l,n)eT>£(l,n)dn 
B5  -  J*  a(t,l)a*«,0)d«  (21) 

and 

f(lj)  -  j'0  fg  *(€,n)d(jJ)(C-C)d{dn 

®(i)  "  a(e,l)T(i)«)dC  (22) 

It  is  noted  t hat  the  aatrlx  £,  In  eq.  (21)  Is 
analogous  to  the  usual  stiffness  aatrlx  except 
now.  It  also  includes  the  integration  In  the 
tlae  dlaenslon.  Ths  aatrlx  £  Is  the  corre¬ 
sponding  *aaas'  aatrlx,  etc.  These  Matrices 
are  easily  obtained.  However,  we  shall 
describe  ths  procedure  of  obtaining  ths  'force* 
rector  £(1J)  in  eq.  (22)  in  some  details 

?(1J)  -  /J  J*  a«,n)«(1J)(e-OdMn  (23) 

where  the  coaponante  of  a  is  given  In  eq. 

(18a).  Note  that  equation  (18b)  can  be  written 

as 

4  p'-j 

bp(C)  -  l  bpp’C  (24) 

P’-l 

end  ths  value  of  bp-'  can  be  tabulated  as  in 
Dsble  II. 
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Table  II.  Values  of  bpp'  In  Equation  (24) 


1  1 

2 

3 

1 

1  4 

\ 

1 

1 

1  1 

l  I 

0 

-3 

1  l 

T 

1 

1 

2  1 

0  1 

1 

-2 

1  1 

1 

1 

3  1 

0  1 

0 

3 

1  -2 

1 

1 

4  I 

0  1 

0 

-1 

1  1 

1 

Now,  let  us  consider  ^(ij)(£"£).  This 
"function"  represents  the  effect  of  the  Dirac 
delta  function  6(x-x)  In  the  (lj)th  element. 

If  the  curve  of  travel  x  -  x(t)  does  not  go 
through  the  element  (l,j),  ^(lj)(?”0  -  0.  If 
It  passes  through  that  element,  one  has 

«<ij)(5-0  -  6(x-i)  -  K 6(5-5)  (25a> 


with 


5  -  5(n)  (25b) 

The  function  6(n)  Is  derived  from  x  -  x(t). 

For  example.  If  the  force  moves  with  a  constant 
velocity,  one  has 

x  *  x(t)  ■  vt  (26a) 


It  follows  from  Eqs.  (15)  that 

-  vK 

5  ■  5(n)  -  -1+1  +  —  (n+J-1)  (26b) 

L 

With  Eqs.  (18),  (24),  (25),  and  (26),  one 
writes  (23)  as 

.1  ,1  -  - 

*(lj)k  -  */  J  a^S ,n)6(5-5)d5dn  (27a) 

14  0  0 

*  *  ,1,1  P-l  q-l-  - 

F(lj)k  *  I  Ik  /  J.  bipbjq  5  n  6(5-5  )d5dn 
p-l  q-l  0  0 

(27b) 


Equation  (27)  can  then  be  evaluated  easily  once 
the^exact  form  of  6  Is  written.  For  example, 

If  5  -  n,  Eq.  (27)  reduces  to 

F(lJ)k  "I  I  K  blp  bjq  /  5  d5 
p-l  q-l  0 

4  4  Kbfpbjq 

-  I  I  -----  (28) 

p-l  q-l  p+q-1 


1  With  all  element  matrices  and  force  vectors  In 

t  eqs.  (20),  (21),  snd  (22)  evaluated  one  can 

I  routinely  assemble  the  global  scalar  equation 

6Y*T  1C  Y  -  6Y*  F  (29) 

By  virtue  of  the  fact  that  6Y*  Is  not  subjected 
to  eny  constrained  conditions,  one  has 

K  Y  -  F  (30) 


The  assembling  of  equations  for  a  gun 
dynamics  problem  Is  more  Involved.  The  basic 
procedures,  however ,  are  the  same.  We  shall 
omit  such  details  here. 

5.  NUMERICAL  RESULTS 

The  solution  formulation  presented  In  the 
previous  section  clearly  can  be  applied  to  a 
wide  range  of  problems.  Here  In  this  Section,  a 
number  of  demonstrative  examples  will  now  be 
given. 


5.1.  Moving  Force  With  Constant  Velocity 

First,  let  us  consider  a  simply  supported 
beam  subjected  to  a  moving  force  with  a  constant 
velocity 

1 

v  -  - 
T 

As  T  varies  from  —  to  0,  the  velocity  varies 
from  0  to  — . 


It  will  be  helpful  to  compare  v  with  some 
reference  velocity  which  Is  a  characteristic  of 
the  given  beam.  It  Is  known  that  for  a  simply- 
supported  beam,  the  first  mode  of  vibration  has 
a  frequency  (see,  for  example,  [11]) 


w  1  x2  x 

fi  -  —  -  —  ( — )  -  —  (cycles  per  seconds) 

2x  2x  c  2c 

and  the  corresponding  period. 


2c  2t2  / pA 

. V  (-) 


The  letter  symbols  l,  T,  and 
defined  In  Section  2. 


El 

all  have  been 


The  velocity  of  the  flexural  waves  corre¬ 
sponding  to  the  first  mode  Is 

xt 

vj  •  2tf I  -  — 

c 

Hence  the  relative  velocity  of  the  moving  load 
Is  defined  by 

-  v  c  *1 

v  -  —  «  —  -  — 

vj  xT  2T 

In  several  examples  to  follow,  the  value  of  c  Is 
taken  to  be  unity  (1.0  sec.). 

Thus 

x 

fl  -  -  -  1.578  Hr  ;  Tj  -  0.6367  sec. 

and 

1 

v  —  — — 

xT 


which  can  then  be  solved  routinely 


For  T  «  100  kc .  or  aore,  the  relative 
velocity  v  (-  0.0032  or  leas),  the  solution  of 
beam' a  deflection  are  alaost  purely  static.  The 
results  for  T  -  1010  and  for  T  «  100  are  shown 
In  Tables  111  and  IV  and  also  In  Figure  3.  For 
T  ■  0. 1  sec.  and  0.05  sec.  (v  -  3.2  and  v  “  6.4 
respectively) .  the  dynaalc  effect  becoaes 


Table  III.  Deflection  of  a  Slaply  Supported 
Beaa  Under  a  Moving  Force* 

T  -  1010  sec.,  Constant  Velocity 

y(x,t)/*  [x  lO"1 1 


Ts57Tl - 1 - 1 - T 

lt/T^|  0.  I  0.25  I  0.50  I  0.75 


Tables  V  and  VI  with  various  values  of  T.  These 

r — t 

— 

T 

T 

solutions  agree  quite  well  with  a  Fourier  series 

1  0.  1 

0. 

0. 

0. 

0. 

1 

0. 

1 

solution  [1]  given  In  parentheses  In  these 

1  0.25  1 

0. 

0.11719 

0.1432 

0.09115 

1 

0. 

1 

Tables  mentioned.  It  should  also  be  pointed  out 

1  0.50  1 

0. 

0.14323 

0.2083 

0.14323 

1 

0. 

1 

that  the  grid  scheae  used  Is  4  x  4,  a  rather 

1  0.75  1 

0. 

0.09115 

0.1432 

0.11719 

1 

0. 

1 

coarse  one.  The  spring  constants  used  for  a 

1  1.00  1 

0. 

0. 

0. 

0. 

1 

0. 

1 

1.00 


slaply  supported  beaa  are  that 
kj  -  k3  -  1010 
k2  -  k4  -  0 

and  for  the  Initial  condition  to  converge  to 
sero  displacement ,  the  value  k7  •  1010  was  used. 


*le  suit  a  Identical  to  static  deflection  for  at 
least  the  nuaber  of  digits  shown. 


Table  IV.  Deflection  of  a  Slaply  Supported  Beaa  Under  a  Moving  Load 
T  »  100  sec..  Constant  Velocity 

y(x,t)/i  {x  10“ 1  ] 


r^x/t 

It/T^> 

0. 

n - 

i  0.25 

1 - 

1  0.50 

1 - r 

1  0.75  1 

1.00 

T 

1 

1 

1  0. 

T 

1 

0. 

"I 

1  0. 

1 

I  0. 

"i  r 

1  0.  1 

0. 

T 

1 

1 

1 

1 

1 

(0.) 

1  (0.) 

1 

1  (0.) 
j 

1  (0.)  1 
j 

(0.) 

1 

1 

1  0.25 

1 

0. 

1  .1172 

1  .1432 

I  .0911  | 

0. 

1 

1 

j 

1 

1 

(0.) 

1  (-1167) 

j 

1  (.1426) 

| 

1  (.0907)  | 

j  j 

(0.) 

1 

| 

1  0.50 

1 

0. 

1  .1431 

1  .2082 

1  .1431  I 

0. 

1 

1 

| 

1 

(0.) 

1  (.1433) 

j 

1  (.2085) 

1  (.1434)  | 

j  j 

(0.) 

1 

| 

1  0.75 

1 

0. 

1  .0908 

1  .1427 

1  .1168  I 

0. 

1 

1 

| 

1 

(0.) 

1  (.0916) 

| 

1  (.1438) 

| 

1  (.1176)  1 

j 

(0.) 

1 

1  1.00 

1 

0. 

1  -.0047 

1  -.0066 

1  -.0046  1 

0. 

1 

1 

1 

(0.) 

1  (-.0002) 

1  (-.0003) 

1  (-.0002)  1 

<0-> 

1 

Table  V.  Deflection  of 
T  *  1.0  sec. , 


a  Slaply  Supported  Beaa 
Constant  Velocity 

y(x,t)/i  [x  10-1] 


Under  a  Moving  Force 
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Table  PI.  Deflection  of  •  Slaply  Supported 
T  •  O.t  me.,  Coo  at  an t  Velocity 

1«  KT*) 


Under  a  Moving  force 


Fig.  4  -  Deflection  of  a  simply  supported  beam  under  a  moving  force: 
constant  velocity,  T  -  0.1  sec.  (cf.  Ti  -  0.637  sec.) 


For  a  cantilevered  beam,  one  only  needs  to 
replace  kj,  1  -  1,  2,  3,  and  4,  with  the 
following  set 

kt  •  k2  -  1010 
k3  -  k4  -  0 


Solutions  slellar  to  the  slaply  supported  beasi 
are  shown  In  Tables  VII.  VIII,  and  IX  (Figures 
6,  7,  and  8)  for  T  -  1010  T  -  1.0,  T  -  0.1  and 
T  "  0.05  sec.  As  before,  the  case  for  T  -  100 
sec.  or  wore  the  results  are  almost  purely 
static.  But  In  tha  case  for  T  ■  0.1  and  0.05, 
the  dynamic  effect  becowes  evident. 


2 


jy/* 


Fig.  5  -  Deflection  of  a  simply  supported  beam  under  a  moving  force: 
conatant  velocity,  T  -  0.5  sec.  (cf.  •  0.637  sec.) 


Table  VII.  Deflection  of  a  Cantilevered  Beam  Under  a  Moving  Force* 
T  -  1010  sec..  Constant  Velocity 

y(x,t)/i  lx  10-1 J 


1 

1  0.25 

1 

1 

0.50 

1 

1 

r 

0.75  I 

r 

1.00  1 

i  i 

1  0.  1  0. 

1  0. 

T 

1 

0. 

T 

1 

1 

0.  1 

1 

0.  1 

1  0.25  1  0. 

1  0.05208 

1 

0.13021 

1 

0.20833  I 

0.28646  I 

1  0.50  1  0. 

1  0.13021 

1 

0.41667 

1 

0.72917  | 

1.04167  | 

1  0.75  I  0. 

1  0.20833 

1 

0.72917 

1 

1.40625  I 

2.10938  I 

1  1.00  I  0. 

1  0.28646 

1 

1.04167 

1 

2.10938  1 

3.33333  I 

•Result s  identical  to  static  deflection  for  at  least  the  number  of 
of  digits  shown. 
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Table  VIII.  Deflection  of  a  Cantilevered  Beam  Under  a  Moving  Force 
T  »  1.0  see..  Constant  Velocity 

y(*,t)/i  [*  10-1] 


— 1 
.  I 

1 - 1 

0.25  1 

1 - 1 

1  0.50  1 

1 - 1 

1  0.75  I 

1 - 

1  1.00 

Table  IX.  Deflection  of  a  Cantilevered  Beam  Under  a  Moving  Force 
T  -  0.1  sec.,  Constant  Velocity 

y(x,t)/i  lx  10"2] 


Pig.  8  -  Deflect loo  of  •  cant 1 lava rad 
con  at  ant  velocity,  T  “  0.05  i 


i  under  a  moving  f area i 

(ef.  Ti  -  1.787  eec.) 


forca  With  Conata 


Xccelarat lea 


Whan  tha  forca  la  novlng  with  cooataot 
accalaration  rathar  than  conatant  velocity,  tha 
only  changa  nacaaaary  In  thla  aolut Ion 
formulation  la  to  raplaca  Bq.  (26a)  by 


2 


wharo  8  la  tha  nondlnenaloeal  accalaration. 

Hanca  tha  path  of  Integration  of  tha  forca 
vac tor  la  changed  and  thla  can  ha  dona  with  wary 
little  effort.  The  aolut Ion  for  a  cantilevered 
bean  with  T  *  0. 1  la  ehewn  la  Table  X  and 
rigeree  9  and  10. 

The  average  velocity  for  thla  caee  la  tha 
mm  aa  for  tha  caea  of  T  ■  0.1  with  conatant 
velocity,  the  affect  of  acceleration  la  obeerved 
by  comparing  figure  10  with  figure  7  (or  Table  X 
with  Table  IX). 


0.  0.25  0.50  0.75  1.00 


Fig.  9  -  Deflection  of  ■  cmnt 11  ora rad  beam  und«r  a  aovlng  forca: 

constant  acceleration,  T  «  0.03  aac.  (cf.  Ti  -  1.787  aac.) 


5.3.  loan  on  Elastic  Foundation  With  Two  Spans 

Tha  versatility  of  this  solution  formula- 
t loo  is  demonstrated  by  another  example  of  a 
bean  resting  on  an  elastic  foundation  and  with 
threa  rigid  supports.  In  this  case  us  haws 
taken  again  tha  sin  ply  supported  bean  with  a 
force  moving  with  constant  spend.  The  deflec¬ 
tion  curves  shown  In  Figure  11  are  for  T  •  0. 1 
and  with  an  Intermediate  rigid  support  at  tha 
■ldspan  and  without  an  elastic  foundation.  Fig¬ 
ure  11  la  for  the  sane  with  a  uniform  elastic 
support  with  a  spring  constant  of  k  -  10,000  per 
unit  length. 


5.4.  Cun  Tube  Motions  Affected  by  a  Moving 
frojectlie 

Tha  differential  equation  of  this  problem 
la  not  only  non-self  adjoint,  but  also  has  vari¬ 
able  coefficients  and  with  several  discontinuous 
loads.  However,  the  solution  formulation 
presented  hare  also  can  be  routinely  applied. 

Tha  parameters  used  are  from  a  model  N68  -  103 
mm  cannon  tube.  The  relevant  ones  are  listed 
below; 
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For  the  project 11a,  m  have 
ap  -  9.07  kg 

P  ■  27.58  x  10s  dynes/ca2 
8  -  2.36  x  10s  ca/aac2 
T  "  0.008  aac  -  0.01  aac. 

Conaequently,  the  nondlaanalonallaad  paraaatara 
are 

8*  -  2.0  ,  c  -  0.104  ,  P*  -  6.40 

ap*  -  0.012  ,  g*  -  0.020 

And,  with  T  •  0.01  aac.,  the  deflection  carve 
la  ahovn  In  Flguree  13  and  14. 
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(20  lb  (a))  I 
(40,000  pel)  I 
(6  x  10s  In/ aac2)  | 

*1 


•1.0x10 


•O.SxlO* 


0.5x10’ 


1.0x10 


1.5x10 


2.0x10 


11  -  Deflection  of  •  beam  with  three  support*  and  under  a  Moving  force 
constant  velocity,  T  *  0. 1  sec. 


6.  CONCLUDING  REMARKS 

A  finite  eleaent  foraulatlon  based  on  vari¬ 
ational  concepts  has  been  established  for  gun 
notions  analysis.  A  special  feature  of  this 
foraulatlon  Is  that  It  dlscretlces  the  tlae 
dlaenslon  of  a  dynaalc  problea  In  the  saae  way 
that  the  spatial  dlaenslon  Is  dlscretlsed. 

Coapar Isons  of  nuaerlcal  results  with  series 
solutions  of  a  moving  force  problea  Indicate 
that  the  present  aethod  generates  correct 
results.  For  gun  tub*  aotlons  analysis  In  this 
paper,  the  effects  due  to  a  aovlng  projectile, 
the  recoil  force  and  the  curvature  Induced  force 
have  been  Included.  The  support  condition  of  a 
cantilevered  used  In  the  analysis  Is  obviously 
unrealistic.  Nuaerlcal  data  obtained  her* 
appear  to  be  stall  by  as  auch  as  two  orders  of 
aagnltud*  coapared  with  sxperlaental  data  and 


soae  analysis  reported  earlier  [13,14].  Thus, 
future  enalysls,  which  Includes  such  peraaeters 
as  support  flexibilities  support  locations,  pro¬ 
jectile  eccentricity  (which  contributes  to  a 
aovlng  ’couple*  to  the  gun  tube)  Is  planned. 
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DISCUSSION 


Hr.  Yang  (Ualnrilty  of  Maryland):  That 
Is  a  very  Interesting  paper.  On  a 
couple  of  slides  you  had  a  capital  T 
that  was  equal  to  a  10  to  the  10th  power 
times  something? 


Mr.  Wu:  He  are  using  an  arbitrary  large 
number  to  approximate  Infinity.  As  a 
matter  of  fact  If  we  use  anything  more 
than  say  100  or  a  couple  of  100  the 
nominal  number  would  be  one*  would  be 
unity.  So  If  we  take  say  100  or  200 
essentially  it  Is  the  sane. 

Mr.  Tang:  I  understand  now.  You  also 
Indicated  that  in  some  of  your  runs  the 
time  was  1.2  micro  seconds.  If  that 
were  the  case,  then  this  curve  looks 
awfully  smooth.  I  mean  did  you  consider 
the  wave  propagation  and  the  size  of  the 
front  element  meshes  or  steps? 

Mr.  Wu:  OK,  I  understand.  You  see  the 
number  of  elements  that  were  taken  la 
very  very  small.  He  take  something  like 
four  elements.  The  most  that  we  have  Is 
a  four  segments  In  space  and  eight  In 
time.  In  other  words  this  kind  of 
wiggle  Is  the  most  we  can  pick  up  -  any 
higher  frequency  we  would  not  be  able  to 
pick  it  up.  To  pick  up  any  higher  fre¬ 
quency,  you  would  have  to  use  much  finer 
mesh. 
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THE  BEND-BUCKLING  OF  A  RING-STIFFENED  CYLINDRICAL  SHELL 


DUE  TO  WHIPPING  EXCITATIONS 


Kenneth  A.  Bannister 
Naval  Surface  Weapons  Center 
White  Oak,  Silver  Spring,  Maryland  20910 


The  problem  of  interest  is  the  bend-buckling  of  a  ring-stiffened 
cylindrical  shell  executing  a  low  frequency  beam-like  "whipping" 
motion  in  one  plane.  This  topic  is  related  to  the  design  of 
practical  ring-stiffened  shell  structures  subjected  to  in-service 
bending  loads,  for  example,  submarine  pressure  hulls.  The  larger 
objective  is  a  systematic  investigation  into  the  dependence  of 
the  critical  bend-buckling  load  of  the  structure  on  discrete 
stiffener  parameters  such  as  spacing,  eccentricity  (whether  the 
ring  is  inside  or  outside),  shape,  and  area.  As  a  simple  initial 
study,  we  will  focus  on  just  one  ring  placed  on  a  very  long 
uniform  shell.  Three  different  models  for  the  problem  will  then 
be  briefly  reviewed:  (1)  A  Dirac-6  formulation  which  explicitly 
treats  discrete  effects;  (2)  A  linear  "smeared”  stiffener  model  in 
which  the  ring  is  smoothed  over  the  shell,  thus  effectively 
replacing  the  original  ring/shell  by  a  uniform  shell  with  ortho¬ 
tropic  material  properties;  and  (3)  A  numerical  model  using  the 
"STAGS"  finite  difference  computer  program.  Finally,  calculations 
for  typical  large  shells  will  be  presented  in  order  to  compare 
these  models. 


INTRODUCTION 

We  discuss  here  work  in  progress  on 
the  relationship  of  overall  and  local 
buckling  modes  of  a  metal  structure. 

In  particular,  we  seek  a  method  for 
predicting  the  critical  load  of  a  ring- 
stiffened  cylindrical  shell  subjected 
to  a  state  of  pure  bending.  We  term 
this  critical  load  value  the  "bend- 
buckling"  load  to  distinguish  it  from 
the  other  well-known  loading  patterns 
that  can  lead  to  cylinder  buckling- 
axial  compression,  hydrostatic 
compression,  and  torsion.  The 
motivation  for  this  research  is  that 
ring-stiffened  cylinders  are  widely 
used  in  submarine  pressure  hull  design, 
aircraft  and  missile  structures,  and  in 
many  industrial  applications  such  as 
tanks  for  storage  or  transport  of 
chemicals.  These  structures  can 
experience  static  or  quasistatic  bend¬ 
ing  loads  of  differing  severities 
depending  on  their  external  environ¬ 
ments.  Pressure  hulls,  for  example, 
may  be  subjected  to  low  frequency 
bending  vibrations  (i.e.,  "whipping") 
due  to  a  nearby  noncontact  underwater 
explosion.  This  motion  is  of  such  low 


frequency  compared  to  much  higher  local 
structural  frequencies  that  it  can  be 
considered  a  quasistatic  or  static 
response  even  though  the  vibrations 
sometimes  appear  transient  and  irregular 
in  character.  In  this  study,  then, 
since  we  wish  to  determine  the  local 
buckling  response  to  what  are  essen¬ 
tially  quasistatically  applied  loads, 
the  analysis  will  proceed  with  the 
assumption  that  "whipping "-generated 
loads  are  static  loads. 

Although  the  buckling  behavior  of 
stiffened  shells  has  been  intensively 
investigated  for  many  types  of  shell 
geometries,  stiffener  arrangements,  and 
load  conditions,  the  problem  at  hand 
has  not  received  much  attention.  This 
paper  therefore  describes  a  "new  start" 
on  the  problem,  discusses  previous 
work,  and  presents  reasonable  approaches 
to  obtaining  bend-buckling  loads.  The 
larger  goal  of  the  study  is  a  systematic 
investigation  into  the  dependence  of 
bend-buckling  loads  of  general  stiffened 
shells  to  discrete  stiffener  parameters 
like  spacing,  shape,  area,  and 
eccentricity.  Determining  the 
relationship  ("sensitivity")  of  the 


bend-buckling  load  to  local  stiffener 
discreteness  parameters  would  provide 
very  useful  design  data  for  purposes  of 
preventing  bend-buckling  collapse  of 
stiffened  shell  structures. 

Real  pressure  hulls  are  quite 
complicated  structures  to  analyze;  rife 
with  imperfections,  residual  stresses, 
material  inhomogeneities,  diameter 
changes,  and  so  forth.  To  reduce  the 
problem  to  manageable  size,  we  represent 
the  hull  as  a  constant  diameter  thin 
circular  shell  stiffened  by  equi-spaced 
rings  of  identical  properties.  He 
ignore  the  effects  of  hydrostatic 
loading  here  but  at  some  phase  of  the 
study  such  effects  should  be  con¬ 
sidered.  The  entire  stiffened  shell  is 
placed  in  a  state  of  static  pure 
bending — representing,  for  example,  the 
situation  at  a  given  instant  in  a 
submarine  undergoing  whipping  response. 
Local  dynamic  effects  are  assumed  small 
so  that  inertial  terms  can  be  neglected. 
Lastly,  the  local  fluid  pressures  due 
to  the  hull  moving  through  water  will 
be  ignored.  (This  latter  assumption 
generally  applies  except  perhaps  at 
regions  of  the  hull  opposite  the 
explosion  where  high  speed  flow 
impinges  on  the  hull  surface.) 

It  is  instructive  to  describe  the 
bend-buckling  behavior  of  unstiffened 
and  stiffened  cylinders  observed  in 
experiments.  Figure  1  shows  an 
unstiffened  cylinder  subjected  to  end 
moments.  The  shell  is  made  of  a 
linearly  elastic  isotropic  metal 
(Young's  Modulus  E) ,  is  assumed  to  be 
very  long  (L/R  >_  20) ,  and  has  a 
circular  cross  section  with  moment  of 
inertia  I.  The  shell  bendB  like  a  beam 
with  curvature  1/p  in  response  to  the 
applied  moment.  Axial  stress  result¬ 
ants  thereby  appear  in  the  shell  wall 
and,  as  shown  in  Figure  1,  have 
inwardly  pointing  components  which  pull 
outer  fibers  of  the  cross  section 
inward.  Thus,  as  M  increases,  the 
shell  flattens  (ovalizes)  and  reduces 
its  moment  of  inertia  I;  in  turn  the 
bending  stiffness  El  is  reduced.  This 
process  yields  a  nonlinear  moment- 
curvature  plot  (Figure  2)  with  a 
horizontal  slope  at  the  critical 
moment.  Attempts  to  increase  the 
applied  moment  beyond  this  critical 
value  will  cause  a  precipitous  collapse 
of  the  shell— this  sort  of  collapse  can 
be  easily  demonstrated  with  an  ordinary 
plastic  soda  straw. 

For  short  shells,  with  ends  held 
circular  by  rigid  end  supports,  the 
bend-buckling  resembles  axial 
compression  buckling.  With  increased 
applied  moment,  small  amplitude  axial 


waves,  "wrinkles,"  form  on  the 
compressed  side  of  the  shell.  Unlike 
the  axially  compressed  shell,  these 
wrinkles  decay  in  amplitude  with 
circumferential  distance  away  from  the 
most  compressed  fibers.  In  general, 
the  exact  source  of  the  wrinkles  is  not 
known  but  is  believed  to  be  the  low 
amplitude  wavy  imperfections  always 
present  in  real  shells.  The  amplitudes 
of  the  wrinkles  grow  with  increasing 
load  until  the  shell  suddenly  "snaps" 
into  the  classical  diamond -faceted 
pattern  characteristic  of  axially 
compressed  shells. 

For  shells  of  intermediate  length, 
the  ovalization  modes  occur 
simultaneously  and  one  or  the  other  will 
dominate  the  final  precipitous 
collapse.  These  mechanisms  are  not 
unique  to  the  elastic  regime  leading  up 
to  instability;  careful  observations  of 
the  buckling  behavior  of  relatively 
thick  walled  (low  R/t  ratio)  shells 
show  that  ovalization  and  wrinkling 
modes  occur  when  the  shell  wall  is 
fully  plastic. 

The  trends  in  bend-buckling  modes 
of  ring-stiffened  cylinders  are  much 
less  well  understood  due  to  the 
greater  experimental  difficulties  and 
the  vast  number  of  possible  combina¬ 
tions  of  boundary  conditions  and 
stiffener  arrangements.  It  is 
reasonable  to  expect,  however,  that 
the  buckling  modes  will  resemble  those 
of  axially  compressed  shells.  First, 
two  kinds  of  "panel  instability”  or 
local  buckling  between  rings  may  occur: 
the  shell  takes  on  a  lobar  pattern 
with  an  integer  number  of  circum¬ 
ferential  half-waves,  or  it  buckles 
into  an  "accordion  pleat”  pattern. 
Secondly,  an  overall  "general 
instability"  mode  can  occur  in  which  a 
substantial  length  of  the  shell,  along 
with  several  adjacent  rings,  buckles. 
This  latter  mode  is  somewhat  akin  to 
the  ovalization  mode  in  an  unstiffened 
cylinder,  except  that  rings  are  present 
which  tend  to  control  the  extent  of 
shell  affected.  Generally,  we  can 
expect  that  the  two  panel  instability 
modes  are  local  and  will  be  strongly 
affected  by  the  discreteness  parameters 
of  the  rings,  while  general  instability 
will  be  dependent  on  gross  structural 
properties  (e.g.,  compartmentation  of  a 
pressure  hull)  of  the  entire  shell 
rather  than  on  local  details. 

PREVIOUS  INVESTIGATIONS 

A  brief  review  of  the  source  of 
underwater  loading  and  dynamic  response 
we  are  concerned  with  here  is  given  in 
[l] .  It  is  shown  there  that  the  low 


frequency  flexural  motion  of  a 
submerged  structure  requires  a  blend  of 
methods  from  the  fields  of  hydro¬ 
dynamics,  structural  dynamics,  and 
fluid-structure  interaction 
approximation  for  its  analysis.  It  is 
shown  that  due  to  the  low  frequency 
modal  content  of  the  motions,  a 
relatively  simple  lumped  mass  finite 
element  beam  model  suffices  for 
calculations  of  overall  response.  It 
turns  out  also  that  fairly  simple  fluid 
loading  and  fluid-structure  coupling 
models,  of  about  the  same  order  of 
complexity  and  accuracy  as  the  finite 
element  model,  are  available.  In 
recent  years,  more  sophisticated 
fluid-structure  analyzers,  such  as  the 
USA-STAGS  computer  code,  are  being 
applied  to  a  variety  of  problems 
involving  explosive  loads  on  submerged 
structures.  More  will  be  said  about 
this  later. 

Numerous  investigators  have 
conducted  analytical  and  experimental 
studies  of  the  bend-buckling  of 
unstiffened  cylinders  beginning  with 
the  classic  1927  paper  by  Brazier  f2] 
and  continuing  until  the  present  [3J  - 
[15 J.  A  vast  literature  exists  on  the 
buckling  of  general  stiffened  shells 
owing  to  their  many  practical 
applications  within  structures 
requiring  low  weight  and  high 
strength.  General  surveys  of  this 
topic  can  be  found  in  [lg  -  [l9]  .  The 
literature  on  the  narrower  topic  of 
ring-stiffened  cylinder  buckling  is 
also  large  since  these  structures 
traditionally  have  been  used  in 
industrial  pressure  vessel  and  sub¬ 
marine  pressure  hull  design.  Kendrick 
[20j  has  summarized  the  state-of-the- 
art  of  this  field  (at  least  up  until 
1970) .  On  the  problem  of  interest 
here,  that  is,  sensitivity  of  the 
critical  bending  load  to  local  discrete 
ring  parameters,  very  little  if  any¬ 
thing  has  been  published.  Bushnell 
[2l]  has  carefully  studied  the  inter¬ 
actions  of  ring  stiffeners  with 
cylindrical  shells  in  buckling  with 
the  aid  of  a  version  of  the  BOSOR 
computer  program.  Although  the  primary 
goal  of  his  investigation  was  to 
demonstrate  how  different  analytical 
models  of  rings  (and  their  attachment 
to  a  shell)  can  affect  buckling  and 
frequency  calculations,  he  also  found 
that  local  shell  deformations  (which 
vary  with  choice  of  ring  model)  can 
have  unexpectedly  large  effects  on 
overall  buckling  behavior. 

ANALYSIS 

Me  review  here  three  approaches  to 
predicting  the  sensitivity  of  the 


bend-buckling  load  of  a  ring-stiffened 
cylinder  to  local  discrete  ring 
properties.  First,  a  Dirac -6  method 
developed  by  Baruch  [22]  -  [23]  and 
applied  to  the  special  case  of  a  ring- 
stiffened  cylinder  by  Singer  and 
Haftka  [24]  will  be  discussed.  This 
technique,  at  least  for  symmetric 
loadings,  yields  results  applicable  to 
smeared  rings  ("first  order  approxi¬ 
mation")  and  to  discrete  rings 
("infinite  order  approximation"). 
Secondly,  the  well-known  "smearing" 
technique  will  be  briefly  described. 

This  method  is  widely  used  for  design 
of  layered  (filament  wound)  shells  and 
in  situations  involving  closely  spaced 
integral  or  attached  stiffeners.  It  is 
also  used  in  standard  design  manuals 
such  as  [25]  and  [26]  .  Shaker  [27] 
has  conducted  detailed  non-linear 
analyses  with  this  approach  applied  to 
ring-  and  stringer-stiffened  oval 
cylinders.  Lastly,  a  few  cooments  will 
be  made  about  approximate  shell  analysis 
techniques  such  as  the  STAGS  computer 
program  which  is  based  on  a  finite 
difference  energy  formulation. 

A  DIRAC-6  METHOD 

The  theory  of  this  method  has  been 
developed  by  Baruch  [22]  -  [23]  and 
applied  to  buckling  of  ring-stiffened 
cylinders  under  symmetric  loadings  by 
Singer  and  Haftka  [24] .  Geometry  of 
the  shell  and  nomenclature  is  shown  in 
Figure  3.  The  following  assumptions 
are  made  in  this  theory: 

1.  The  shell  obeys  linear  Donnell 
shell  [4]  theory  and  is  thin;  thus 

R/t  >>  1  and  higher  powers  of  R/t  can 
be  neglected ; 

2.  The  number  of  circumferential 
waves  in  buckling  is  large,  i.e., 

n2  >>  1; 

3.  The  rings  have  the  usual 
properties  of  a  beam  cross  section  but 
are  of  zero  thickness;  the  Dirac-6 
function  is  used  to  locate  a  given  ring 
at  a  particular  x; 

4.  Normal  strains  vary  linearly 
in  the  shell  wall  and  ring  and  are 
continuous  across  the  ring/shell 
juncture; 

5.  The  shear  resultant  Nx0  is 

carried  by  the  shell  entirely;  the 
rings  do  not  carry  shear  loads; 

6.  The  rings  have  torsional 
stiffness. 


A  system  of  homogeneous  stability 
aquations  is  derived  by  equating  the 
first  variation  of  the  total  systen 
potential  energy  to  zerot 

«U  »  0  (1) 


In  terns  of  the  force  resultants,  this 
can  be  written: 
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where,  for  a  single  ring  located  at 
x  -  L/2R,  the  force  resultants  can  be 
specialized  to  the  following  in  terms 
of  non-dimensional  displacements  and 
Dirac- 5  functions  (these  locate  the 
ring) : 
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where  (  )RING  indicates  that  the 

quantities  within  parentheses  must  be 
evaluated  at  the  ring  itself. 
Substitution  of  Eqs.  (3)  into  Eq.  (2) 
eliminates  the  force  resultant  terms 
but  not  the  prebuckling  membrane  force 
resultants  Nxfl,  NQQ,  and  NxQQ.  These 

latter  terms  must  be  specified  a  priori 
by  the  analyst  to  represent  the 
particular  loading  state  of  interest. 
Usually  these  terms  are  just  set  to 
constants  (or  zero)  in  problems  of 
symmetric  loading.  For  bending  they 
may  be  written: 

N0O  “  Nx0O  *  0 


Nx0  "  "  N  c°s  6 


Singer  and  Haftka  considered  only 
symmetry-type  loadings  and  assumed  the 
following  displacement  function  forms: 
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which  satisfy  the  simple  support 
boundary  conditions, 


v  ■  w  =  0 


x  =  0,  L/R 


Substitution  of  Eqs.  (5)  into  the 
displacement  component  form  of  Eg.  (2) 
produces  a  set  of  order  2m  of 
homogeneous  algebraic  equations  in  the 
unknown  coefficients  A.  B  ,  and  C  . 

ram  m 

Buckling  loads  are  calculated  from  the 
vanishing  of  the  determinant  of  the 

coefficients  of  A  ,  B_,  and  C_. 

mm  m 

At  present,  it  is  uncertain  that 
the  assumed  displacement  functions 
(Eqs.  (5))  are  applicable  to  the 
bending  problem.  Fliigge  [28]  has 
conducted  a  similar  analysis  of  an 
unstiffened  cylinder  subjected  to 
combined  axial  compression  and  bending. 
He  shows  that  the  resultant 
NxQ  =  -  N  cos  6  leads  to  a 

fundamentally  different  kind  of 
stability  equation  in  the  displacement 
components  than  that  derived  by  Singer 
and  Haftka;  i.e.,  the  differential 
equations  have  variable,  rather  than 
constant,  coefficients.  To  handle 
these  variable  coefficients  (in  8) , 
Fliigge  uses  infinite  series 
expressions  in  8  for  the  displacements. 
Fliigge  also  examined  anti-symmetric  as 
well  as  symmetric  circumferential 
modes  (by  interchanging  sin  n8  and 
cos  n8  terms  in  his  series)  in  order  to 
be  sure  the  minimum  critical  bending 
load  was  found.  A  study  of  this 
technique  is  now  underway  with  regard 
to  the  present  analysis  method. 

LINEAR  SMEARED  STIFFENER  THEORY 

A  traditional  method  in  the 
analysis  of  buckling  of  stiffened 
shells  is  to  ignore  the  local 
features  and  perturbing  effects  of  the 
stiffeners  by  smoothing  or  averaging 
them  in  some  manner  over  the  shell 
surface.  This  yields  a  continuous  but 
orthotropic  shell.  Smearing  is 
satisfactory  for  very  clqsely 
stiffened  shells  that  will  likely 
buckle  by  general  instability.  A 
standard  methodology,  adopted  by  NASA 
for  shell  design  guidelines,  has  been 
developed  by  Jones  [29].  This  method, 
originally  derived  only  for  axial 
compression  of  layered  composite  shells 
with  eccentric  stiffeners,  can  be 
modified  for  bend-buckling  according  to 
recommended  procedures  given  in  [26]  . 


Accounting  for  differences  that  may 
exist  between  bending  and  axial 
compression  buckling  loads,  [26] 
recommends  that  for  bend -buckling,  the 
shell  should  be  designed  so  that  the 
maximum  axial  force  resultant  in  the 
outer  fibers  Nx  should  not  exceed  a 

certain  fraction  of  Nx  calculated  for 
axial  compression.  That  is, 

(6) 
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where  the  factor  ^  is  based  on  a  "lower 

bound"  estimate  derived  from  rather 
limited  test  data.  Jones's  expression 
for  the  axial  compression  buckling  load 
is: 


/  n  \ 

'  x* axial  compression 

(7) 

L  2  I AH  I 

“  O  -A-  for  n  >  4 
m*  jA^j 


where  (i,j  *  1,  2,  3),  (k,l  -  1,  2)  and 
| |  signifies  the  determinant.  The 
terms  in  the  determinants  are  given  by: 
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where  E  =  shell  elastic  modulus 


where  d  =  ring  spacing 

Er  =  ring  elastic  modulus 

Gr  =  ring  shear  modulus 

Ar  ■  ring  cross  sectional  area 


v  =  shell  Poisson  ratio 

R,L  =  shell  radius  and  length 

m,n  =  number  of  axial  half¬ 
waves  and  number  of 
circumferential  waves. 

For  rings,  the  elastic  coefficients 
become: 
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I  =  ring  moment  of  inertia 
about  its  centroid 

Jr  =  ring  torsional  constant 

Z  =  ring  centroid  offset 

distance  from  shell  middle 
surface  (positive  for 
external  rings) 

Eqs.  (9)  clearly  show  the  various 
groupings  of  ring  cross  section 
properties  which  enter  the  basic 
buckling  equation  (eq.  (7))  but  the 
ring  spacing  d  in  their  denominators 
shows  that  these  "discrete”  quantities 
are  actually  smeared  over  the  panels 
between  rings. 

The  integers  m  and  n  can  be 
independently  chosen  so  that  a 
methodical  search  of  all  (m,n) 
combinations  over  reasonable  ranges  of 
m  and  n  must  be  conducted  to  ensure 
a  minimum  buckling  load  is  found.  This 
task  can  easily  be  programmed  for  a 

3 

computer.  The  term  "y"  in  Eq.  (6)  is 

a  "knockdown"  factor  typically  applied 
in  shell  design  work  and  is  derived 
based  on  experimental  work.  It  serves 
to  ensure  that  a  conservative  design 
results. 

NUMERICAL  ANALYSIS  METHODS 
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Since  the  mid-1950's  when  computers 
had  been  developed  far  enough  to  carry 
out  routine  numerical  solution 
algorithms,  approximate  numerical 
methods  have  come  to  dominate  the 
shell  buckling  analysis  field.  In  the 
last  15  years  or  so,  computer  programs 
have  been  written  with  sufficient 
generality  to  be  applied  to  three 
dimensional  smeared  or  discretely 
stiffened  shell  problems.  Current 
examples  are  STAGS  [30]  and  BOSOR  5 
[21}  which  are  both  primarily  designed 
for  shell  work,  although  STAGS,  by 
design,  is  more  general  in  scope  in 
being  able  to  handle  three  dimensional 
branched  shells.  BOSOR  5,  the  most 
recent  code  in  the  BOSOR  series,  is 
specialized  to  axisymmetric  shells 
and  can  be  used  for  very  detailed 
studies  of  local  shell  non-linear 
response  and  shell-stiffener 
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interactions.  An  investigation  of  this 
kind  has  been  conducted  by  the  code 
author  [2l] .  A  recent  STAGS  version,  • 
named  USA-STAGS  [31J,  is  equipped  to 
handle  fluid-structure  interaction 
problems  for  submerged  shells  subjected 
to  high  and  low  frequency  loads.  An 
example  of  the  use  of  this  code  for 
explosion  bubble-induced  whipping 
analysis  is  discussed  in  M- 

Given  the  obvious  usefulness  of  a 
code  such  as  STAGS  in  determining  the 
bend-buckling  behavior  of  ring- 
stiffened  cylinders,  apparently  no  such 
studies  have  yet  been  done.  In  the 
case  of  unstiffened  cylinders,  however, 
a  very  thorough  investigation  has  been 
published  by  Stephens,  et  al  [ll] . 

There,  STAGS  was  used  to  compute 
buckling  loads  for  long  uniform 
cylinders  subjected  to  pure  bending  and 
combined  bending  and  pressure  loads. 

The  "Brazier"  flattening  (or 
ovalization)  and  wrinkling  modes  of 
failure  were  considered  for  R/t  =  100 
and  over  the  length/radius  range 
6  <_  L/R  £  20.  Since  STAGS  requires 
some  means  to  permit  bifurcation  from 
the  non-linear  prebuckling  state,  a 
small-amplitude  wavy  imperfection  in 
both  x  and  6 -directions  had  to  be 
introduced  at  the  outset.  This  is  a 
reasonable  approximation  since  real 
shells  invariably  have  such 
imperfections  in  a  more-or-less  random 
pattern.  In  general,  the  results 
confirmed  the  work  of  earlier 
investigators  [2],  [6],  [9]  and  new 
results  for  combined  bending  and 
internal  or  external  were  presented. 

It  was  found  also  that  lower  L/R  cases 
(L/R  *  10,  6)  had  large  deviations 
(due  to  wrinkling  behavior)  from 
recommended  design  values.  These 
findings  are  relevant  to  a  ring- 
stiffened  cylinder  which  can  be  roughly 
modeled  as  a  series  of  short  cylinders. 

SAMPLE  RESULT 

An  interesting  application  of  the 
Dirac-6  method  described  in  Section  2.1 
shows  dramatically,  at  least  for  axial 
compression,  that  ring  discreteness 
properties  can  lead  to  local  buckling 
at  loads  much  lower  than  those 
predicted  by  smearing  techniques.  It 
should  be  noted  that  at  the  local  shell 
level,  compression  loading  will  yield  a 
stress  state  that  resembles  the 
compression  side  of  a  shell  in  pure 
bending.  Reddy  [13]  -  [15]  has 
exploited  this  fact  in  his  analyses  of 
bend-buckling.  Table  1  shows 
comparisons  of  "smeared"  and  discrete 
buckling  loads  calculated  by  Singer  and 
Haftka  for  R/t  »  100  and  for  just  a 
single  ring  placed  at  the  shell  center. 


Specific  ring  properites  are  indicated 
there  also  and  represent  a  fairly 
strong  ring,  somewhat  like  a  "deep 
frame”  often  used  in  pressure  hull 
design.  The  sharp  differences  in 
smeared  and  discrete  buckling  loads 
indicate  that  serious  consideration 
should  be  given  to  local  buckling  e 
effects  and  the  sensitivity  of  the 
applied  load  to  them. 

SUMMARY  AND  CONCLUSIONS 

The  problem  of  predicting  the 
sensitivity  of  bend-buckling  loads  of 
ring-stiffened  cylinders  to  discrete¬ 
ness  properties  at  the  local  ring  level 
has  been  reviewed.  It  turns  out  that 
this  specialized  problem  in  stiffened 
shell  buckling  apparently  has  received 
little  attention.  It  appears  reason¬ 
able  to  say  that  this  problem  therefore 
needs  attention  and  that  a  careful 
study  of  it  will  yield  practical  design 
data  as  well  as  insights  into  the 
modeling  of  buckling.  Three  approaches 
to  the  analysis  of  bend -buckling  have 
been  briefly  suninarized.  Of  the  three, 
the  Dirac-6  (analytical)  and  the 
numerical  analysis  (STAGS,  BOSOR  codes) 
show  the  most  promise  for  yielding 
useful  results.  Work  is  now  in  progress 
on  the  use  of  these  methods  for  the 
present  problem. 
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Table  1 

Comparison  of  "Smeared”  and  Discrete  Axial  Compression  Buckling  Loads 

(after  [24] ) 


111 

L/R 

P* (Smeared) 

100 

0.5 

1303 

100 

1.0 

1288 

100  2.0 

NOTES: 

(1)  For  single  ring  at  shell  center 

(2)  Discreteness  properties: 


jf-  0.5, 


Z22  m  .  0  *2 


1281 


P* (Discrete) 

533.8 

229.9 
107.4 


(3)  P*  (Smeared)  -  nondimensional  critical  "smeared"  load  (see  [24]) 

(4)  P*  (Discrete)  -  nondimensional  critical  "discrete"  load  (see  [24]) 
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P= RADIUS  OF  CURVATURE 


FIGURE  1  TUBE  BENDMG 


ORIGINAL  CROSS  SECTION 


MECHANISM  1:  COLLAPSE  DUE  TO  FLATTENM6  OF  CROSS  SECTION 
AXIAL  WRMKLMG  M  COMPRESSED  BEGUN 


MECHAMSM  2:  FORMATION  OF  AXIAL  WRMKLES 
FIGURE  2i  BENO-BUCKLMG  MECHANISMS 


- - L - ► 

- i - 

1| 

m 
« - 1 - * 

f— 

a2=rwg  area 

D  =Et3/(12(1-„2)) 

E  =  YOUNG’S  MODULUS 

#2 =RMG  CENTROtt  OFFSET  FROM 
SHELL  MDOLE  SURFACE, 
POSITIVE  AS  SHOWN  ABOVE 

G  = SHEAR  MODULUS 

122,II2=RMG  MOMENTS  OF  MERT1A 
ABOUT  ITS  CENTROID  AND 
THE  SHELL  MDOLE 
SURFACE 

J  =RMG  TORSIONAL  CONSTANT 


u,  v,  w=iT/R,  v*/R,  w‘/R 

NONDIMENSDNAL 

DISPLACEMENTS 

x,  z=x*/R,  i7R  NONDMENSDNAL 
LENGTH  COORDMATES 

?=EA2i2/D 

17=EIq2/(RD) 

r?t  =  6J/(RD) 

X  =(1— i>2)EA2i2/(EtR2) 

»= POISSON'S  RATIO 

Nx0,N*q  ,NX0O  =  PREBUCKLING  MEMBRANE 
RESULTANTS 


FIGURE  3  NOMENCLATURE  FOR  DIRAC-  5  METHOD 
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DISCUSSION 


Voice :  When  you  do  your  "Hondo"  calcu¬ 

lation,  aince  your  target  Is  double 
layer  stiffened,  how  do  you  come  up  with 
an  equivalent  plate  thickness  to  use? 

Mr.  Bannister:  We  based  our  previous 
study  with  a  deform.  We  used  an 
equivalent  thickness  also  and  as  a 
matter  of  fact  with  this  kind  of 
velocity,  2500  feet  per  second,  the 
worst  case  Is  not  really  when  you  hit 
the  stringer  and  the  web.  The  worst 
case  la  when  you  hit  in  between  the 
stringer  and  the  web,  or  the  ribs,  or 
when  you  don't  have  any  reinforcing  in 
the  back.  The  reasoning  for  that  Is 
that  It  gives  a  little  bit.  If  you  have 
a  break  where  It  hits  the  middle  it 
gives  a  little  bit,  where  as  the  other 
way  it  just  runs  right  through  because 
the  thickness  of  the  material  and  the 
ribs  really  don't  slow  this  particular 
projectile  down  that  much  under  2500 
feet  per  second.  So  for  that  study  we 
initially  looked  at  the  ship  hull 
Itself.  This  Is  contrary  to  our  usual 
studies,  where  the  worst  case  is  when 
you  hit  against  a  atringment. 

Mr.  Rubin  (The  Aerospace  Corp.);  Many 
years  ago  I  was  Involved  with  some  work 
for  the  Navy  Involving  water  entry  loads 
on  topedoes  slamming  into  the  sea.  I 


was  Involved  with  making  the  kinds  of 
loads  calculations  you  talked  about. 
After  acquiring  some  field  data  and 
seeing  some  field  failures  we  concluded 
that  the  kinds  of  calculations  that  we 
were  making  then,  which  relate  to  what 
you  are  making  now,  bear  very  little 
relationship  to  the  real  world  In  terms 
of  the  kinds  of  accelerations  that  one 
will  experience  on  a  penetrating  body. 

We  concluded  that  It  was  useless  to  make 
those  calculations  and  we  went  to  an 
empirical  approach  of  actually  measuring 
the  acceleration  responses  of  the 
penetrating  bodies  and  then  going  from 
there.  What  Is  the  correlations  between 
actual  experimental  results  and  the 
kinds  of  calculations  you  are  making? 

Mr,  Bannister;  Your  point  Is  very  well 
taken  and  I  am  sure  many  of  the  people 
that  did  this  study  found  the  same 
thing.  For  this  particular  type  of 
study  I  refer  you  to  the  PhD  thesis  done 
by  John  Baldwin  from  the  University  of 
Maryland,  In  which  he  correlated  some 
experimental  work  with  the  analysis  and 
arrived  with  some  empirical  equations. 
There  were  some  tests  that  were  run  by  a 
group  from  NSWC,  Ed  Rzepka's  group,  that 
actually  obtained  some  experimental  data 
and  John  Baldwin  tried  to  correlate  that 
too. 
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RESPONSE  OF  HYDROFOIL  STRUT-FOIL  SYSTEMS 
AFTER  IMPACT  WITH  "DEAD-HEAD"  LOGS* 


Howard  S.  Levine 
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and 

Andrew  P.  Misovec 
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Chesapeake,  Virginia 


Hydrofoils  have  recently  experienced  debris  strikes  from  "dead-head" 
or  vertical  floating  logs.  The  present  study  represents  an  Initial 
step  in  the  prediction  of  the  response  of  strut-foil  systems  after 
such  impact,  with  the  eventual  application  being  the  design  of  com¬ 
posite  strut-foil  systems.  In  the  early  stages  of  the  investigation 
reported  upon  here,  the  response  of  steel  foils  and  struts  was  studied. 

A  simplified  technique  to  determine  the  log-foil  interaction  force  is 
first  developed.  This  is  then  applied  to  a  beam  model  of  a  generic 
strut-foil  system  to  predict  its  response.  A  more  sophisticated  finite 
element  model  is  then  used  to  study  the  early-time  strut-foil- log  inter¬ 
action.  Basic  phenu.  enology  is  studied  and  recommendations  for  improving 
the  analytical  techniques  are  made. 


INTRODUCTION 

Hydrofoils  such  as  the  AGEH-1  Plalnview 
and  the  PCH-1  Mod  1  have  recently  experienced 
debris  strikes  from  "dead-head"  or  vertical 
floating  logs  [1].  These  strikes  on  the  forward 
foils  Induced  torsional  oscillations  and  serious 
damage  to  the  strut  and  steering  mechanisms.  In 
addition,  the  strut  also  experienced  large  bend¬ 
ing  loads  as  a  result  of  rapid  rotation  follow¬ 
ing  actuator  failure. 


(3>  Predict  the  Initial  interaction  forces 
on  the  foil  during  Impact  using  a  sophisticated 
3D  finite  elestent  code  and  verify  the  model  de- 
veloped  in  (1) ,  if  possible. 

(4)  Identify  the  prevalent  structural  res¬ 
ponse  mechanisms  and  failure  modes. 

(5)  Reconmend  an  experimental  program  to 
verify  the  analytical  results  and  confirm  any 
unusual  findings. 


The  present  study  represents  an  initial 
step  in  the  prediction  of  the  response  of  strut- 
foil  systems  after  such  Impacts  with  the  eventu¬ 
al  application  being  the  design  of  composite 
strut-foil  systems.  In  the  early  stages  of  the 
investigation  reported  upon  here,  the  response 
of  steel  foils  and  struts  was  studied  with  sev¬ 
eral  objectives  in  mind.  These  included: 


The  first  four  of  these  topics  are  address¬ 
ed  in  the  following  sections.  In  all  cases,  the 
assumptions  made  are  outlined  and  areas  where 
the  analytical  techniques  can  be  Improved  are 
recommended. 

DEVELOPMENT  OF  SIMPLIFIED  MODEL  TO  PREDICT 
IMPACT  FORCES 


(1)  Development  of  a  simple  model  to  pre¬ 
dict  the  Interaction  forces  on  the  foil  during 
Impact  with  the  log. 

(2)  Using  the  results  of  (1)  with  current¬ 
ly  available  finite  element  codes  to  predict  the 
long-term  response  of  a  generic  strut-foil  sys¬ 
tem. 


*This  work  was  supported  by  David  W.  Taylor 
Naval  Ship  RAD  Center,  Carderock,  MD  and  per¬ 
formed  under  subcontract  to  McDonnell  Douglas 
Astronautics  Co. ,  Huntington  Beach,  CA. 


Fig.  1  shows  the  configuration  at  the  in¬ 
stant  of  impact.  After  Impact,  it  is  assuned 
that  the  hull  velocity  is  unchanged  at  v0  and 
the  foil  depth  is  unchanged  at  z  .  What  hap¬ 
pens  next  depends  on  the  relative  strength 
properties  of  the  log  and  the  foil.  There  are 
four  possibilities: 

(1)  The  foil  is  weaker  than  the  log  so 
that  the  foil  sustains  damage  while  the  log 
moves  as  either  a  rigid  or  elastic  body; 

(2)  The  log  is  weaker  than  the  foil,  in 
which  case  the  log  receives  damage  while  the  foil 
remains  elastic  in  the  neighborhood  of  Impact; 
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H 


Ld 


(3)  The  lop act  velocity  is  of  low  enough 
speed  so  that  both  the  log  and  the  foil  respond 
elastically;  or 

(4)  The  log  and  the  foil  are  of  roughly 
equal  strength  so  that  both  sustain  damage  dur¬ 
ing  impact. 


Surface 


10  in. 

0.5  in. 

24  in. 

5  ft. 

20  ft. 

19  ft. /sec. 


Rectangular^-* 
Cross  Section 


Section  a-a 


Fig.  1  -  Initial  Impact  conditions  and 

assumed  structural  configuration 

The  response  analysis  for  each  of  these 
cases  is  quite  different.  Thus,  it  is  Important 
to  establish  which  of  the  four  cases  listed  above 
takes  place.  To  proceed  then,  we  must  first  de¬ 
cide  whether  the  log  and/or  the  foil  will  receive 
damage  in  the  Impact  area.  He  then  must  see  if 
the  impact  velocity  is  sufficient  to  cause  dam¬ 
age.  Then  we  can  get  on  with  the  analysis. 

The  relative  strengths  of  the  log  and  the 
foil  structure  may  be  assessed  by  first  determin¬ 
ing  an  initial  interaction  stress  0}  and  then 
applying  that  stress  over  the  contact  area  to 
get  the  equivalent  interaction  force.  For  pur¬ 
poses  of  simplification,  the  log  is  assumed  to 
be  uniform  and  of  square  cross  section.  The 
foil  is  assumed  to  impact  the  log  perpendicular 
to  a  rectangular  side,  as  shown  in  Fig.  1.  The 
foil  structure  is  assumed  to  consist  of  a  flat 
leading  edge  plate  with  an  upper  and  a  lower 
plate  extending  back,  as  shewn  in  the  figure. 

The  initial  Interaction  stress  may  be  esti¬ 
mated  from  acoustic  assumptions  as: 

a.  »  P,C,x  ... 

1  'LLo  (1) 


°1  "  pfCf  (vo  ‘  V 


*o  -  vo/(l  +  pLCL/pfCf) 


(pfc{)  (PjCL) 


PfCf+PLCL 


PL  is  the  density  of  the  log.  Cl  is  the  trans¬ 
verse  speed  of  sound  in  the  log,  pf  is  the  foil 
density  and  Cf  is  the  speed  of  sound  in  the 
foil. 

Table  1  lists  the  strengths  (compressive 
yield  stresses)  and  acoustic  Impedances  (pC) 
of  alininin,  boron-epoxy  and  graphite-epoxy.  A 
typical  hardwood  was  selected  for  the  log  and 
it  appears  that  the  log  yields  well  in  advance 
of  the  foil.  Although  the  yield  strengths  of 
aluminas,  boron-epoxy  and  graphite-epoxy  may 
vary  substantially  with  composition,  and  there¬ 
fore  significantly  alter  the  values  shown  in 
Table  1,  these  materials  are  still  substantially 
stronger  than  wood.  Thus,  it  is  reasonable  to 
expect  the  wood  to  yield  first  when  a  single 
foil  plate  Impacts  a  log,  as  shown  in  Fig.  1. 

The  most  substantial  log  listed  in  [2]  is 
Hickory  Shagbark.  The  log  is  actually  aniso¬ 
tropic,  with  much  greater  strength  in  the  longi¬ 
tudinal  direction.  A  quick  calculation  reveals 
that  the  maximum  impact  load  is  not  large  enough 
to  cause  yielding  in  the  longitudinal  log  fiber. 
Thus,  we  may  treat  the  log  as  a  flexible  elastic 
beam  until  the  foil  causes  enough  damage  to  sub¬ 
stantially  reduce  the  log  section  modulus. 

In  order  to  determine  an  interaction  force, 
one  would  consider  an  Interaction  problem  be¬ 
tween  the  log  and  the  foil.  The  simplest  forc¬ 
ing  function  that  can  be  assumed  is  consistent 
with  assuming  a  rigid  log  and  a  one-dimensional 
elastic-plastic  response  in  the  neighborhood  of 
the  impact.  To  illustrate,  we  will  consider  the 
problem  in  Fig.  2.  The  assumptions  may  be  list¬ 
ed  as  follows: 


(1) 

(2) 

section. 

(3) 

(4) 


The  log  is  rigid  and  prismatic. 
The  log  has  a  rectangular  cross 


(3)  The  foil  velocity  is  constant  at  v0. 

(4)  The  impact  duration  is  small  compared 
to  the  highest  structural  period. 

(5)  The  foil  is  loaded  uniformly  along  the 
surface  in  contact  with  the  log. 

(6)  The  interaction  load  along  a  surface 
parallel  to  the  velocity  is  equal  to  zero. 

(7)  The  log  rotation  (6  in  Fig.  2)  is 
small  (TAH  6:8). 

(8)  The  foil  is  assumed  to  be  elastic  for 


so  that  the  interaction  force  is 


given  by 


F  -  -2-  (v  -  x)  for  v  -  v  S  x  <  v  (5) 
vo  o  cr  o 

cr 


TABLE  1 

Initial  Impact  Characteristics 


Foil 

Material 

Held 

Stress 

(ksi) 

Acoustic* 
Impedance 
(lb  sec2/ft3) 

x  h  m  a./ p,CTv 
o  o  i  L  L  o 

PLCL-17000  lb  sec2/ft3 

v0  To  Cause  Wood  Yield 
(a  wood  »  2000  psi) 

(fps) 

Aluminum 

35 

109355 

.866 

18.7 

Boron- 

Epoxy 

112.7 

131146 

.886 

19.1 

Graphite - 
Epoxy 

60 

115800 

.872 

18.8 

*For  wood  PC  a  17000  lb  sec 2 /ft3,  C  s  13000  fps 


a  «  2000  psi  Transverse 

w 

“  10000  psi  Along  Grain 


(9)  The  impact  zone  is  assumed  to  be  plas¬ 
tic  when  v0  -  4  *  vcr  so  that  the  interaction 
force  F  is  given  by 

F  -  F  when  o  S.  x  5  v  -  v  .  (6) 

o  o  cr 

(10)  v  >  v 

o  cr 

(11)  The  centroid  of  the  log  is  assumed  to 

move  with  a  virtual  water  mass  My  in  addition 
to  the  log  mass  pj,LA  (A  is  the  log  cross  sec¬ 
tional  area,  L  is  the  log  length  and  is 

the  log  density). 

If  the  "yield  stress"  oQ  can  be  estimated,  F0 
can  be  approximated  from 


where  Aj  is  the  Impact  area. 

The  interaction  stress  o  may  be  approximated 
from  the  acoustic  equations  as 

°  "  PLCL*  W 

°  "  PcCc(vo  "  {9) 

where  Pc  and  Cc  are  composite  density  and 
sound  speed  and  Pl  and  Cl  are  respective  log 
density  and  sound  speed.  Thus,  the  first  as¬ 
sumption  is  relaxed  In  order  to  approximate  the 
velocity  4cr  »  vcr  at  which  the  composite  or 
log  behavior  changes  from  elastic  to  plastic  or 
vice  versa.  This  occurs  when  a  *  a0  .  Hence, 


Initial  Conditions  As  Impact  Continues 


(10) 


Fig.  2  -  Assumed  impact  configuration 


The  equations  of  motion  of  the  log  are  taken  as 
M  i  *  F  ,  M  -  p, LA  +  M  -  2p_LA  (11) 

C  L  V  L 

19  -  (L/2  -  Z)F  ,  I  -  2plL3A/12  (12) 

with  the  constraint  condition 

X  -  X„  +  (L/2  -  Z)6  (13) 

c 

x  ,  x  ,  Z  and  9  are  defined  in  Fig.  2  and 
F  is  Seflned  by  equations  (S)  and  (6). 

The  solutions  may  be  written  in  non-dimensional' 
form  as  follows: 

In  the  plastic  response  region 

o  <  V  S  Vx  V  •  T  and  f-1;  (14) 

in  the  elastic  region 

<  V  <  V2  V  -  V2  -  EXP(-(T-T1))  - 

Vj  +  1  -  EXP (- (T-Tj) )  (15) 

f  -  EXP(-(T-Tj))  ; 

where 


> 


Fig.  3  -  Interaction  force  and  log 
velocity  as  functions  of  time 


Substituting  from  equation  (14)  and  integrating, 
results  in 


v  -  v  v  -  v 


and  t^  is  the  time  at  which 


These  solutions  are  displayed  in  Fig.  3 
for  Impact  velocities  v0  which  are  multiples 
of  vcc  .  The  interaction  force  f(T)  which 
is  consistent  with  assumptions  (1)  through  (11) 
is  also  shown  in  Fig.  3. 

The  damage  incurred  to  the  log  may  be  es¬ 
timated  by  Integrating  the  relative  velocity, 
thus 

t, 

6  *  /  1  (vQ  -  x)  dt  (17) 

o  < 


The  preceding  formulation  is  sorely  lack¬ 
ing  in  experimental  verification.  Equations  (8) 
and  (9)  give  very  good  predictions'  to  the  elas¬ 
tic  data  reported  in  [3]  in  which  a  stricken 
plate  of  alumlmn  Impacted  both  alunlnum  and 
graphite-epoxy  plates  edge  on.  These  experi¬ 
ments  were  conducted  at  low  Impact  velocities 
so  that  the  responses  were  entirely  elastic  and 
essentially  one-dimensional. 

Solving  the  problem  for  the  geometry  shown 
in  Fig.  1  results  in  6  -  22.36  in.  for  v0  « 
101  fps.  Premature  log  damage  of  this  sort 
would  likely  result  in  reduced  foil  damage. 
Hence,  lower  impact  speeds  could  Increase  foil 
damage.  It  is  therefore  reasonable  to  expect 
to  find  a  range  of  Impact  speed  for  which  foil 
damage  is  maximized. 
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Equations  (17)  and  (14)  may  be  combined  to 
give  the  log  damage  as  a  function  of  time 


v  t  -  h  C  t1 
o  o 


(19) 


and  equation  (18)  may  be  rewritten  as 


2C  6  +  v  * 
o  cr 


(20) 


If  we  select  a  damage  level  £c  beyond 
which  the  log  ruptures  and  no  longer  loads  the 
foil  (a  rather  presumptuous  fracture  criterion), 
equation  (20)  gives  the  foil  Impact  velocity 
correlating  with  that  damage  level 


2C  <5 
o  c 


+  v 


(21) 


Equation  (14)  gives  the  time  at  which  the  log 
breaks  as 


t  - 

c 


v  -  V 
oc  cr 


(22) 


or  from  equation  (19) 


rc  j1-  V1  -  WV  } 


(23) 


for  v  >  v 
o  oc 


or  t 


The  Impulse  J  and  energy  E  can  be  ob¬ 
tained  with  Integrations  of  equations  (15)  and 
(16)  as 


F  v 
o  o 


for  v  <  v 

o  oc 


F  v  - 
o  o 


(24) 


and 


F  v 
„  o  0 

j  1  -  Jl  .  2ScCo 

Co 

f  V1  v 

P  6 

*  °  c 

for  ' 

vo 

Vo2 

f  1  -  Jl  -  26cC° 

o 

u 

i  V‘  ... 

E  *  F  6 
o  c 


The  energy  I  is  simply  vQJ  for  our  Il¬ 
lustrative  case  of  constant  foil  velocity  vD  . 


Impulse  and  energy  Imparted  to  the  foil 
are  plotted  as  functions  of  v0  in  Figs.  4a  and 
4b  for  an  assumed  critical  damage  parameter  of 
6C  »  .5  ft.  It  can  be  seen  that  both  of  these 
integrals  achieve  a  maximum  at  voc  -  54.8  fpe 
and  then  decrease  sharply  with  increasing  impact 
energy.  Fig.  5  gives  the  force  for  3  selected 
impact  velocities.  The  simple  explanation  is 
that  the  rupturing  log  is  much  less  efficient 
than  the  intact  log.  Since  it  is  reasonable  to 
expect  the  foil  response  to  follow  either  the 
energy  or  impulse  curves  (usually  the  energy) . 
one  may  expect  to  find  a  range  of  impact  velo¬ 
city  for  which  the  foil  response  ia  maximised. 

This  type  of  response  velocity  relationship 
is  not  uncommon  in  impact  phenomena  and  is  fre¬ 
quently  observed  in  penetrations  into  plates  by 
artillery  rounds.  Beyond  a  critical  velocity, 
the  round  ruptures  prematurely  and  loses  its 
penetrating  capability.  This  trend  in  foil-log 
collisions  could  be  sought  experimentally  with  a 
series  of  small  scale  experiments. 

In  these  calculations,  no  provision  has 
been  made  to  identify  a  critical  angle  of  rota¬ 
tion  beyond  which  the  log  slides  off  the  foil 
and  further  reduces  the  loading  into  the  log. 

The  selection  of  a  critical  angle  nay  de¬ 
pend  upon  6C  in  that  the  log  may  become  "im¬ 
paled"  on  the  foil  and  refuse  to  slide  off. 

Also,  if  the  log  is  struck  at  its  centroid,  no 
rotation  is  predicted  by  these  linear  equations. 
The  reasons  listed  above, coupled  with  the  fact 
that  omitting  the  consideration  of  a  critical 
"slide-off  angle" ,  0C ,  is  generally  conservative 
in  that  the  foil  load  tends  to  be  overestimated, 
lead  us  to  simply  omit  9C  in  this  initial 
analysis. 

There  are  some  general  remarks  that  should 
be  made  at  this  juncture.  We  must  recognise 
that  although  some  of  the  general  trends  we  have 
identified  in  this  preliminary  study  should  per¬ 
sist,  we  cannot  afford  to  attach  too  such  signi¬ 
ficance  to  the  Included  numerical  results.  A 
more  detailed  analysis  would  consider  the  log 
to  be  elastic  plastic  and  would  incorporate  more 
sophisticated  yield  and  fracture  criteria. 

These  calculations  Indicate  that  in  moderate  im¬ 
pact  velocity  regions  the  impact  duration  is  on 
the  order  of  the  highest  structural  period. 

Thus,  F  becomes  an  "interaction"  function  and 
is  somewhat  more  complicated.  Log  fracture  and 
yield  criteria  also  grow  in  complication  due  to 
the  log  response.  High  frequency  water  res¬ 
ponses  nay  affect  the  log  notion. 
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(25) 


Log  . 

Does  Hoc  « — L_  Log  Ruptures 
Rupture  i 


Fig.  4a  -  Energy  absorbed  by  foil  as 
a  function  of  Impact  velocity 


Log  | 

Does  Not  - — — *  Log  Ruptures 
Rupture 


Fig.  4b  -  Impulse  Imparted  to  foil  as 
a  function  of  Impact  velocity  (rotation 
constraint  is  omitted) 


PREDICTION  OF  STRUCTURAL  RESPONSE 
OF  GENERIC  STRUT-FOIL  SYSTEM  WITH 
FORCING  FUNCTION  BASED  UPON  SIMPLIFIED 
THEORY 

The  forcing  function  developed  In  the  pre¬ 
vious  section  was  applied  to  a  beam  model  of  the 
hydrofoil  strut  system  to  determine  If  a  simple 
beam  theory  could  adequately  predict  the  struc¬ 
tural  response  characteristics  of  the  system  as 
observed  In  operational  collisions  [1]. 


The  strut  and  foil  were  modeled  with  a 
total  of  46  beam  elements  using  the  DYCAST  code 
[4].  This  is  a  dynamic,  large  deflection,  elaa- 
to-plastic  structural  code.  The  beam  elements 
were  assumed  to  have  hollow  cross  sections  with 
the  dimensions  shown  In  Fig.  6.  The  beam  ele¬ 
ments  are  based  upon  Bernoulli-Euler  beam  theory 
(i.e.  normals  perpendicular  to  the  cross  section 
remain  straight  and  normal)  and  torsional  ef¬ 
fects  Include  only  those  due  to  St.  Venant  tor¬ 
sion  (cross  sectional  warping  la  not  allowed). 
Lateral  displacements  are  represented  by 
cubic  functions,  while  axial  displacements  and 
the  angle  of  twist  are  represented  by  linear  in¬ 
terpolation  polynomials.  A  constant  El  and 
GJ  were  chosen  for  strut  and  foil.  The  values 
chosen  are  typical  of  those  used  in  hydrofoil 
design  [5,6].  Again,  the  material  chosen  was 
steel  with  a  yield  strength  of  80  ksl.  The 
forcing  function  shown  in  Fig.  7  was  used  to 
load  the  foil  over  a  24-inch  span  centered  60 
Inches  from  the  foil  centerline.  No  attesqit  was 
made  to  model  the  virtual  mass  of  the  water  by 
modifying  the  density  of  the  submerged  portion 
of  the  strut-foil  system.  The  top  of  the  strut 
was  assumed  to  be  fully  restrained. 

For  this  problem,  an  Impact  velocity  of 
54. 8  fps  was  used,  a  critical  velocity  of 
vcr  -  19  fps  and  a  peak  force  of  75,000  lbs 
was  assimed.  The  latter  value  was  obtained 
from  [1]  and  was  experimentally  obtained  from 
actual  Impact  data.  The  duration  of  the  load 
at  peak  value,  ,  becomes  56  milliseconds 
for  a  20-ft  long,  2-ft  square  cross  section  log. 
A  picture  of  the  angle  of  twist /unit  length¬ 
time  histories  is  given  in  Fig.  8.  These  were 
essentially  identical  at  all  points  on  the  strut 
because  of  the  uniform  GJ  assimed.  The  initi¬ 
al  peak  occurs  at  40  milliseconds  and  the  tor¬ 
sional  response  has  a  period  of  80  milliseconds. 
This  Is  a  factor  of  three  smaller  than  the  250 
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Fig.  5  -  Force  on  foil  for  3  different 
Impact  velocities  (shaded  area  denotes 
case  for  which  log  ruptures) 
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Fig.  6  -  Discretization  and  cross-sectional  properties  used  in  beam  model 
of  strut-foil  impact  using  approximate  interaction  load 


Fig.  7  -  Interaction  load  based  upon  Fig.  8  -  Angle  of  twist /unit  length 

simplified  analysis  used  in  strut-foil  in  strut  obtained  from  DYCAST  calcu- 

structural  response  calculation  using  lation 

DYCAST 


millisecond  period  Indicated  in  the  experimental 
data  [1],  The  inclusion  of  the  virtual  mass  of 
the  water  would  tend  to  Increase  the  period  but 
the  effect  of  hydrodynamic  side  forces  on  the 
response  is  difficult  to  assess.  The  strains 
obtained  from  the  calculation  may  be  derived  by 
multiplying  the  torsional  curvatures  by  the 
distances  to  various  points  on  the  cross  section 
(Fig.  8).  This  gives  a  peak  strain  due  to  tor¬ 
sion  alone  of  .0125.  This  is  well  into  the 


plastic  range  and  three  times  the  yield  strain  in 
shear.  Again,  it  must  be  emphasized  that  cross 
sectional  warping  is  neglected  in  the  theory. 

The  maximum  bending  stresses  that  occur  at  the 
strut  root  near  peak  torsional  response  between 
30  and  40  milliseconds  are  1  18.5  ksi.  These 
have  been  limited  by  the  plasticity  yield  cri¬ 
teria  and  are  due  to  log  impact  alone.  At  no 
time  does  any  point  on  the  foil  experience  in¬ 
elastic  response.  This  could  only  occur  locally 
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and  be  predicted  by  an  Interaction  analysis. 

The  results  of  the  previous  section  indicate 
local  Inelastic  behavior  will  not  occur.  The 
laplications  of  this  result  are  that,  even 
though  the  Impact  load  does  not  cause  local  foil 
damage,  or  even  inelastic  behavior,  the  "longer 
term"  strut  torsional  response  Is  critical 
enough  to  cause  inelastic  strut  response  and 
eventual  actuator  failure  when  combined  with 
lateral  hydrodynamic  fluid  loads  caused  by  large 
strut  rotations.  This  is  qualitatively  what  is 
shown  in  experimental  data,  although  a  quanti¬ 
tative  comparison  should  not  be  made.  These 
comparisons  should  not  be  made:  a)  because  of 
uncertainty  of  the  meaning  of  Borne  measurements 
in  the  experimental  data;  b)  the  simplicity  of 
the  structural  model  which  was  developed  to  il¬ 
lustrate  phenomenology  and  not  detailed  quanti¬ 
tative  response;  c)  the  neglect  of  certain  ef¬ 
fects  such  as  the  wster  mass  snd  side  forces; 
and  finally  d)  lack  of  knowledge  of  the  struc¬ 
ture  and  size  of  the  impacted  log,  the  depth  of 
impact ,  and  other  such  pertinent  data  required 
for  a  quantitative  prediction. 

PREDICTION  OF  INITIAL  IMPACT  FORCES  IN  THE  FOIL 
USING  A  SOPHISTICATED  FINITE  ELEMENT  CODE, 
TRAHAL 

The  prediction  of  the  response  of  a  strut- 
foil  system  to  impact  loads  is  a  complicated 
problem  involving  the  disciplines  of  impact 
dynamics,  elastic-plastic  and  geometric  nonlin¬ 
ear  behavior,  possible  fracture,  fluid-structure 
interaction  and  structural  mechanics.  In  addi¬ 
tion,  the  possibility  of  fluid  cavitation  and 
hydroelastic  instability  exists.  The  latter  two 
phenomena  were  not  considered  in  the  current 
study. 

For  purposes  of  studying  the  initial  inter¬ 
action  forces  on  a  foil  subject  to  impact  with  a 
dead-head  log,  certain  theoretical  and  geometri¬ 
cal  assumptions  were  made.  In  sow  cases,  these 
were  necessitated  by  current  limitations  of  the 
computer  code,  TRANAL  [7],  that  was  used  for 
this  part  of  the  snalysis. 

TRANAL  is  a  finite  element  code  for  the 
nonlinear  transient  analysis  of  three-dimension¬ 
al  problems.  It  employs  a  central  difference 
time  integration  technique  with  subcycling  capa- 
blllty.  This  allows  different  time  steps  to  be 
used  in  different  zones  based  upon  the  Courant 
stability  criterion  for  each  zone.  It  includes 
material  nonlinearities  and  a  version  also  has 
large  deformation  capability.  The  small  strain 
version  was  used  for  the  present  work.  For  the 
purposes  of  the  initial  study,  the  following 
problem  was  formulated. 

A  solid  rectangular  strut  and  foil  were 
chosen  for  the  analysis.  The  dimensions  were 
chosen  to  be  within  the  range  of  El  and  CJ 
for  an  actual  strut-foil  system  [5,6].  Table  2 
defines  the  actual  values  used  in  the  calcula¬ 
tion.  The  geometry  was  deliberately  kept  simple 
to  reduce  modeling  time  and  because  modeling  the 
typical  hollow  sections  and  thicknesses  employed 


in  real  structures  would  have  imposed  severe 
restrictions  on  the  time-step  size  (and  hence 
cost)  required  in  the  analysis.  A  20-foot  long 
square  log  of  2-foot  width  was  impacted  five 
feet  below  the  water  surface  and  60  inches  from 
the  foil  centerline  (see  Figs.  9,  10).  All 
points  on  the  strut  and  foil  were  given  an  ini¬ 
tial  velocity  of  60  knots  (30.9  m/sec).  All 
points  at  the  top  of  the  strut  were  maintained 
at  a  horizontal  velocity  of  60  knots  to  simulate 
the  ship  speed. 

A  picture  of  the  grid  used  is  given  in 
Figs.  9  and  10.  The  model  consists  of  24,  22 
and  22  elements  in  the  X  ,  Y  and  Z  direc¬ 
tions,  respectively.  This  is  a  total  of  11,616 
elements,  minus  some  void  elements,  and  repre¬ 
sents  over  30,000  degrees  of  freedom.  All  ele¬ 
ments  used  were  eight-node  isoparametric  hexahedra 
elements  using  one-point  integration.  The  steel 
was  modeled  as  an  elastic,  ideally  plastic  mate¬ 
rial  with  a  yield  stress  of  80  ksl.  The  wood 
properties  were  those  of  Hickory  Shagbark  [2]. 
The  yield  stress  of  2000  psl  employed  in  the 
Von  Mises  yield  surface  was  that  perpendicular 
to  the  fibers  [2].  The  log  density  was  assumed 
to  be  equal  to  that  of  the  water.  The  water  was 
modeled  as  an  elastic  material  with  a  negligible 
shear  modulus  and  a  tension  cutoff  of  0.0  pal 
baaed  upon  the  mean  normal  pressure.  Table  2 
contains  a  complete  description  of  the  proper¬ 
ties  used  in  the  analysis.  Because  of  the  vast 
differences  in  wave  speeds  and  element  sizes  in 
different  portions  of  the  grid,  the  subcydlng 
capability  of  TRANAL  was  used.  A  major  time 
step  of  .23  milliseconds  required  subcycling 
ratios  of  up  to  40  for  stability  purposes  in  the 
steel  elements  versus  the  larger  water  elements. 
The  calculation  was  run  for  154  major  time  steps 
out  to  35.4  milliseconds. 

To  simulate  the  impact  of  the  steel  with 
the  log,  a  gap  element  was  used  for  the  four  log 
elements  adjacent  to  the  foil  at  their  contact 
region  (see  Figs.  9,10).  This  gap  element  al¬ 
lows  compression  stresses  normal  to  the  surface 
to  develop  in  the  contact  region  but  no  tensile 
stresses  are  allowed.  An  initial  gap  of  .58 
inches  was  assumed.  This  closed  within  .92  msec 
(see  Fig.  11)  at  the  60-knot  initial  speed. 

One  problem  in  the  analysis  is  that  the 
forces  of  the  fluid  on  the  strut-foil  system  are 
included  in  the  analysis,  and  it  is  difficult 
to  isolate  these  from  the  stresses  due  to  impact 
of  the  foil  with  the  log.  This  would  require 
incorporation  of  equilibrltn  "in-flight"  forces 
and  velocities  in  the  free-fleld  region  which  is 
beyond  current  capabilities.  Transmitting  bound¬ 
aries  (Lysmer-type  [8])  were  used  on  all  sub¬ 
surface  boundaries  to  minimize  reflections  and 
simulate  a  fluid  halfspace. 

In  the  discussion  and  related  figures  that 
follow,  all  compressive  normal  stresses  and 
strains  are  positive  and  tensile  stresses  and 
strains  are  negative.  Shearing  stresses  snd 
strains  are  the  negative  of  those  in  the  stan¬ 
dard  elasticity  conventions.  Shearing  strains 
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TABLE  2 

Geometry  and  Material  Properties  Used  in  TRAHAL  Strut-Foil  lap  act  Problem 


STRUT* 

FOIL* 

Material 

Steel 

Steel 

K(ksi)+ 

24170. 

24170. 

G(ksi)+ 

11150. 

11150. 

0o(ksi)+ 

80. 

80. 

p  (kip-msec2  /in1*) 

.7322 

.7322 

164.  Oy) 

219.  (Lj) 

Wto%> 

•  37400.  (Iz) 

20700.  (Ij) 

J  (torsional  rlgidity)-in1' 

658. 

876. 

LOG  [5]  HATER** 


Hickory  Shagbark  Water 


*Steel  values  correspond  to  E  «  29x10*  psi  and  Poisson's  Ratio  “  0.3. 

**Tension  cutoff  value  of  ■  0.0  uaed ,  although  a  value  J  ^  -  3p  -  3(P  +pgh) 
realistic,  with  P  »  atmospheric  pressure.  Probable  effect  on  calculation  is 


K  =  Bulk  modulus 
G  =  Shear  modulus 
o  5  Uniaxial  yield  stress 
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;h)  would  be  more 
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39  .  375"  24"  Boundaries 


Fig.  9  -  Discretisation  of  strut-foil 
system  for  log  impact  (elevation  view) 
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Fig.  10  -  Discretisation  of  strut-foil 
system  for  log  Impact  (plan  view) 


are  censor  components.  To  obtain  engineering 
shearing  strains,  they  must  be  multiplied  by 
two.  Velocities  are  nodal  quantities,  while 
stresses  and  strains  are  element-centered. 

Fig.  11  shows  Che  stresses  in  the  log  after 
impact  in  the  GAP  elements  immediately  adjacent 
to  the  foil.  We  see  they  are  constant  after  an 
initial  spike  and  equal  to  4.4  ksi  at  both  the 
top  and  bottom  elements  adjacent  to  the  foil. 
This  is  higher  than  the  2  ksi  yield  stress  of 
the  wood  because  0g  and  0%  stresses  present 
have  allowed  the  stress  point  to  move  on  the 
failure  surface.  This  also  has  significance  be¬ 
cause  the  actual  yield  strength  of  the  material 
in  longitudinal  fibers  is  10  ksi.  Hence,  it  is 
possible  even  larger  interface  stresses  could 
develop  if  an  anisotropic  yield  criterion,  such 
as  Hill's  or  Tsai-Wu's  [9],  were  used.  This  al¬ 
so  has  relevance  for  the  work  in  the  first  sec¬ 
tion  where  a  simplified  interaction  force 
representation  was  developed. 

The  next  figure  (Fig.  12)  shows  the  strains 
through  the  width  of  the  log  in  the  top  elements 
at  the  foil  level.  The  strains  in  elements  ad¬ 
jacent  to  the  foil  reach  almost  200  percent  and 
are  really  meaningless  because  the  theory  is  not 
valid  for  such  large  strains.  They  do  say,  how¬ 
ever,  that  the  log  will  crush  at  least  twelve 


inches  in  the  front  and  4  inches  at  the  rear 
during  the  time  span  of  the  calculation.  There 
is  a  region  between  twelve  and  eighteen  inches 
that  has  "relatively  small"  strain  of  almost 
three  percent.  Although  the  calculation  was 
terminated  after  35.4  msec,  it  appears  that  the 
log  velocities  have  peaked  below  the  1215  inches 
per  second  velocity  of  the  hydrofoil.  Fig.  13 
shows  horizontal  velocities  of  the  log  at  points 
through  the  depth.  A  comparison  of  the  veloci¬ 
ties  at  the  top  and  bottom  shows  some  rigid  body 
rotation  has  begun.  However,  the  velocities  in 
between  indicate  "rupture  and  crushing"  and  pos¬ 
sible  log  failure  is  likely  at  this  impact 
speed.  If  the  log  ruptures,  the  load  will  be 
cut  off  reducing  further  strut/foil  damage. 

Let  us  now  consider  the  response  of  the 
foil  over  the  initial  35  msec  time  span.  The 
Interaction  stress  ( a in  the  strut  are  only 
about  7500  psi  (see  Fig.  14).  (Remember  all 
stresses  are  cell-centered.)  The  corresponding 
radial  strains  are  small  too  and  only  reach  0.4 
mlllistrain,  which  is  well  below  the  elastic 
limit.  The  largest  stresses  in  the  foil  are  the 
0g2  stresses,  which  are  the  bending  stresses 
(see  Fig.  15).  These  are  shown  at  the  impact 
location.  These  stresses  oscillate  with  a  peri¬ 
od  of  about  11.5  msec  (90  Hz)  and  reach  30  ksi, 
well  below  the  steel  yield  stress.  The  only 
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Fig.  16  -  Horizontal  velocity  at  point*  along  foil  (Vy) 


other  relatively  large  stresses  in  the  foil  are 
torsional  stresses  which  reach  approximately 
10  ksi  and  are  starting  to  build  up  at  about 
23  asec.  These  are  a  result  of  the  strut  bend¬ 
ing,  inducing  torsional  oscillations  in  the 
foil.  Their  period  is  estimated  at  30  asec, 
based  upon  a  quarter  of  a  cycle  between  initia¬ 
tion  and  end  of  the  oscillation.  The  magni¬ 
tudes  of  all  these  stresses  up  to  this  point 
indicate  no  inelastic  response  in  the  foil. 

Evidence  of  the  rotation  of  the  foil  about 
a  vertical  axis  (X-axis)  is  indicated  in  Fig.  16. 
These  represent  T  velocities  at  the  bottoa  of 
the  foil  at  various  locations  along  the  length 
of  the  foil.  The  increase  in  velocity  above 
1215  lnches/second  due  to  rotation  on  the  side 
opposite  lap act  and  the  decrease  in  velocity  on 
the  Impact  side  are  obvious. 

Vertical  stresses  at  the  top  of  the  strut 
are  shown  In  Fig.  17.  Inelastic  response  oc¬ 
curs  here  because  of  the  bending  due  to  the 
water  forces  and  Impact  with  the  log.  The  aft 
stress  point  shows  bending  stresses  reaching 
90  ksi  compression,  while  the  stress  point  for¬ 
ward  of  the  centerline  illustrates  the  bending 
with  over  80  ksi  in  tension.  The  torsional 
shearing  stresses  at  these  locations  show  no 
definitive  evidence  yet  of  the  buildup  of  the 
torsional  node  of  oscillation,  although  they  do 
reach  almost  20  ksi  at  35  nsec. 

Vertical  bending  strains  in  the  strut  in  the 
aftmost  position  at  the  top  reach  over  1.5 


percent,  well  into  the  plastic  range.  The 
other  Btralns  Eyy  and  egg  are  smaller  and 
reach  0.6  to  0.9  percent  and  are  still  increas¬ 
ing.  Torsional  strains  reach  0.4  percent  at 
this  location  (Fig.  18)  and  .14  percent  at  mid- 
depth  near  top  and  bottom  of  the  strut. 

In  stannary,  then,  the  following  findings 
can  be  reported  for  the  first  35  msec  of  Impact 
of  a  generic  steel  strut-foil  system  with  a 
dead-head  log  at  60  knots. 

•The  interaction  stress  of  4.4  ksi  is 
higher  than  the  2  ksi  yield  stress 
because  of  the  actual  trlaxlal  stress 
state  in  the  log.  If  a  different  fail¬ 
ure  criterion  is  used,  this  could  be 
expected  to  change. 

eFor  a  60-knot  Impact,  the  log  will 
probably  rupture,  based  upon  strain 
data  in  Fig.  12. 

eThe  foil  remains  elastic  during  the 
time  of  Impact,  despite  bending 
stresses  of  30  ksi  and  impact  stresses 
of  7  ksi  (Oyy) . 

•Torsional  stresses  are  generated  in 
the  foil  as  a  result  of  beam-like 
bending  of  the  strut  initiated  by 
Impact. 

•Some  inelastic  response  at  the  top 
of  the  strut  occurs  ss  a  result  of 
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bending  stresses  due  to  log  Impact  and 
forces  of  the  water  on  the  foil. 

•Torsional  stresses  up  to  20  ksi  are  gen¬ 
erated  in  the  strut  during  the  initial 
35  nsec,  but  the  slow  torsional  oscil¬ 
lation  of  the  strut  is  not  fully  develop¬ 
ed. 

POSSIBLE  ANALYTIC  IMPROVEMENTS 

Based  upon  results  discussed  in  the  pre¬ 
vious  sections,  the  following  suggestions  for 
laproved  capability  in  impact  prediction  tech¬ 
niques  of  strut-foil  systems  with  "dead-head" 
logs  are  presented: 

(1)  Beam  elements  can  be  developed  to  bet¬ 
ter  represent  elasto-plastic  torsion  of  non- 
circular  sections  through  the  inclusion  of  a 
warping  function.  In  addition,  the  beaa  ele¬ 
ment  should  be  capable  of  simulating  arbitrary 
coaposlte  layups  and  anisotropic  failure  crite¬ 
ria.  This  capability  may  be  sufficient  in  many 
cases  to  predict  the  dynamic  response  of  strut- 
foil  systems  to  impact  loads.  Only  comparison 
with  test  data  would  verify  this. 

(2)  It  is  more  likely  an  anisotropic  com¬ 
posite  plate  (shell)  element  with  bending, 
stretching  and  transverse  shear  effects  will 
need  to  be  developed  because  of  the  platelike 
characteristics  and  dimensions  of  struts  and 
foils.  A  simplified  element  based  upon  an  "ef¬ 
fective  modulus"  theory  should  prove  adequate  to 
predict  the  structural  response  (as  opposed  to 
wave  propagation  effects)  of  the  strut  and  foil. 

(3)  The  simplified  interaction  force  func¬ 
tion  developed  in  the  first  section  can  be  im¬ 
proved  and  extended  to  composite  foil  Impacts 
with  "dead-head"  logs. 

(4)  The  full  3D  interaction  force  pre¬ 
diction  capability  can  be  Improved  by  incorpo¬ 
rating  large  deformation  effects  and  anisotropic 
material  properties  and  failure  criteria  in  the 
work.  The  expense  of  the  calculation  can  be  re¬ 
duced  by  using  approximations  similar  to  the  DAA 
[10],  l.e.  pcv  dampers  and  virtual  mass  repre¬ 
sentation  of  the  water,  perhaps  directly  at¬ 
tached  to  the  structure  and  log  or  the  log  only. 
The  adequacy  of  this  would  have  to  be  verified 
against  experimental  data  generated  in  an  experi¬ 
mental  program. 
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LIST  OF  SYMBOLS 

C  speed  of  sound  in  material 

C  constant  defined  in  Eq.  16 
o 

E  Young's  modulus  of  material 

E  energy  imparted  to  foil 

F  initial  impact  force 

0  g 

G  shear  modulus  of  material  -  ^ (i+y) 

1^  _  moments  of  inertia  about  Y  or  Z 
*  axis 

J  torsional  rigidity 
J  Impulse  imparted  to  foil 

E 

K  bulk  modulus  of  material  -  3(i-2V) 

L  length  of  log 
M  mass  of  log 

v£r  velocity  of  foil  at  which  plastic 
deformation  is  initiated  in  log 
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DISCUSSION 

Hr.  Skop  (Naval  Research  Laboratory); 

In  one  of  your  Initial  slides,  when  you 
simplified  your  analysis,  the  first 
assumption  was  that  the  log  was  acting 
as  a  rigid  body  and  then  you  said  it 
went  plastic. 

Mr.  Misovec:  That's  right.  The 
strength  of  the  beam,  with  respect  to 
the  longltudual  fibers  is  10,000  psi  so 
it  has  a  much  larger  bending  rigidity 
than  the  strength  perpendicular  to  the 
fibers  which  is  only  2,000  psi.  So  in 
order  to  get  an  interaction  function  for 
this  particular  case  we  used  a  simpli¬ 
fied  acoustic  approximation,  a  one 
dimensional  wave  approximation,  and  we 
found  what  the  interaction  force  might 
be  for  a  simplified  one  dimensional 
approximation.  Then  to  get  the  rotation 
of  the  beam  itself  we  assumed  that  it 
acted  as  a  rigid  body  once  we  knew  the 
force.  That  was  one  of  the  approxima¬ 
tions. 
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OF  A  LARGE  RADAR  ANTENNA 
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The  approach  used  in  determining  the  transient  response  of  a  large 
shipboard-mounted  radar  antenna  to  shock  loading  resulting  from  an  underwater 
explosion  is  described.  The  dynamic  behavior  of  the  antenna  configuration, 
represented  by  a  finite  element  model  of  moderate  complexity,  was  determined 
through  direct  time  integration,  using  as  the  "forcing"  function  the  anticipated 
motion  of  the  ship  platform  on  which  the  antenna  was  mounted.  The  location  in 
the  antenna  where  the  peak  stresses  occurred  was  determined  by  inspection  of 
the  stress  results  from  this  transient  response  analysis,  and  a  refined  finite 
element  model  of  this  region  was  used  to  compute  more  accurate  stresses. 


INTRODUCTION 

A  primary  concern  of  structural  engineers  is  to 
ascertain  that,  for  various  loading  conditions,  stress 
levels  throughout  the  structure  being  considered  do 
not  exceed  the  strength  capabilities  of  the  materials 
being  used.  This  task,  which  can  be  difficult  under 
any  circumstances,  usually  becomes  more  formidable 
when  the  loading  conditions  are  dynamic  rather  than 
static.  In  the  static  case,  any  given  loading  condition 
is  independent  of  time,  and  only  one  solution  is 
required,  in  the  dynamic  case,  however,  one  must 
solve  the  differential  equations  of  motion  by  some 
appropriate  method  or  methods.  This  is  generally 
much  more  difficult  and  more  expensive  to  do. 

For  complex  structural  configurations,  the  finite 
element  method  has  proved  to  be  a  convenient  and 
powerful  tool  for  performing  these  static  and 
dynamic  analyses;  and  there  are  a  number  of 
commercially-available  and  independently-developed 
programs  and  program  systems  for  treating  such 
problems,  especially  for  those  that  can  be  dealt  with 
in  the  linear  elastic  domain.  For  transient  response 
analyses,  there  is  a  choice  to  be  made  between  modal 
superposition  methods  and  direct  time-integration 
methods,  with  different  consequences  and 
complications,  depending  on  which  path  is  chosen.  In 
either  case,  the  solution  process  involves  efforts  to 
obtain  a  finite  number  of  solutions.  With  the  modal 
superposition  approach,  the  number  of  modes  that 
must  be  used  to  characterize  the  structure's  dynamic 
behavior  properly  can  be  difficult  to  determine, 
especially  for  shock  loadings.  For  complex 
structures,  the  computational  expense  for  obtaining 
all  of  the  modes  that  might  be  required  could  also  be 


quite  significant.  The  direct  time  integration 
approach  is  attractive  because  it  is  potentially  more 
accurate,  does  not  require  the  analyst  to  extract  and 
select  candidates  from  the  set  of  modal  solutions, 
and  because  it  can  be  significantly  less  expensive  to 
use.  With  the  direct  time  integration  approach,  one 
of  the  basic  choices  that  must  be  made  is  between 
the  set  of  explicit  versus  the  set  of  implicit 
integration  methods.  Explicit  methods,  requiring  the 
solution  of  a  set  of  uncoupled  algebraic  equations, 
are  attractive  because  of  their  simplicity  and  lower 
cost  for  obtaining  the  solution  for  any  single  time 
step.  These  methods,  however,  usually  do  require  the 
use  of  very  small  timestep  sizes  (due  to  stability 
considerations).  The  primary  attraction  of  the  most 
widely  used  implicit  methods,  requiring  the  solution 
of  a  set  of  coupled  algebraic  equations,  is  the  fact 
that  significantly  larger  timestep  sizes  are  possible, 
with  far  fewer  solutions  being  required  in  order  to 
integrate  over  a  given  time  span. 

The  primary  purpose  of  the  radar  antenna 
analysis  described  herein  was  to  determine  the 
transient  response  of  the  configuration  to  a  given 
underwater  shock  environment,  focusing  special 
attention  on  one  of  the  highest-stressed  regions,  in 
order  to  obtain  more  accurate  stress  results  there. 
The  basic  approach  used  in  this  analysis  was  to  create 
a  finite  element  model  with  which  the  transient 
response  behavior  of  the  antenna  could  be  determined 
with  reasonable  accuracy.  Those  results  were  *hen 
used,  in  connection  with  a  more  refined  finite 
element  model  representing  the  region  where  the 
highest  stresses  were  obtained,  to  determine  the 
stresses  there  with  more  accuracy  than  was  possible 
with  the  original  model. 
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Figure  1 .  Radar  Antenna 

A  BRIEF  DESCRIPTION  OF  THE  RADAR 
ANTENNA  CONFIGURATION 

The  radar  antenna  shown  in  Figures  1  and  2 
consists  of  several  major  structural  components:  a 
base,  a  turntable,  two  arms,  an  antenna  support,  and 
an  antenna  reflector.  The  lower  surface  of  the  base 
structure  is  rigidly  tied  to  the  deck  of  the  ship  (or, 
for  shock  survival  integrity  tests,  to  the  floating 
shock  platform).  The  turntable  is  connected  to  the 
base  through  a  cross-roller  bearing  that  permits 
rotation  about  a  vertical  (z)  "azimuthal"  axis.  The 
outer  race  of  this  bearing  is  connected  to  the  base, 
while  the  inner  race  is  connected  to  the  turntable. 

An  azimuth  motor  and  gear-drive  component  is  used 
to  rotate  the  turntable  on  command  in  a  prescribed 
motion  to  attain  a  desired  azimuthal  orientation,  and 
it  also  serves  to  maintain  a  fixed  position  while  the 
ship  maneuvers. 

The  two  arms  are  rigidly  connected  to  the 
turntable,  as  is  the  antenna  reflector  to  the  antenna 
support  structure.  The  support  structure  is 
connected  to  the  arms  via  bearings  that  permit 
rotation  about  an  "elevation"  axis;  and  the  elevation 
motor  and  gear-drive  there  serve  functions  that  are 
similar  to  those  of  the  azimuthal  counterparts. 
Various  other  pieces  of  equipment,  including  wiring 
cables  and  counterweights,  are  also  connected  to  the 
radar  antenna. 


APPROACH  TO  THE  PROBLEM 

For  performing  detailed  stress  analyses  from 
which  accurate  and  useful  engineering  information 
can  be  obtained,  finite  element  models  that  include 
all  significant  structural  elements  and  features,  with 


Figure  2,  Schematic  Drawing  of  a  Radar 
Antenna  with  Nomenclature  and  Coordinate 

Axes 

cutouts,  stress-concentration  effects  and  other 
niceties,  are  generally  necessary.  Dynamic  analyses, 
on  the  other  hand,  are  usually  less  sensitive  to  the 
degree  of  structural  detail,  and  much  useful 
information  can  usually  be  obtained  from  "dynamic" 
models  that  are  less  complex  than  their 
static-analysis  counterparts.  The  construction  of  a 
detailed  model  that  is  suitable  for  both  static  and 
dynamic  analyses  can  be  quite  expensive,  but  not 
necessarily  prohibitively  so.  The  execution  of 
transient  response  analyses  with  that  kind  of  model, 
however,  might  very  well  be  prohibitively  expensive. 

In  order  to  perform  the  required  stress  analysis 
for  this  large  and  complex  antenna  structure,  which 
is  subjected  to  shock  loads,  the  following  approach 
was  selected: 

First,  the  finite  element  model  for  the  dynamic 
analysis,  herein  called  the  "dynamic"  model,  was 
constructed.  This  model  is  sufficiently  detailed  to 
represent  the  dynamic  characteristics  of  the 
configuration  accurately,  but  the  level  of  detail  is 
not  sufficient  for  the  performance  of  refined  stress 
analyses. 

A  transient  response  analysis  was  then  performed 
using  this  "dynamic"  model,  subjected  to  the 
appropriate  initial  conditions  and  loading  history. 
Structural  damping  effects  were  not  considered  in 
this  analysis,  primarily  because  of  the  lack  of 
available  information  about  how  it  should  be 
characterized.  The  results  obtained  from  this 
analysis  indicate  the  regions  (spatial  locations)  and 
times  (temporal  locations)  where  the  stresses  are 
highest. 
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Next,  the  finite  element  model  for  the 
highest-stressed  region  (the  turntable,  in  this  case), 
was  refined  to  include  the  greater  detail  that  is 
appropriate  for  the  accurate  stress  analysis  that 
was  desired. 

This  "static"  model  was  then  subjected  to 
displacement  boundary  constraints  and  to  interior 
forces  (static  equivalents  to  the  inertia  forces) 
that  were  obtained  from  the  results  of  the  dynamic 
analysis  at  the  selected  time,  t.  Displacements 
along  the  boundary  at  "old"  node  points  (which  are 
common  to  the  original  and  to  the  refined  model) 
can  be  extracted  directly  from  the  results  obtained 
in  the  analysis  with  the  original  "dynamic"  model. 
For  "new"  boundary  nodes,  (which  did  not  exist  in 
the  original  model),  displacements  can  be  obtained 
through  interpolations  of  order  compatible  with 
those  used  in  the  element  shape  function 
definitions.  The  interior  forces  can  be  obtained  via 
linear  interpolations  of  the  accelerations  from  the 
"dynamic"  model  nodes  to  the  "static"  model  nodes, 
followed  by  multiplication  by  the  "static"  model 
nodal  masses. 

Stress  analyses  with  this  "static"  model  yield 
refined  stress  distributions  (for  the  selected  instant 
of  time)  that  are  compatible  with  the  degree  of 
refinement  of  the  model.  It  should  be  mentioned 
here  that  the  application  of  displacement  boundary 
constraints  yields  boundaries  that  are  somewhat 
stiffer  than  would  be  the  case  when  only  forces  are 
applied  there.  This  results  in  underestimation  of  the 
stress  levels  near  these  boundaries.  The  stress  levels 
in  the  interior  of  the  "static"  model,  however,  should 
be  much  more  accurate  than  those  obtained  from  the 
"dynamic"  model. 

Refined  "static"  models  of  other  regions  (which 
might  be  portions  of  the  major  components,  complete 
components,  or  combinations  thereof)  may  be 
constructed  and  analyzed  for  several  different  times, 
as  required  or  judged  necessary  by  the  responsible 
engineer. 


DESCRIPTION  OF  THE  COMPUTER  CODES  USED 

The  bulk  of  the  analyses  described  herein  was 
performed  with  the  two  computer  programs  REXBAT 
[1,2]  and  STINT  [3,4],  and  the  graphic  results  were 
generated  with  REXBAT  and  with  the  DEFORM 
program  [5].  The  REXBAT  program,  a  linear  elastic 
in-house  code  the  current  version  of  which  is  called 
REXBAT-7,  is  actually  an  ensemble  of  processors 
(called  program  "stages")  that  are  intimately  related 
through  local  and  global  data  bases.  These  stages, 
each  of  which  is  a  stand-alone  processor  the  internal 
construction  of  which  has  been  optimized  for 
efficiency  in  performing  the  tasto(s)  at  hand,  work 
together  to  define  the  finite  element  model;  to 
compute  and  assemble  the  element  and  other 
contributions  to  the  mass  and  stiffness  supermatrices 
[M]  and  [r]  that  characterize  the  configuration  to  be 
analyzed;  to  impose  boundary  conditions  and  define 
loading  cases;  to  perform  static  and  eigensolution 
analyses;  and  to  determine  element  forces  and 
stresses  corresponding  to  the  displacement  results 
that  are  obtained  by  the  REXBAT  program  and/or  by 


other  programs  (principally  STINT,  in  these  efforts). 
Related  analysis  tasks,  including  "debugging"  and 
plotting  of  the  finite  element  models  and 
substructuring  operations,  are  performed  by 
appropriate  members  (stages)  in  the  REXBAT 
ensemble. 

One  of  the  many  diagnostic  and 
model-verification  tools  employed  in  constructing  the 
individual  and  combined  finite  element  models  for 
the  antenna  configuration  with  REXBAT-7  was  its 
"rigid  body"  checkout  process,  a  sort  of  global 
"patch"  test  [6]  in  which  the  model  is  subjected  to  six 
independent  rigid  body  motions  (r)  and  where  the 
forces  (f{  =  [K]  {r}  corresponding  to  these  motions 
are  computed  using  the  assembled  stiffness 
supermatrix  (K).  For  a  correctly  constructed  model, 
these  forces  must  be  zero;  so  the  presence  of  any 
sizeable  values  in  { f }  uncovers  many  (but  not  all) 
kinds  of  modeling  errors.  The  existence  in  the  model 
of  non-rectangular  or  non-planar  elements  that  (by 
virtue  of  their  stiffness  matrix  generation  routines) 
should  be  rectangular  or  planar,  or  the  existence  of 
elements  that  are  connected  to  node  points  that  do 
not  have  the  correct  number  or  types  of  degrees  of 
freedom,  is  easily  discerned  by  examination  of  the 
various  rigid-body  {f}  vectors.  On  the  other  hand,  it 
is  not  possible  to  detect  slightly  incorrect  material 
properties  and/or  element  thicknesses  by  this  process; 
and  a  variety  of  other  model-verification  checks 
must  also  be  made. 

The  preliminary  static  and  modal  solutions 
obtained  with  the  REXBAT  program  also  served  to 
"verify"  the  individual  and  combined  finite  element 
models  by  ensuring  that  (at  least  for  appropriate  sets 
of  uncomplicated  static  loading  conditions)  the 
applied  loads  were  being  transmitted  through  the 
models,  without  losses  (which  are  sometimes  caused 
by  otherwise-undetected  groundings  and  other 
modeling  errors),  via  reasonable  load  paths,  and  that 
the  lowest-frequency  vibratory  responses  (the 
fundamental  modes)  were  accurate. 

The  initial  displacement  field  for  the  transient 
response  analysis,  corresponding  to  one  g  gravity 
loading  conditions,  was  also  obtained  via  a  static 
analysis  with  the  REXBAT  program. 

The  transient  response  analysis  was  performed 
with  the  out-of-core  version  of  the  STINT  program, 
which  employs  the  REXBAT  generated  mass  and 
stiffness  supermatrices  for  the  "dynamic"  model  (as 
discussed  above)  in  its  direct  integration  of  the 
equations  of  motion 

[M]  [a(t)}  +  [K ]  (x(t)}  =  [f(t))  (1) 

(where  (a(t)}  is  the  vector  of  nodal  accelerations)  to 
produce  the  desired  displacement  and  velocity 
histories,  (x(t)}  and  (v(t)),  respectively.  The  STINT 
program  that  was  employed  in  these  efforts  is  an 
implicit  time-integration  program,  designed  to  treat 
large  problems,  for  which  the  supermatrices 
describing  the  finite  element  model  and  required  by 
the  integrator  are  too  large  and  complex  to  fit  within 
the  available  core  space  on  the  computer  system 
being  used.  This  version  of  STINT,  which  is 
especially  suitable  for  treating  "stiff”  systems  of 


equations  that  are  often  encountered  with  structural 
dynamics  problems,  can  use  the  trapezoidal  rule  or 
the  3-step  Park  linear  multistep  method  [3], 
employing  pseudo-force  techniques  to  shift  the 
nonlinear  contributions  from  [M]  and  [K]  (and  from 
other  sources)  into  the  modified  right-hand-side 
vector  {f ),  and  using  matrix-scaling  techniques  [3]  to 
avoid  refactorizations  with  variable  timestep 
computations.  For  this  analysis,  the  trapezoidal  rule 
was  used  with  a  constant  timestep  size  in  order  to 
minimize  the  computational  expenses  and  to  simplify 
the  stress  and  graphic  post-processing  operations. 

The  DEFORM  program  was  used  to  generate 
"snapshot"  plots  of  the  "dynamic"  model  of  the 
antenna  configuration  at  various  times  during  its 
transient  response  (showing  the  deflections  of  the 
complete  antenna  and  showing  the  deformations, 
which  were  obtained  by  removing  the  ship  motions 
from  the  entire  displacement  field)  and  to  produce 
motion  pictures  of  the  entire  transient  response 
history. 


CONSTRUCTION  OF  THE  "DYNAMIC"  MODEL 

The  "dynamic"  model  of  the  complete  radar 
antenna  was  assembled  from  the  set  of  finite  element 
models  constructed  to  represent  the  individual  major 
structural  components:  the  base,  the  turntable,  the 
arms,  the  antenna  support,  and  the  antenna 
reflector.  In  the  construction  of  these  individual 
models,  attempts  were  made  to  describe  the  actual 
structural  components  that  they  represent  as 
faithfully  as  possible;  but  in  order  to  keep  the  sizes 
and  complexities  of  these  models  within  reasonable 
bounds,  and  in  order  to  keep  the  computational 
expenses  for  solving  the  transient  response  problem 
for  the  assembled  antenna  as  low  as  possible,  it  was 
necessary  to  omit  some  structural  details  judged  to 
be  of  minor  importance  in  determining  the  overall 
dynamic  behavior  of  the  configuration.  Small 
cutouts,  bosses,  stress  concentration  effects,  and 
various  other  details,  therefore,  were  not  included  in 
these  "dynamic"  models. 

These  finite  element  models  were  constructed  in 
the  usual  way  by  definition  of  node  points  (which  are 
characterized  by  their  initial  spatial  locations  and 
the  sets  of  admissible  displacements,  called  "degrees 
of  freedom",  associated  with  them),  and  by 
specification  of  the  sets  of  finite  elements  which 
have  specified  geometric  and  material  property 
attributes,  that  are  connected  to  each  other  via  these 
node  points.  In  constructing  these  models,  eccentric 
stiffeners  were  represented  by  beams  with  "rigid 
links".  For  these  elements,  the  beam  end-point 
centroids  are  attached  to  "slave"  nodes,  which  in  turn 
are  connected  to  the  "primary"  structural  node  points 
via  rigid  links.  The  "slave"  nodes,  here,  have  no 
degrees  of  freedom  associated  with  them;  the 
primary  nodes  do.  Closely-spaced  ribs  were  modeled 
with  orthotropic  quadrilateral  plates  utilizing  a 
"smearing”  technique. 

Before  assembling  the  complete  "dynamic” 
model  of  the  antenna  configuration,  the  individual 
major  structural  component  models  (see  Fig.  3)  were 
checked,  as  described  above,  to  ensure  that  no 


Figure  3.  Finite  Element  Models  of  Major 
Structural  Component! 

extraneous  forces  are  introduced  by  rigid-body 
motions  and  to  validate  their  load-transfer 
capabilities. 

In  the  actual  radar  antenna,  as  noted  above,  the 
turntable  and  its  attached  structural  components  can 
rotate  about  the  azimuthal  axis,  and  the 
antenna-support  structure  can  rotate  about  the 
elevation  axis.  In  assembling  the  complete  "dynamic" 
model  for  this  analysis,  however,  it  was  necessary  to 
choose  a  single  fixed  position  with  specific  azimuthal 
and  elevation  orientations.  These  orientations  could, 
of  course,  be  varied,  if  necessary,  in  future  analyses. 

All  of  the  bearings  in  the  assembled  "dynamic" 
model  were  modeled  in  the  following  manner.  Each 
pair  of  nodes,  one  located  on  the  outer  race  of  the 
bearing  and  the  other  on  the  inner  race,  is  linked  with 
radial  and  normal  springs  representing  the  bearing 
stiffnesses  (spring  constants)  in  these  directions. 
Additionally,  one  pair  of  nodes  is  linked  with  a 
tangential  spring  representing  the  motor  and 
gear-drive  inertia  restraint  against  rotation.  This 
modeling  technique  is  valid  as  long  as  the  torques 
produced  by  the  dynamic  forces  do  not  exceed  the 
locked  rotor  torque  of  the  motor  and  gear-drive 
combination,  it  should  be  noted  that  the  radial 
springs  only  approximate  the  true  bearing  behavior. 

The  actual  behavior  can  only  be  accurately 
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TABLE  1 


VITAL  STATISTICS  FOR  FINITE  ELEMENT  "DYNAMIC"  MODELS 
OF  THE  MAJOR  STRUCTURAL  RADAR  ANTENNA  COMPONENTS 


MAJOR 

NODE 

BEAM 

TRIANGLE 

QUAD 

SOLID 

COMPONENTS 

POINTS 

ELEMENTS 

ELEMENTS 

ELEMENTS 

ELEMENTS 

REFLECTOR 

37 

0 

12 

36 

0 

SUPPORT 

164 

68 

32 

72 

0 

ARMS 

195 

32 

20 

200 

16 

TURNTABLE 

255 

66 

96 

213 

18 

BASE 

402 

126 

36 

234 

18 

represented  by  contact  elements,  which  are  not 
available  in  the  REXBAT  program. 

Non-structural  equipment  such  as  motors,  gear 
drives,  cables,  counterweights,  etc.,  were 
represented  in  the  assembled  "dynamic"  model  by 
inclusion  of  concentrated  mass  points.  These  points 
were  located  at  the  centers  of  gravity  of  the 
equipment  and  were  connected  to  adjacent  structure 
by  a  network  of  "rigid"  bars  that  are  only  capable  of 
transmitting  axial  forces. 

The  complete  assembled  "dynamic"  model  has 
1061  node  points  with  4152  degrees  of  freedom,  and 
includes  62  bars,  292  beams,  196  triangles,  755 
quadrilaterals,  52  solid  elements,  8  concentrated 
mass  points,  and  26  stiffnesses  representing  bearing 
springs.  Table  1  displays  some  pertinent  information 
regarding  the  finite  element  "dynamic"  models  of  the 
individual  major  structural  components.  The 
assembled  "dynamic”  model  is  shown  in  Figure  4,  in 
which  some  lines  have  been  removed  for  clarity. 

As  with  the  individual  component  models,  the 
assembled  "dynamic"  model  of  the  antenna 
configuration  was  checked  to  ensure  that  no 
extraneous  forces  are  introduced  by  rigid-body 
motions,  for  load-transfer  capabilities,  and  for 
several  of  its  fundamental  vibration  modes. 

TRANSIENT  RESPONSE  ANALYSIS 

During  an  underwater  shock  test,  the  shock  wave 
travels  through  the  fluid  medium  and  the  ship  (or 
floating  shock  platform)  to  the  antenna 
configuration.  The  response  of  the  ship  (or  the 
floating  shock  platform)  at  the  lower  surface  of  the 
base  of  the  radar  antenna  was  used  as  the  forcing 
function  for  the  transient  response  analysis 
performed  here.  The  initial  conditions  for  this 
analysis  were  the  displacement  field  that  corresponds 
to  a  one  g  gravitational  force  field  (the 
displacements  of  the  antenna  structure  under  its  own 
weight)  and  a  nulled  velocity  vector. 

The  transient  response  analysis  described  here 
was  performed  with  an  implicit  time  integration 
scheme  using  the  trapezoidal  rule  and  a  fixed  time 
step.  The  use  of  an  implicit,  rather  than  explicit, 
integration  method  made  it  possible  to  employ  a 
relatively  large  time  step,  with  the  particular  step 


size  being  chosen  here  to  give  a  sufficiently  large 
number  of  steps  in  the  lowest  fundamental  response 
modes.  This  step  size  choice  was,  of  course,  strongly 
influenced  by  the  conflicting  requirements  to 
represent  the  higher-frequency  responses  as 
accurately  as  possible,  and  to  keep  the  computational 
expenses  reasonable. 

The  forces  and  stresses  for  each  element  in  the 
assembled  "dynamic"  model  were  computed  using  the 
displacement  fields  for  each  time  step  during  the 
transient  response  analysis,  with  the  appropriate 
stages  of  the  REXBAT  program.  The  highest  stressed 
region  was  earmarked  for  further  detailed  study,  as 
described  below.  The  radar  antenna,  in  various 


Figure  4.  Finite  Element  Model  of 
Complete  Antenna 


undeformed  and  deformed  states,  is  shown  in  Figures 
4  through  8.  Figure  4  shows  the  undeformed 
configuration  at  time  t  =  0;  Figures  5  and  6  show  the 
undeformed  configuration  (dashed  lines)  and  the 
deformed  configuration  (solid  lines)  at  two 
representative  instants  of  time.  Figures  7  and  8  show 
similar  results,  but  here  the  "rigid-body"  motions 
(i.e.,  the  displacements  at  the  lower  surface  of  the 
base  structure)  have  been  removed  in  order  to  make 
the  deformations  of  the  structure  more  apparent.  In 
all  of  these  figures,  the  actual  displacements,  and 
deformations,  have  been  exaggerated  in  order  to 
illustrate  the  response  results  more  clearly. 

The  displacement  results  for  each  time  step  of 
the  transient  response  analysis  were  employed,  with  a 
slightly  simplified  version  of  the  "dynamic"  finite 
element  model,  to  make  motion  pictures  of  the 
responding  radar  antenna  configuration.  These 
movies,  produced  with  the  DEFORM  program,  proved 
most  valuable  in  providing  physical  insight  into  and 
confidence  in  the  computed  structural  responses. 
Qualitative  data  about  the  largest  deformations  and 
the  most  rapid  changes  of  deformations,  difficult  to 
extract  from  the  large  stacks  of  printed  output 
obtained,  were  easily  observed  in  the  movies.  It  is 
interesting  to  note,  too,  that  for  this  analysis  the 
region  of  highest  stress  was  not  one  in  which  these 
motions  were  greatest. 


Figure  5.  Undeformed  and  Deformed 
Configuration  at  t>t^ 


Figure  6.  Undeformed  and  Deformed 
Configuration  at  t-tj 


Figure  7.  Undeformed  and  Deformed  Con¬ 
figuration  at  t-t.  with  Floating  Barge 
Platform  Motion  Removed 
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Figure  8.  Undeforaed  and  Da formed  Con¬ 
figuration  at  t-t-  with  Floating  Barga 
Platform  Motion  Removed 


STRESS  ANALYSIS  OF  A  SELECTED  REGION 

Examination  of  the  stress  results  obtained  from 
the  transient  response  analysis  of  the  complete 
"dynamic”  model  indicated  the  spatial  locations 
where,  and  the  times  when,  the  stresses  in  the 
complete  model  were  highest  With  accurate,  useful 
stress  results  as  the  ultimate  goal  of  this  analysis,  a 
refined  finite  element  model  containing  the 
highest-stressed  region  (which  turned  out  to  be  within 
the  turntable  structure,  in  this  case)  was 
constructed.  This  model  included  many  structural 
details  that  had  to  be  omitted  in  the  "dynamic"  model 
of  that  component.  In  doing  this,  one  naturally 
wishes  to  ensure  that  the  boundaries  of  this  refined 
model  are  far  enough  away  from  the  peak  stress 
region  that  is  of  interest,  since  the  stress  levels  at, 
and  very  near,  these  boundaries  are  not  free  to  vary 
significantly  from  the  levels  obtained  in  the  transient 
response  analysis  for  the  original,  "dynamic"  model. 

The  boundaries  for  the  turntable  component  are 
located  at  the  interfaces  between  it  and  the  arms  and 
between  it  and  the  base  structure.  It  is  important  to 
be  sure  that  the  boundaries  for  the  refined  "static" 
model  contain  at  least  all  of  the  corresponding  node 
points  in  the  counterpart  "dynamic"  model.  It  is  most 


convenient  if  the  spatial  locations  of  the  boundary 
nodes  that  are  common  to  the  two  models  coincide 
exactly,  so  that  the  displacements  from  the  transient 
response  analysis  at  those  nodes  can  be  imposed 
directly  on  the  boundary  of  the  refined  model  as 
displacement  boundary  constraints,  without  the  need 
to  use  a  suitable  (and  possibly  quite  complex) 
interpolation  scheme  to  determine  the  desired 
conditions  from  the  information  that  is  available. 

The  refined  model  constructed  in  this  effort  for 
the  turntable  structure,  shown  in  Figure  9,  has  729 
node  points  with  4104  degrees  of  freedom,  it 
includes  32  bar  elements,  40  beams,  14$  triangles  and 
720  quadrilateral  plate  elements.  As  usual,  this 
refined  model  was  subjected  to  the  above-described 
"rigid-body"  check  and  was  examined  for  load 
transmission  capabilities  by  independent  analyses 
with  the  REXBAT  program. 


Figure  9.  Refined  Finite  Eleaient  Model 
of  Antenna  Turntable 


Displacements  obtained  from  the  transient 
response  analysis  for  a  selected  time  "t"  were  applied 
as  boundary  constraint  conditions,  and  interior 
forces,  computed  as  described  above,  were  applied  as 
"external"  loadings.  The  linear  elastic  stress  analysis 
then  performed,  with  REXBAT,  produced  the  desired 
refined  stress  distribution.  The  peak  stress  obtained 
with  the  refined  model  was  67%  higher  than  that 
obtained  in  the  turntable  from  the  transient  response 
analysis. 

CONCLUDING  REMARKS 

Details  pertaining  to  the  time  history  for  base 
excitation  and  the  time  increment  used  for  the 
integration  scheme,  and  concerning  the  structural 
responses  (in  particular  the  stress  levels)  obtained, 
are  given  in  [71.  Analytical  results  obtained  with 
both  the  "dynamic"  and  "static"  models  will  be 
compared  with  test  results  when  they  become 
available. 
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DISCUSSION 

Mr.  Dyrdahl  (Boalng  Co):  Did  this 
analysis  result  In  changing  the  hardware 
at  all?  Has  It  a  worthwhile  thing  to  do 
lor  that  kind  of  equipment? 

Mr.  Heller;  Yea,  it  resulted  In  some 
lapr ovenent . 

Mr.  Dyrdahl:  A  better  understanding  or 
better  hardware? 

Mr.  Meller;  It  resulted  In  a  better 
understanding  of  the  structure  to  deter¬ 
mine  the  stress  levels,  but  not  particu¬ 
larly  chat  chart  that  I  showed,  a 
similar  analysis  resulted  In  stress 
levels  which  caused  some  modification  to 
the  structure. 

Mr.  Dyrdahl:  How  much  time  did  you  have 
to  spend  on  this  analysis? 

Mr.  Meller:  I  have  done  so  many 
together  that  I  really  can't  tell  you 
exactly  how  much  one  single  one  would 
take  becauae  we  analyse  a  particular 
loading  condition. 

Voice;  Could  It  be  done  In  a  month? 

Mr.  Meller;  It  would  take  about  between 
a  month  and  two  months  just  to  create 
the  dynamic  model.  But  once  you  have 
the  finite  element  model  then  the 
analysis  Itself  shouldn't  last  longer 
than  a  couple  of  weeks. 

Mr.  Urbanlk  (Forest  Products  Labora¬ 
tory)  ;  Could  you  comment  on  the  number 
of  elides  It  took  to  prepare  or  the 
number  of  computer  drawn  graphs  that  you 
had  to  prepare  for  the  animated  mode 
shape  movie? 

Mr.  Meller;  The  second  and  fifth  parts 
of  the  movie  contain  somewhere  around 
650  slides  and  each  slide  corresponds  to 
one  time  Indication  point.  The  last 
part,  that  was  slowed  down  by  a  factor 
of  three,  contains  three  times  as  many 
elides  but  the  additional  points  were 


obtained  by  linear  Interpolations  other 
than  by  direct  timing  conditions.  The 
time  step  Is  of  the  order  of  62  micro¬ 
seconds  . 

Mr.  Hepperget  (Wrlght-Patterson  AFB); 

How  do  you  know  whether  that  finite 
element  model  really  replicates  the 
empirical  data.  What  Is  your  goodness 
of  fit,  what  are  your  criteria? 

Mr.  Meller;  In  this  particular  case  we 
knew  the  frequency  of  the  complete 
antenna  so  when  we  subjected  the  model 
to  the  frequency  search  we  could  deter¬ 
mine  whether  or  not  It  was  a  suitable 
representation  of  the  actual  structure, 
and  It  was. 

Mr.  Repperger;  Do  you  have  any  empiri¬ 
cal  data  to  validate  the  model  response 
and  the  empirical  data  response  to  show 
that  they  were  equivalent  or  similar  in 
some  sense? 

Mr.  Meller;  In  some  previous  analysis  I 
predicted  some  reponses  that  were  later 
verified  by  tests. 

Mr.  Repperger;  Did  you  Just  look  at  the 
response  modes  and  resonances? 

Mr.  Meller;  Just  the  actual  response. 
The  only  reason  I  was  looking  for  modes 
Is  just  to  be  sure  that  the  model  had 
the  correct  fundamental  or  at  least  the 
lowest  fundamental  resonant  frequency. 
But  once  that  Is  done,  there  Is  no  more 
modal  analysis. 

Mr.  Walchak  (NSWC  White  Oak);  I  am 
Interested  In  your  forcing  function,  did 
you  use  the  one  from  the  at  sea  tests  or 
were  they  from  the  FSP  Inputs? 

Mr.  Meller;  This  particular  one  was 
from  the  FSP  tests. 

Mr.  Walchak;  Did  you  find  this  to  be 
more  severe? 

Mr.  Meller;  No. 
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FATIGUE  LIFE  PREDICTION  FOR  SIMULTANEOUS  STRESS 
AND  STRENGTH  VARIANCES  UNDER  RANDOM  VIBRATION 


R . G .  Lambert 

General  Electric  Company 
Aircraft  Equipment  Division,  Utica,  NY  13503 


Simple  closed  form  expressions  have  been  found  to  accu¬ 
rately  predict  the  fatigue  life  of  structures  subjected  to 
random  stresses  where  the  applied  stress  and  the  material's 
strength  are  simultaneous  random  variables.  These  equations 
are  in  familiar  engineering  terms.  Comparisons  between 
analytical  predictions  and  empirical  results  have  been  shown 
to  be  good  whenever  such  comparisons  were  made. 


INTRODUCTION 

Many  closed  form  analytical  expres¬ 
sions  have  previously  been  derived  to 
predict  structural  fatigue  life  and  mech¬ 
anical  reliability  for  randomly  applied 
stresses  [1-5J .  These  expressions  have 
been  shown  to  be  simple,  practical  and 
accurate.  They  apply  to  single  and  mul- 
ti-degree-of-freedom  systems  as  well  as 
to  single  level  or  step-stress  load  sit¬ 
uations.  Fracture  Mechanics  effects  are 
included.  In  all  of  these  cases,  the 
stress/strength  parameters  were  treated 
as  random  variables  independently,  not 
simultaneously. 

In  most  practical  cases,  the  stress/ 
strength  parameters  are  simultaneous 
random  variables.  Stresses  vary  from 
part  to  part  and  subassembly  to  subassem¬ 
bly  due  to  dimensional  and  geometrical 
differences  between  parts,  fabrication 
and  assembly  variances,  and  structural 
damping  and  stiffness  variances  of  adja¬ 
cent  structures.  Strengths  vary  because 
materials’  fatigue  curves  are  a  scatter- 
band  of  failure  points,  not  single  lines. 

APPROACH  SUMMARY 


ing  the  resulting  standard  deviation 

(ip  =  /a2  +  62) 

in  place  of  the  strength  standard  devia¬ 
tion  term  (A).  The  reasoning  behind 
this  approach  was  as  follows:  Fatigue 
failure  occurs  when  stress  exceeds 
strength  regardless  of  whether  the  stress 
is  "too  high"  or  the  strength  is  "too 
low".  Both  deviations  from  nominal 
cause  a  reduction  in  fatigue  life.  Since 
the  standard  deviations  of  stress  and 
strength  are  independent  of  each  other, 
they  should  be  added  in  the  mean-square 
sense.  This  approach,  as  judged  by 
Monte  Carlo  simulation  techniques,  gives 
somewhat  accurate  results  but  not  as  ac¬ 
curate  as  hoped  for. 

Accuracy  was  improved  by  multiplying 
the  stress  standard  deviation  (5)  by  the 
term  (2Nm)2/B,  Nj,  js  the  median  stress 
cycles  to  failure.  It  is  the  fatigue 
life  if  the  analysis  is  done  determin¬ 
istically  (i.e.,  if  A  and  6  are  zero). 

6  is  the  slope  parameter  of  the  materi¬ 
al's  "S-N"  fatigue  curve.  This  term  made 
the  entire  expression  almost  identical 
to  the  rigorously  derived  equation  for 
the  case  of  A  *  0. 


An  attempt  to  rigorously  derive  a 
fatigue  life  expression  with  the  stress/ 
strength  parameters  treated  as  simulta¬ 
neous  random  variables  was  unsuccessful 
in  that  the  final  expression  was  exceed¬ 
ingly  complex.  Therefore,  a  different 
approach  was  evaluated.  This  approach 
modified  the  variable  strength  fatigue 
life  expression  (1)  by  adding  the  stress 
(5)  and  strength  (a)  standard  deviations 
in  the  mean-square  sense  and  substitut¬ 


Accuracy  was  further  improved  in  the 
region  of  early  fatigue  failures  by  sub¬ 
tracting  the  term 

(2Nm)1/6A6 

m  -  *rf 

The  portion  -  ir/B  was  required  to 
provide  accuracy  for  brittle  and  ductile 
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materials.  This  worsened  the  accuracy 
in  the  region  of  the  late  failures.  The 
above  term  needed  to  be  added  instead  of 
subtracted  in  that  region  (i.e.,  a  sign 
change  for  N  >  Ng,).  This  worsened  the 
accuracy  in  the  middle  failure  region. 
The  multiplying  term 


C  *  2  erf 


h  - ')] 


where  A  and  C  are  fatigue  curve  constants 
and  6  is  a  slope  parameter  [1] .  AS  is 
the  cyclic  sinusoidal  stress  range,  a 
is  the  random  rms  stress.  Ns  is  the 
sinusoidal  cycles  to  failure.  Nm  is  the 
median  number  of  random  stress  cycles  to 
failure.  These  fatigue  curves  are  zero- 
width  (i.e.,  nonscatterband)  lines  of 
failure  points. 


restored  accuracy  to  all  failure  regions. 

The  resultant  standard  deviation 
term  is: 


ip-  A2  +  (2N)2/852  +  £ 


(2Nm)1/6A5 


|  1000j 


.•.An,-'"’ 


Accuracy  of  the  above  expressions 
was  judged  by  comparison  to  Monte  Carlo 
simulation  results.  The  Monte  Carlo 
simulation  technique  had  its  accuracy 
and  practicality  checked  by  comparing 
its  results  with  those  known  to  be  the¬ 
oretically  correct  and  with  available 
empirical  results. 

Fatigue  life  is  expressed  in  terms 
of  probability  of  failure  as  a  function 
of  applied  stress  cycles  and  both  aver¬ 
age  and  minimum  cycles  to  first  failure. 
For  the  most  part  data  is  presented  in 
the  form  of  histograms  of  cycles  to 
failure  because  of  the  histogram's  sen¬ 
sitivity  to  differences  between  theo¬ 
retical  and  tallied  results. 

FATIGUE  CURVE  REPRESENTATION 


AMPLITUDE 

o  m  RANDOM  RMS  STRESS 

10  - 1 - 1 - 1 - 1 - 

io*  io*  to*  io*  io*  «e 

N  (CYCLES) 

Fig.  1  -  Typical  sinusoidal  and 
random  fatigue  curves 

Table  1  shows  typical  parameter  val¬ 
ues  for  several  materials.  Refer  to  the 
Symbols  section  for  Metric-Conventional 
Units  conversion. 


.  filf  i 


stress  units  (3) 


stress  units 


Figure  1  shows  the  typical  sinus¬ 
oidal  and  random  fatigue  curves  for  a 
given  structural  material.  These  curves 
are  of  the  following  form: 


f  -  *  V1/B 


stress  units 


r  k  -VS 


stress  units 


where  Of  ■  fatigue  strength  coefficient 
16,7].  of  may  be  thought  of  as  being 
the  material's  cyclic  "true"  ultimate 
strength.  It  should  be  noted  that  6=9 
for  ductile  materials  and  6=20  for 
brittle  materials. 

Equation  (2)  represents  a  fatigue 
strength-life  curve  where  both  the  ma- 


m 


TABLE  1.  TYPICAL  FATIGUE  CURVE  CONSTANTS 


„  * 
A* 

A 


(ksi) 

(MPa) 

(ksi) 

(MPa) 

Copper  Wire 

81.9 

565 

9.28 

36.9 

254 

7075-T6 

Aluminum  Alloy 

180 

1240 

9.65 

80 

552 

AZ31B 

Magnesium  Alloy 

43.3 

299 

22.37 

13.6 

94 

tel 


terial  strength  C  and  applied  rms  stress 
are  deterministic.  The  fatigue  strength 
can  be  treated  as  a  Gaussian  random  var¬ 
iable  of  mean  value  C  and  standard  devi¬ 
ation  A.  The  applied  stress  can  also  be 
treated  as  a  Gaussian  random  variable  of 
mean  value  a  and  standard  deviation  6. 


ard  deviations  A  and  6  stress  units  re¬ 
spectively.  Nf  is  a  dependent  random 
variable  that  depends  upon  the  parameter 
values  in  equation  (8).  Nm  is  the 
median  value  of  the  random  variable  Nf. 
Both  Nm  and  Nf  represent  cycles  to 
failure. 


Equation  (2)  then  becomes 


N 


m 


where 


cycles 


(5) 


N  »  median  cycles  to  failure 
m 

C  “  mean  value  of  strength 

cr  =  mean  value  of  applied  stress 


ANALYTICAL  DERIVATION 


The  derivation  of  the  fatigue  life 
expressions  begins  with  the  derivations 
of  equations  for  the  probability  density 
function  of  cycles  to  failure  p(Nf)  and 
the  probability  of  failure  at  N  applied 
stress  cycles  F(N).  It  can  be  shown 


2l/BNf(l/6)-l 


iff, 

2'Jr 


■(h^-rv) 

r 


•  |  2a  erf  (aj)  +  ^  e  h 

-25  erf  <«„>}] 


(6) 


where  the  variables  om,  12,  h,  r  and  v 
are  complicated  functions  of  Nf. 


F(N)  -  Probability  that  Nf  >  N 
N 

F(N)  -  /  P(N.)  dNf  (7) 

0 


It  can  be  seen  by  examining  equations 
(6)  and  (7)  that  finding  a  simple  closed 
form  expression  for  F(N)  does  not  appear 
likely. 


A  sample  of  the  random  variable  Nf 
is  generated  by  generating  a  sample  of 
each  C  and  a,  then  performing  the  opera¬ 
tion  indicated  by  equation  (8).  Each 
sample  of  C  is  drawn  from  a_Gaussian 
distribution  of  mean  value  C  and  stand¬ 
ard  deviation  A.  Each  sample  of  o  is 
similarly  drawn_from  a  Gaussian  distri¬ 
bution  of  mean  a  and  standard  deviation 
5.  Negative  values  of  C  and  a  are  dis¬ 
carded.  The  samples  of  Nf  are  sorted 
and  stored  in  array  bins  according  to 
the  sample's  value.  The  quantity  of  Nf 
samples  that  fall  into  each  bin  is  sunned 
and  stored.  A  printout  of  the  quantity 
of  samples  in  each  bin  of  the  array  rep¬ 
resents  a  histogram  of  Nf  for  specific 
values  of  C,  A,  a,  S  and  8. 

COMPARISON  OF  SIMULATION  AND  THEORETICAL 
RESULTS 

Theoretical  results  for  the  case 
where  the  applied  stress  is  not  a  random 
variable  (i.e.,  6  «  0)  are  as  follows 
[11 : 


n\1/b  1 

F(N)  «=  0.5  +  erf 

l{(i 

t)  -‘1J 

A  histogram  array  bin  quantity  q  for  a 
bin  that  extends  from  Na  to  Nf,  is 

q  -  {F(Nb)  -  F(Na)}  Q  (10) 

where 

Q  =  total  Nf  sample  size 

q  «  bin  quantity 

Q  ■  10,000  for  all  cases. 

Figure  2  shows  the  expected  excellent 
agreement  between  theoretical  and  tal¬ 
lied  results  for  Case  1  of  Table  2. 


SIMULATION  TECHNIQUE 

A  Monte  Carlo  technique  was  used  as 
the  simulation  method  for  judging  the 
accuracy  of  the  proposed  fatigue  life 
expressions.  From  equation  (5), 

Nf  -  6  cYdes  (8) 


Similarly  theoretical  results  for 
the  case  where  the  fatigue  curve  is 
treated  as  a  single  line  (i.e.,  A  «  0) 
are  as  follows  [1] : 


where  C  and  o  are  Gaussian  random  vari¬ 
ables  of  mean  values  £  and  a  and  stand- 


Figure  3  shows  the  expected  excellent 
agreement  between  theoretical  and  tallied 
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QUANTITY 


results  f or  Case  2  of  Table  2.  Thus, 
the  simulation  technique  is  considered 
to  be  qualified  for  further  use. 


#  s  10  is 

Nf  x  10*  (CYCLES) 


Fig.  2  -  Histogram  of  Nf:  Case  1 


o  s  to  is 


Nf  X  10*  (CYCLES) 

Fig.  3  -  Histogram  of  Nf:  Case  2 


INITIAL  EVALUATION 

The  first  proposed  method  of  analyz¬ 
ing  cases  where  both  the  applied  rms 
stress  and  strength  are  simultaneous  was 
to  add  both  variances  in  the  mean  square 


sense  and  substitute  this  result  into 
equation  (9)  as  follows: 


Figure  4  shows  the  theoretical  and  tal¬ 
lied  results  for  Case  3  of  Table  2  and 
equation  (12).  Comparison  of  the  above 
results  indicates  that  ip '  gives  reason¬ 
able  accuracy  but  not  as  good  as  hoped 
for.  This  is  especially  true  in  the  re¬ 
gion  of  first  failures  where  i|i’  gives 
results  that  are  not  conservative. 


Nf  x  10*  (CYCLES) 

Fig.  4  -  Histogram  of  N{:  Case  3 

It  should  be  noted  that  6  is  usually 
less  than  A  in  absolute  value  by  a  factor 
of  approximately  four.  This  is  because 
a  is  usually  less  than  C  by  the  same 
factor  for  Nm  in  the  high  cycle  fatigue 
region  (e.g.,  from  equation  (5), 

U/a  -  N^ 

For  Nm  =  6.5  x  105  and  B  =  9.6,  C/a  =  4). 
Therefore,  ip ’  is  relatively  insensitive 
to  values  of  6  and  will  no  longer  be 
considered  as  a  candidate  expression. 


TABLE  2.  CASE  PARAMETER  VALUES 


Case  (MPa)  (ksi)  (MPa)  (ksi)  (MPa)  (ksi)  (MPa)  (ksi) 


1187  \  172.11  63.8  9.25  302  43.87 


1187  172.11 


238  34.52  11.9  1.73 


1187  172.11  63.8  9.25  302  43.87  15.2  2.2 

1187  172.11  63.8  9.25  302  43.87  15.2  2.2 


13.6  4.8  0.70 


7.56  26.1  3.78 


(cycles) 


5  x  105 
5  x  106 
5  x  105 
5  x  105 


5  x  lO*' 


NOTE:  Except  for  zero  values,  A/C  -  S /o  »  0.05 


PROPOSED  FATIGUE  LIFE  EXPRESSIONS 

The  following  expressions  are  pro¬ 
posed  for  computing  fatigue  life  param¬ 
eters: 

F(N)  =  probability  of  failing  at  N 
applied  stress  cycles 


F(N)  -  0.5  +  erf 


[f{©1/9-  *>] 


o 


N  =  median  cycles  to  failure 
m 


- 

can  be 

(14) 

1) 

dy  (15) 

2) 

"" '  (I) ' 


cycles 


(16) 


a  =  mean  value  of  applied  rms 
stress 

C,8  are  random  fatigue  curve 
constants 


Figure  5  is  a  plot  of  £  versus  N/Nm. 


N.  »  average  number  of  cycles  to 
first  failure 


N,  -  N 
1  m 


1  - 


3.7195451 
(2i//B  Cip) 


6 

cycles  (19) 


minimum  cycles  to  first 


N. 


Min  failure 

g  -  4 ■ 2A 
o  +  4.26 


6 


•■•Min 

PROPOSED  EXPRESSION  RESULTS 


cycles 


(20) 


Many  cases  of  parameter  values  using 
equations  (14)  through  (20)  were  evalu¬ 


ated.  Only  two  typical  ones  will  be  re¬ 
ported  here.  Refer  to  Cases  4  and  5  of 
Table  2.  Case  4  is  identical  to  Case  3 
except  »|>  from  equation  (17)  is  used  in¬ 
stead  of  ip'  from  equation  (13). 

Histograms  of  Nf  are  shown  in  Figs. 

6  and  7.  Agreement  between  theoretical 
and  tallied  results  are  considered  ex¬ 
cellent.  The  following  observations 


6  value)  has  a  large  effect  on 
the  spread  of  the  histogram. 

The  shape  of  the  histogram  is 
nonsymmetrical .  The  general 
shape  is  to  rise  more  sharply 
than  to  decay. 

3)  Agreement  between  theoretical 
and  tallied  results  is  still  ex¬ 
cellent  even  when  the  histogram 
is  so  spread  that  it  appears  to 
be  truncated  at  the  left  (i.e., 
greatly  distorted). 

4)  Large  enough  values  were  as¬ 
signed  to  A  and  6  to  cause  the 
first  failure  to  occur  at  cycles 
well  below  Nm.  From  a  practical 
viewpoint  such  unreliable  struc¬ 
tural  elements  would  most  likely 
be  redesigned. 


< 

3 


Fig.  6  -  Histogram  of  Nf :  Case  4 


Fig.  7  -  Histogram  of  Nf:  Case  5 

Table  3  shows  a  comparison  between 
theoretical  and  tallied  results  of  the 
average  and  minimum  cycles  to  first  fail¬ 
ure,  N^  and  respectively.  Agree- 
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TABLE  3.  COMPARISON  OF  CYCLES  TO  FIRST  FAILURE  RESULTS 


Case 

N 

m 

(cycles) 

Tallied 

Calculated 

Tallied 

Calculated 

B 

500,000 

61,916 

69,356 

39,116 

42,749 

5,000,000 

947,484 

693,326 

800,307 

706,843 

500,000 

35,177 

32,507 

12,374 

6,014 

5 

500,000 

981 

734 

442 

17 

ment  is  considered  excellent.  Equations 
(19)  and  (20)  are  considered  accurate. 


COMPARISON  WITH  EMPIRICAL  DATA 

The  proposed  fatigue  life  expres¬ 
sions  have  previously  been  shown  to  agree 
with  the  Monte  Carlo  simulation  tallied 
results.  Now  the  theoretical  and  tal¬ 
lied  results  will  be  compared  with  the 
empirical  resuxts  reported  in  Refs.  2,  8 
and  9.  In  Ref.  8,  J.T.  Broch  describes 
fatigue  life  test  results  of  fiberglass 
single-degree-of-f reedom  end  mass  canti¬ 
lever  beams  subjected  to  random  stresses. 
A  sample  size  of  100  beams  was  used  for 
the  tests.  The  test  parameters  are  as 
follows: 

a  -  84  MPa  (12.2  ksi) 

6  =  2.4  MPa  (0.348  ksi) 

C  -  228  MPa  (33  ksi) 

A  -  12.1  MPa  (1.75  ksi) 

E  -  1.86  x  104  MPa  (2700  ksi) 

B  -  12  1 


Figure  8  shows  a  comparison  of  the 
theoretical  and  tallied  histograms  for 
the  above  parameters.  Large  variances 
in  the  tallied  are  noted.  However,  the 
overall  histogram  shapes  are  in  general 
agreement.  Figure  9  compares  theoreti¬ 
cal  and  empirical  data.  Again  large  va¬ 
riances  are  noted  in  the  empirical  data. 
The  overall  histogram  shapes  are  in  gen¬ 
eral  agreement.  Figure  10  compares  the 
empirical  and  tallied  histograms.  They 
too  generally  are  in  agreement  with  each 
other.  Figure  11  shows  that  the  variance 
of  the  tallied  data  Is  smoothed  out  con¬ 
siderably  as  expected  by  increasing  the 
sample  size  from  100  to  10,000.  This 
Indicates  that  the  previous  relatively 
large  variances  for  the  tallied  and  em¬ 
pirical  data  are  an  expected  result  of 
the  small  sample  size  of  100. 


Fig.  8  -  Histogram  of  Nf:  J.T.  Broch 
example 


Fig.  9  -  Histogram  of  Nj:  J.T.  Broch 
data 


Fig.  10  -  Empirical-Tal 1 ied  Histograms: 
J.T.  Broch  example 


Figure  12  is  a  histogram  of  cycles 
to  first  failure  Nj .  Also  shown  are 
calculated  and  tallied  values  of  Nj  and 
Nj  empirical.  Quantitatively, 
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i 

i 

1 


Ni  =  33,983  cycles 

Acalc'd 

=  37,914  cycles 

tallied 

N.,  =  42,950  cycles 

empirical 

All  of  the  data  indicates  good  agreement 
among  theoretical,  Monte  Carlo  and  em¬ 
pirical  results. 


Fig.  11  -  Histogram  of  Nf: 
Large  sample  size 
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SAMPLE  SIZE  :  100 
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fi,  TALLIED 

M,  EMPIRICAL 
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0  10  20  30  40 

N,  *  1000  (CYCLES) 

Fig.  12  -  Histogram  of  N^: 
J.T.  Broch  example 


so 


alone  was  the  random  variable  can  be  used 
for  simultaneous  stress/ strength  vari¬ 
ances  by  substituting  ifi  for  A. 

The  Monte  Carlo  simulation  technique 
was  judged  to  be  both  accurate  and  prac¬ 
tical  due  to  good  comparisons  with  re¬ 
sults  known  to  be  theoretically  correct 
and  with  available  empirical  results. 


SYMBOLS 

A  material  constant;  true  ultimate 

stress 

C  constant  of  random  fatigue  curve 

E  modulus  of  elasticity 

erf  (a)  error  function  of  argument  a 

F(N)  probability  of  failure  at  N 

cycles 

ksi  thousands  of  pounds  per  square 

inch 


Figure  13  shows  additional  empirical 
fatigue  data  [9] .  Again  the  theoretical 
results  are  in  good  agreement  with  em¬ 
pirical  results  for  7075-T6  Aluminum  al¬ 
loy  (sample  size:  100)  regarding  histo¬ 
gram  shape.  The  following  parameter 
values  were  used  for  the  theoretical 
curve : 

N  >  1.8  x  105  cycles 

IS 

Di/C  -  0.052 

8  -  9.65 


SUMMARY  OF  RESULTS 

The  single  expression  for  if)  provides 
accurate  fatigue  life  results  for  ductile 
and  brittle  materials.  All  of  the  fa¬ 
tigue  life  and  mechanical  reliability 
equations  In  Refs.  1  through  5  that  or¬ 
iginally  applied  to  cases  where  strength 


N  applied  stress  cycles 

^a’Nb  histogram  bin  width 

N  number  of  stress  cycles  to 

r  failure 

N  median  stress  cycles  to  failure; 

cycles  to  50%  failures 

stress  cycles  to  first  failure 

average  value  of  Nj 

NlMin  minimum  value  of 

p(a)  probability  density  function  of  a 

q  histogram  quantity 

Q  total  sample  size 

rms  root  mean  square 
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5  applied  sinusoidal  stress 

amplitude 

AS  applied  sinusoidal  stress  range 

x,y,z  general  variables 

r.h.v 

a  general  variable 

6  fatigue  curve  slope  parameter 

r(a)  gamma  function  of  argument  a 

A  standard  deviation  of  material's 

random  fatigue  curve 

A  standard  deviation  of  applied 

rms  stress 

£  correction  factor 

o^  fatigue  strength  coefficient 

a  average  value  of  random  rms 

stress 

i>  resultant  stress  standard 

deviation 

*'  modified  form  of  $ 

MPa  mega-Pascals 

6. 80S  MPa/ksl 
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DYNAMIC  RESPONSE  OF  THE  PROGRESSIVELY  DAMAGING  STRUCTURES* 
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The  continuous  damage  theory,  originally  suggested  by 
Kachanov,  is  extended  to  a  dynamical  problem.  Tne  theory  is 
characterized  by  a  kinematic  state  variable  defining  the  evo¬ 
lution  of  voids  and  microcracks  in  a  smoothed  or  statistical 
sense.  Concentrating  on  brittle  cracking,  a  simple  fracture 
surface  is  proposed.  The  derived  equations  are  subsequently 
used  to  solve  a  one -dimensional  wave  propagation  problem  us¬ 
ing  the  method  of  characteristics.  Numerical  results  for 
several  pressure  pulses  are  presented,  thus  illustrating  a 
method  for  obtaining  estimates  of  the  damage  level  in  a  solid 
as  a  function  of  time  and  space. 


INTRODUCTION 

In  many  Instances  of  practical  in¬ 
terest  the  ultimate  failure  of  a  solid 
body  is  preceded  by  a  gradual  evolution 
of  countless  number  of  microcracks, 
voids  and  defects.  Failure  occurs  when 
this  process  reaches  a  critical  level  at 
some  point  or  region  of  the  solid.  Away 
from  this  region  of  total  failure  the 
density  of  nlcrocracks,  voids  etc., 
gradually  decreases  with  distance.  In 
this  context  it  is  appropriate  to  intro¬ 
duce  the  concept  of  a  "continuous  or 
distributed  damage"  for  the  quantitative 
description  of  tne  phenomenon.  The  con¬ 
ventional  fracture  mechanics  approach  of 
studying  the  Initiation  and  propagation 
of  one  or  more  well  defined  macrocracks 
is  not  suitable  for  treating  the  phenom¬ 
enon  described  above. 

The  distinguishing  characteristic 
of  the  continuous  damage  theory  is  an 
internal  (or  hidden)  kinematic  state 
variable  that  defines  the  growth  and 

* - - 

Work  reported  in  this  paper  was  con¬ 
ducted  under  the  support  of  the  Argonne 
National  Laboratory  and  the  National 
Science  Foundation  through  grants  to 
the  University  of  Illinois  at  Chicago 
Circle. 


spread  of  the  population  of  defects  in  a 
smoothed  or  statistical  sense.  The  in¬ 
troduction  of  this  state  variable  makes 
the  relation  between  the  theory  and  ac¬ 
tual  phenomenon  similar  to  the  relation¬ 
ship  between  the  classical  plasticity 
theory  and  the  rearrangement  of  disloca¬ 
tion  distribution  in  a  plastic  solid. 
This  phenomenological  theory  provides 
useful  results  for  practical  applica¬ 
tions  although  it  does  not  account  for 
the  detailed  stress  distribution  in  the 
neighborhood  of  actual  microcracks. 

This  subject  of  study  has  attracted 
many  investigators  in  the  last  few  dec¬ 
ades  (Refs.  [1]-(2S]).  Some  of  these 
works  have  been  summarized  briefly  in 
(26],  According  to  the  presented  evi¬ 
dence  it  appears  unlikely  that  a  simple 
universal  damage  model  applicable  to 
both  ductile  and  brittle  types  of  fail¬ 
ures  could  be  constructed.  Experimental 
observations  suggest,  for  example,  that 
the  voids  generated  by  plastic  flow  are 
more  or  less  spherical  while  the  micro¬ 
cracks  generated  at  the  interface  of 
crystals  are  planar. 

Kachanov  [17]  has  proposed  a  model 
defining  damage  as  the  loss  in  effective 
area  of  each  cross  section  in  solving 
problems  of  brittle  (low  strain)  creep 
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rupture.  Many  other  investigators  have 
employed  the  same  model  seeking  solu¬ 
tions  for  other  problems.  In  most  of 
these  cases  the  investigations  are  char- 
acteristized  by  monotonically  increasing 
loads.  In  the  present  paper  Kachanov's 
original  model  is  extended  to  dynamical 
loading  of  a  brittle  rod.  A  simple 
fracture  surface  is  proposed  in  order  to 
study  the  phenomenon  of  spalling.  Nu¬ 
merical  results  for  different  loading 
cases  are  obtained  by  using  the  method 
of  characteristics. 

ANALYTICAL  MODEL 

Consider  a  one-dimensional  rod  made 
of  a  brittle  material.  Let  a(x,t)  and 
e(x,t)  be  the  stress  and  strain  respec¬ 
tively  at  section  "x"  at  time  "t."  When 
this  rod  is  subjected  to  some  dynamic 
loading  causing  spalling  to  occur  at 
some  section,  the  only  irreversible  me¬ 
chanical  process  taking  place  is  crack¬ 
ing.  In  order  to  record  the  history  of 
the  process  an  internal  variable  char- 
acteristizing  spatial  and  temporal  evo¬ 
lution  of  damage  needs  to  be  introduced. 
Let  w(x,t)  be  the  damage  parameter  re¬ 
lated  to  the  density  of  defects  such  as 
voids,  microcracks,  etc. 


of  u  is  given  by 

nip  “  0.5  (5) 

and 

S  -  4<jp  (6) 

where  op  is  the  tensile  strength  of  the 
material.  It  may  be  noted  that  in  the 
above  formulation  no  material  constants 
unrelated  to  tensile  strength  are  in¬ 
troduced.  Damage,  u,  varies  spatially 
and  temporally  from  0  (undamaged!  to 
0.5  (fractured)  in  a  continuous  manner. 

FREE -FREE  ROD 

As  an  illustration  of  the  general 
theory  consider  the  problem  of  the  dy¬ 
namic  behavior  of  a  finite,  brittle  rod 
with  free  boundaries  subjected  to  a 
compressive  stress-pulse  at  one  of  its 
free  boundaries.  The  constitutive  equa¬ 
tions  (2  and  3)  for  the  rod  in  the  in¬ 
cremental  form  are 

da  •  E(l-u)de  -  Eedu  (7) 

and 


Based  on  thermodynamic  and  statis¬ 
tical  grounds  Krajcinovic  et  al  [26] 
showed  that  the  fracture  surface  (ana¬ 
logous  to  the  yield  surface  of  plastic¬ 
ity)  and  the  differential  damage  law  may 
be  written  as: 

F(e,u)  *  e  -  £  w  (1) 

and 

£ 

dw  *  g  di  for  F-0  and  e>0,  de>0 


dw  "  0  otherwise 

where  E  is  the  Young’s  modulus,  S  the 
damage  constant  and  u  the  largest  value 
of  u  actually  recorded  at  a  point  up  to 
the  current  time.  The  stress -strain 
law,  derived  from  energy  considerations 
(see  [26])  is  given  by 


C 

de  if  a>0  and  do>0 

dw  -  (8) 

0  otherwise 

since  it  can  be  shown  that  o  >  0  and 
do  >  0  is  equivalent  to  e  >  0  and  dc>0. 

The  equation  of  motion  for  the  rod 
is 

Pv  t  -  o  -  °  (9) 

where  p  is  the  mass  density  of  the  rod 
material  (assumed  constant)  and  v  the 
particle  velocity.  The  subscripts  t  and 
x  stand  for  the  time  and  space  variables 
respectively  and  the  comma  denotes  par¬ 
tial  differentiation.  Making  use  of  the 
continuity  relation 


a  -  E(l-w) e  .  (3) 


(10) 


The  ultimate  failure  criterion  -  which 
also  corresponds  to  infinite  energy  dis¬ 
sipation  density  rate  -  is  obtained  from 
the  condition  that  rupture  occurs  in  a 
static,  monotonic  test  when 


By  manipulating  equations  (2) -(4),  one 
can  verify  that  at  fracture  the  value 


and  the  damage  law  (8),  Eq.  (7)  may  be 
shown  to  take  the  form 

”,t  •  E  {<»-•>-  <5TT^n-}\x-° 

where  the  notation  <  >  is  used  to  denote 
the  term  that  will  vanish  unless  a  and 
do  are  both  positive. 
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Equations  (9)  and  (11)  form  a  sys¬ 
tem  of  quasi-linear  partial  differential 
equations  which  is  particularly  well 
suited  for  the  application  of  the  method 
of  characteristics. 


The  governing  system  of  equations 
can  be  rewritten  in  matrix  form  as 


Awt  +  Bw  "0 


with 


E  I  (1-“)'<3(r-oJ)>} 


(12) 


where 


(13) 


(14) 


It  is  convenient  to  select  a  value  for 
At  that  is  constant  and  satisfies  the 
above  inequality  everywhere  in  the  x-t 
plane.  Since  c<cQ,  the  time  step  can  be 

selected  as  At-**  . 


c 


o 


» 


Omitting  the  intermediate  details, 
it  can  be  shown  [27],  that  the  wave 
speeds  t  c  are  given  by 

c  -  c0  Jll-*)-  <5 JT^J>  (1S) 

where  c  is  the  speed  at  which  stress 
waves  propagate  and  c0  -  /E7fT  •  the  uni¬ 
axial  wave  speed  in  an  undamaged  elastic 
rod.  Note  that  the  wave  speed,  c,  dur¬ 
ing  compression  or  unloading  from  ten¬ 
sion  is  constant,  and  equal  to  c0/i .£. 
This  follows  from  Eq.  (8),  and  implies 
nondissipative,  purely  elastic  behavior- 
with  a  reduced  elastic  modulus,  E(l-u)- 
if  o<0  or  do<0.  Further,  the  character- 


istic  conditions 

are 

do  _dv  . 

3t  ’  °ccTt 

0 

on&.c 

(16) 

do  .  dv  _ 

ar  *  ocart 

0 

on  3F  '  ‘  c 

(17) 

Since  c  is  not  constant  in  general,  it  is 
not  always  possible  to  integrate  the 
characteristic  equations  (16)  and  (17) 
in  closed  form.  However,  it  is  relative' 
ly  simple  to  solve  them  by  means  of  a 
finite  difference  approximation. 

The  rod  is  replaced  by  a  series  of 
nodes  at  equal  intervals  Ax.  A  typical 
step  in  the  integration  procedure  is  to 
express  the  solution  at  the  n-th  node 
for  time  t  ♦  At ,  given  the  solution  at 
nodes  n-1,  n  and  n+1  for  time  t.  For  a 
given  ax,  the  time  increment  At  must 
satisfy  the  stability  requirement, 

At  j  ^  (18) 


Fig.  1.  Scheme  for  Numerical  Integration 

Referring  to  Fig.  1  and  denoting  by 
P  the  n-th  node  at  time  t+At,  let  Q  and 
R  be  the  points  at  which  the  two  char¬ 
acteristic  curvesdrawn  from  P  intersect 
the  time  line  t,  at  which  the  solution 
is  known.  Since  the  exact  curves  PQ  and 
PR  are  not  know  a  priori,  it  is  possible 
to  approximate  them  by  straight  line  seg¬ 
ments  drawn  from  P  with  slopes 

jjr  *  Cq,  and  *  -  cR,  where  Q'  and  R' 

are  points  at  which  the  two  approximate 
characteristic  lines  PQ*  and  PR'  inter¬ 
sect  the  time  line  at  t.  The  values  c., 
and  c«,  are  obtained  by  linear  inter-  ^ 
polation  as 


"Q' 


(19) 


The  solutions  for  a  and  v  at  Q'  and  R' 


are  also 
tion  as: 

obtained  by  linear  : 

°Q' 

'  °B  ' 

(oB*"A)( 

!ai) 

,c./ 

V 

‘  °B  * 

(oC'°B)| 

ft:) 

VQ ' 

'  VB  * 

(VB-VA}( 

ft) 

VR' 

’  VB  * 

^c'Vl 

ft) 

(20) 
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The  characteristic  equation  (16)  on  PQ' 
takes  the  difference  form 

(ap-aQI)  -  PCQt(vp-vQ,)n  •  0  (21) 

Similarly  the  characteristic  equation 
(17)  on  PR'  takes  the  form 

(pp-<V:)  +  DCR’fvp"vR'^  ”  0  (22) 

Simultaneous  solution  of  equations  (21) 
and  (22)  yields  the  solution  at  the  n-th 
node  for  time  t+At  as: 


It  remains  to  determine  the  damage  fac¬ 
tor  u  and  wavesneed  c  at  P.  If  ap  and 
(op  -  o  )  are  both  positive,  using  equa¬ 
tions  (7)  and  8  it  is  possible  to  write 


Solving  this  quadratic  equation  for  up 
and  choosing  the  negative  sign  for  P 
the  radical,  it  follows  that 


u 


B 


(25) 


Subsequently  cp  is  obtained  by  Eq,  (15) 

a  c  “ 


On  the  other  hand,  if  both  ap  and 
(cp'^B^  are  not  positive  K 


At  the  boundary  nodes  the  above 
procedure  needs  some  modification.  If 
P  is  a  node  on  the  left  boundary  only 
Eq.  (22)  is  available.  If  P  is  a  node 
on  the  right  boundary  only  Eq.  (21)  is 
available.  In  either  case  the  addition¬ 
al  equation  required  for  determination 
of  ap  and  Vp  comes  from  the  prescribed 
boundary  condition  at  the  boundary.  For 
instance  in  the  case  of  free  boundary  cp 
isknown  while  for  a  fixed  boundary  vp  ” 
vanishes.  p 


Fig.  2.  Stress  Pulses  Applied  at  Free  End  x  -  0 
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As  a  numerical  example  consider  a 
rod  of  length  L  with  both  ends  free  sub¬ 
jected  to  a  compressive  stress-pulse  at 
its  left  free  end.  The  damage  modulus 
S  is  taken  to  be  O.S  x  10‘3  E  (corres¬ 
ponding  roughly  to  concrete  [21])  and 
the  peak  value  of  the  pulse  is  equal  to 
S/8  which  corresponds,  according  to  (6), 
to  half  the  rupture  stress.  Non-dimen- 
sionalizing  the  length  with  respect  to 
L,  all  stresses  with  respect  to  E,  the 
velocities  with  respect  to  c0  and  time 
with  respect  to  L/c0,  the  non-dimension¬ 
al  steps  ax  and  At  are  taken  to  be  0.0S. 

The  energy  supplied  to  the  rod  is 
equal  to  the  work  of  the  applied  pulse 
and  is  given  by 

Einput  "  A  /t“X°(0.t)v(0,t)dt  (28) 


The  energies  are  non-dimensional i zed 
with  respect  to  the  factor  ABL.  They 
are  computed  by  numerical  integration 
using  Simpson's  rule. 

Results  for  three  different  pulse 
shapes  were  computed  for  the  illustra¬ 
tion  of  the  proposed  model.  All  three 
pulses  (Pig.  2)  had  the  tame  peak  value 
of  S/8  and  the  same  total  impulse. 

While  pulse  1  is  symmetric  and  has  a 
shorter  duration,  pulses  2  and  3  are 
unsymmetric  and  of  a  longer  duration. 
Pulse  2  loads  at  a  rapid  rate  and  un¬ 
loads  at  a  much  slower  rate  while  pulse 
3  loads  at  the  slower  rate  and  unloads 
at  the  faster  rate. 


where  A  is  the  cross-sectional  area  and 
t_aX  the  duration  of  the  pulse.  The 
total  dissipated  energy  is  given  (see 
[26]  as 
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Fig.  4.  Damage  along  Length  of  Rod  duo  to  Pulao  »2 


X/L 

g.  S.  Damage  along  Length  of  Rod  due  to  Pulse  <3 


0  O.S  1 

l.s 

a  a.s  s 

TIME  X 

J.S  4 

Fig.  6.  Evolution 

«* 

of  Damage 

at  Sections  of  Rod  due 

to  Pulse  *1 

TIME  T 

Fig.  7.  Evolution  of  Damage  at  Sections  of  Rod  due  to  Pulse  #2 
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8.  Evolution  of  Damage  at  Sections  of  Rod  due  to  Pulse  *3 


ENERGY 


input 


Energy  Ratio 


dissipated 
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The  distribution  of  damage  along 
the  length  of  the  rod  at  two  different 
time  instants  (corresponding  to  two  and 
four  passages  of  phase  through  the  rod) 
is  shown  in  Figures  3,  4  and  S  for  the 
three  pulses.  It  is  evident  from  these 
figures  that  the  maximum  damage  and  its 
location  are  dependent  upon  the  pulse 
shape  even  if  the  peak  values  of  all 
the  pulses  are  identical.  This  is  ex¬ 
plained  by  the  fact  that  only  monoton- 
ically  increasing  tensile  stresses  can 
cause  damage  and  the  interaction  of  the 
incident  and  reflected  pulses  at  any 
section  depends  upon  the  pulse  shape. 

For  instance,  there  is  no  damage  at  any 
section  for  t  ■  2,  for  pulse  3.  This  is 
because  for  times  ts2,  the  incoming  com¬ 
pressive  pulse  cancels  out  the  reflected 
tensile  pulse  at  all  sections  of  the  rod. 
It  is  an  important  point  that  the  damage 
is  continuous.  In  other  words,  even 
though  failure  will  occur  at  the  section 
where  u  reaches  0.5,  every  section  of 
the  rod  is  damaged  to  some  extent. 

Figures  6,  7  and  8  show  the  evolu¬ 
tion  of  damage  due  to  the  three  pulses 
at  three  different  sections  of  the  bar. 
All  three  figures  show  the  damage  at 
x/L  *  0.05  (near  the  loaded  end)  and  at 
x/L  «  0.95  (near  the  far  end).  In  addi¬ 
tion  each  figure  shows  damage  growth  at 
a  section  at  which  maximum  damage  occur % 
this  section  being  different  for  differ¬ 
ent  pulses.  In  each  case  it  is  observed 
that  the  damage  rate  is  rather  large  at 
specific  times.  These  times  correspond 
to  the  instants  during  which  reflected 
tensile  pulses  traverse  the  cross  sec¬ 
tion.  Following  the  passage  of  these 
pulses  the  damage  remains  constant  until 
the  next  tensile  pulse  arrives.  Here 
again  it  may  be  noted  that  the  damage 
in  an  arbitrary  cross  section  is  a  con¬ 
tinuous  function  of  time. 

The  dissipated  and  input  energies 
as  functions  of  time  are  snown  in  Fig¬ 
ures  9,  10  and  11  for  the  three  pulses. 
In  all  cases  the  greatest  dissipation 
is  seen  to  occur  at  the  first  passage 
of  the  reflected  wave.  The  ratio  of  en¬ 
ergy  dissipated  to  energy  input  is  seen 
to  be  of  the  order  of  only  a  few  hun- 
dreths.  In  the  event  of  an  ultimate 
spall  (u  ■  up  •  0.5)  the  dissipated  en¬ 
ergy  locally  may  provide  a  useful  esti¬ 
mate  for  the  fly-off  velocity. 

CONCLUSIONS 

The  proposed  model,  based  on  the 
continuum  theory  with  internal  variables, 
is  capable  of  providing  estimates  of  the 
damage  level  incurred  locally  along  the 
rod.  The  newly  introduced  internal  var¬ 
iable  reflects  the  spatial  and  temporal 


evolution  of  damage.  In  other  words 
the  accumulation  of  damage  associated 
with  passage  of  tensile  waves  is  des¬ 
cribed  as  a  continuous  process. 

It  was  not  the  intent  of  the  paper 
to  fit  the  experimental  data  for  any 
particular  material.  Rather,  attention 
is  focused  on  the  fact  that  a  rational 
description  of  the  spall  phenomenon 
should  include  an  internal  variable  re¬ 
flecting  the  change  in  material  integri¬ 
ty.  Hence  for  a  specific  material  it 
might  be  necessary  to  establish  a  dif¬ 
ferent  damage  law  based  on  simple  exper¬ 
imental  data. 

The  numerical  example  illustrates 
how  the  theory  may  be  used  for  predict¬ 
ing  damage  in  a  structural  member.  When 
generalized  to  a  three-dimensional  case 
and  damage  laws  characteristic  of  par¬ 
ticular  real  materials  this  theory  opens 
the  way  for  describing  the  damage  through¬ 
out  a  structure  subjected  to  severe 
loading . 
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VEHICLE  SYSTEMS 


LATERAL  DYNAMICS  OF  C4  MISSILE 


F.  H.  Wolff 

Westinghouse  R&D  Center 
Pittsburgh,  Pennsylvania 


A  planar  model  of  the  C4  missile  involving  nonlinear 
force-deflection  characteristics  for  the  seals  and  pads 
was  developed.  Rigid  body  equations  of  motion  based  on 
small  angle  motion  were  solved  to  calculate  the  lateral 
motion  of  the  missile  during  launch.  After  matching  the 
calculated  results  to  a  PS-80  test  record,  variations  in 
seal  characteristics,  pad  characteristics,  missile 
travel  time,  and  initial  conditions  were  studied  to 
determine  the  sensitivity  of  the  lateral  dynamic  calcu¬ 
lations  . 


NOMENCLATURE 

-  i_n*— deflc.-c*  !cr  of  (irS, 

0  -  angular  deflection  of  missile  (rad) 

y  -  vertical  motion  of  missile  (in) 

YG  -  missile  C.G.  (in) 

WG  -  missile  weight  (lb) 

I  -  missile  mass  moment  of  inertia 
(lb  sec 2/ in) 

YP .  -  pad  locations  (in) 

KP^,KP^,KP^  -  linearized  pad  stiffness 
J  3  3  (lb/ in) 

AP^  -  pad  precompression  (in) 

e j  -  pad  offset  (in) 

4Pj  -  relative  deflection  across  pad  (in) 

FPj  -  pad  force  (lb) 

YSj  -  seal  locations  (in) 

KS.  -  linear  seal  stiffness  before 
3  inverting  (lb/in) 

AS.  -  deflection  at  which  seal  inverts 
3  (in) 

fiS.  -  relative  deflection  across  seal 
D  (in) 


FS j  -  maximum  seal  force  (lb) 
iCj  -  seal  force  <<:•»; 

Ft  -  tether  force  (lb) 

FAp  -  destabilizing  pressure  force  (lb) 


INTRODUCTION 

The  Westinghouse  Marine  Divi¬ 
sion  (MARD)  in  Sunnyvale,  California 
under  contract  with  the  Navy  to  provide 
launch  seals  for  the  trident  missile, 
test  the  proposed  designs  during  launch 
conditions.  Peashooter  tests  (PS)  at  the 
Hunters  Point  Facility  in  San  Francisco 
involve  firing  a  missile  from  a  tilted 
launch  tube  (dock  mounted)  with  a  gas 
generator.  During  a  launch  several 
variables  are  monitored;  e.g.,  pressure 
and  missile  deflections.  For  some  of 
the  Peashooter  tests  lateral  motions 
were  recorded  which  exceeded  acceptable 
limits.  MARD  then  contracted  the  West¬ 
inghouse  Research  and  Development  Center 
to  perform  an  analysis  of  the  launch 
dynamics.  The  analysis  involved  develop¬ 
ing  a  model  of  the  miBsile  to  predict 
the  dynamics  of  the  missile  during  a 
launch.  Supplementing  the  calculations 
with  results  from  a  RsD  analysis  of  the 
destabilizing  forces  on  the  missile  gave 
insight  into  what  caused  the  undesirable 
motions  and  what  could  be  done  to  reduce 
them. 

A  planar  model  which  represents 
motion  in  the  90-270“  plane  of  the 
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missile  was  developed.  The  seal  and  pad 
characteristics  were  modeled  with  non¬ 
linear  springs  acting  between  the 
missile  and  launch  tube.  Rigid  body 
equations  of  motion  were  formulated  to 
describe  the  missile  dynamics  during 
launch:  x-horizontal  deflection  and 
0-angular  motion.  The  vertical  travel 
of  the  missile  (y)  was  obtained  from 
test  data.  The  equations  were  written 
in  terms  of  small  angle  motion  where 
second  order  terms  such  as  6 2  were 
neglected.  After  calibrating  the  model, 
the  calculations  were  validated  by 
closely  matching  the  PS-80  test  record. 
In  addition,  the  extreme  sensitivity  of 
the  calculated  deflections  to  slight 
variations  in  certain  parameters  was 
demonstrated. 

A  Fortran  computer  program  was 
written  to  enable  numerous  calculations 
to  be  made.  The  equations  of  motion 
were  integrated  using  a  4th  Order  Runge- 
Kutta  algorithm  with  error  control. 
Basically,  the  error  control  involved 
calculating  a  single  and  a  double  step 
solution.  Then  an  extrapolated  solution 
formed  from  the  above  was  compared  with 
the  double  step  solution.  If  the  solu¬ 
tions  were  not  within  specified  error 
bounds,  the  entire  algorithm  was 
repeated  for  one  half  the  original  step 
size.  This  procedure  was  repeated  until 
either  the  error  criteria  was  satisfied 
or  nonconvergence  occurred. 


r 


(270*1  t.  I«** 

Conduit  '■ 


Fig.  1  -  Model  for  calculating  lateral 
excursion  of  C4  missile  during 
launch  (PS-80  Test  Model) 


MODEL 

To  determine  the  lateral  excur¬ 
sion  of  a  C4  missile  during  a  launch, 
the  planar  model  of  Fig.  1  was  con¬ 
sidered  to  represent  displacements 
occurring  in  the  90-270*  plane.  The 
near  diametric  symmetry  of  the  missile- 
tube  configuration  permitted  a  planar 
model  to  be  used.  Considering  the 
missile  to  be  a  rigid  body,  three 
degrees  of  freedom  are  involved: 
lateral  motion  of  the  missile  c.g.,  x; 
missile  travel  along  the  tube,  y;  and 
rotation  about  the  missile  c.g.,  8. 
However,  the  y  motion  was  eliminated  as 
a  degree  of  freedom  by  using  empirical 
data  on  the  vertical  travel. 

The  shock  isolation  pads  which 
vary  in  height  from  7  in.  to  14  in. 
concentrically  enclose  the  missile  at 
various  elevations.  The  pads  were  con¬ 
sidered  to  be  nonlinear  springs  acting 
at  8  elevations  with  the  force-deflec¬ 
tion  characteristics  shown  in  Fig.  2. 

A  conduit  which  extends  the  length  of 
the  missile  in  the  255*  plane  causes  a 
slight  asymmetric  affect  on  the  pad 
force-deflection  characteristic;  i.e., 
there  is  more  stiffness  from  the  pads 
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Fig.  2  -  Pad  force-deflection  charac¬ 
teristics  (symmetric  pad 
arrangement  -  no  conduit) 

in  the  plane  diametrically  opposite  the 
conduit  so  that  at  the  tube  centerline* 
there  is  a  net  pad  force  towards  the 
270*  plane  (Fig.  3) .  The  actual  para¬ 
meters  values  used  for  the  base  case 
(Table  1)  were  taken  from  static  deflec¬ 
tion  tests  reported  in  reference  1.  The 
force-deflection  characteristics  con¬ 
structed  from  tests  on  neoprene  and 

*Zero  displacement 
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urethane  pads  are  shown  in  Fig.  4. 

These  characteristics  are  based  on  a 
precompression  of  0.15  in.  of  the  pads 
by  the  missile.  Dashed  lines  represent 
test  results  while  solid  lines  repre¬ 
sent  resulting  composite  characteristics 
which  were  used  in  this  analysis  (Fig's. 
2  and  3) .  Bottoming  characteristics  of 
the  pads  were  not  included  in  the  simu¬ 
lation. 


ImWIlH 


Fig.  3  -  Pad  force-deflection  charac¬ 
teristics  (Azimuth  effects  - 
conduit  in  270*  direction) 
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Fig.  4  -  Composite  spring  constants  for 
22-1/2*,  14  in.  high  neoprene 
and  urethane  pads 


TABLE  1 

Neoprene  and  Urethane*  Pad 
Characteristics  for  Base  Case  480-17 
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Although  the  pads  have  shown 
to  exhibit  hysteresis  effects  effects  by 
test,  this  complicated  behavior  was  not 
included  in  the  model.  The  damping 
mechanism  of  the  pads  would  tend  to 
remove  energy  from  the  lateral  response 
so  the  occasional  oscillations  present 
in  the  calculations  could  be  eliminated 
by  including  pad  hysteresis. 

The  seals  which  are  located  at 
6  elevations  were  also  modeled  as  non¬ 
linear  springs.  Briefly,  the  seals 
exert  a  destabilizing  force  on  the 
missile;  i.e.,  as  the  missile  moves 
towards  the  tube  the  force  on  the  missile 
is  in  a  direction  to  produce  even  greater 
motion.  The  very  complicated  behavior  of 
the  seals  was  the  subject  of  extensive 
analytical  studies2'3.  Figure  5  used  in 
this  analysis  represents  the  approxima¬ 
tion  of  these  results  for  the  net  lateral 
destabilizing  forces  from  a  pressurized 
launch  seal. 


EQUATIONS  OF  MOTION 

There  are  several  external 
forces  which  act  on  the  missile  during 
launch i 

1.  A  tether  force  (Ft)  which  simulates 
a  hydrodynamic  load  on  the  missile 
as  the  submarine  moves  through  the 
water  is  applied  to  the  missile  nose 
via  a  cable  during  the  pea  shooter 

*Zero  displacement 
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Fig.  5  -  Negative  seal  force-deflection 
characteristics 


TABLE  2 


Seal  Characteristics  for 
Base  Case  #80-17 
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tests.  This  load  was  modeled  as  a 
linearly  varying  force  starting  when 
the  missile  first  enters  the  water 
(y  «  30  in.)  to  full  valve  4400  lb 
(PS-80  test)  at  y  -  120  in. 

PT  -  4400  ir^°>  30  <  y  <  120 

and  (1) 

Ft  -  4400  y  >  120 

2.  Since  the  missile  and  tube  are 
tilted  5*  (PS-80  test)  there  is  a 
component  of  weight  which  acts  in 
the  horizontal  direction 

WG  Sin  5*  -  70,000  Sin  5*  7000  lb  (2) 

The  gravity  load  and  the 
initial  pad  forces  due  to  the  conduit 
cause  the  missile  to  misalign  initially. 
Although  there  is  a  retainer  force  (the 
exact  nature  of  which  is  not  known)  there 
is  some  unknown  initial  condition  which 
for  this  analysis  was  considered  to  be  0. 

From  the  free  body  diagram 
(Fig.  1)  the  2  differential  equations  of 
motion  can  be  written.  The  horizontal 
motion  equation  is 

}l  rsj  -  j1  "j  <»> 

where  the  pad  (FP)  and  seal  (FS)  forces 
are  defined  in  Fig's.  2,  3,  and  5.  From 
a  balance  of  moments  about  the  missile 
c.g.,  the  angular  rotation  equation  is 

« 

18  -  (YT-YG)  F -  +  J  (y+YG-YS,)  FS, 

1  J  J 


+  1  (y+YG-YP.)  FP, 

j-1  3  3 

where  I  is  the  mass  moment  of  inertia. 


UNBALANCE  PRESSURE  FORCE 

The  additional  load  needed  to 
account  for  the  lateral  dynamics  after 
the  6th  seal  is  passed  appears  to  be  due 
to  the  unbalance  of  pressure  around  the 
missile.  Once  the  missile  passes  the 
6th  seal  the  missile-eccentricity  in  the 
tube  causes  gas  flow  past  the  muzzle 
seal.  This  gives  an  unbalance  pressure 
around  the  missile  which  is  a  destabiliz¬ 
ing  load.  Figure  6  shows  3  pressure 
readings  taken  during  the  PS-80  shot 
which  helps  to  identify  the  magnitude  of 
the  load.  PI  was  recorded  at  an 
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elevation  of  250  in.  while  P7  and  P9 
were  taken  at  340  in.  Since  P7  and  P9 
are  diametrically  opposed  and  at  the 
same  elevation  they  can  be  used  to 
estimate  the  subsequent  unbalance  force. 


C*r«s  NKJ14 


Fig.  6  -  Pressure  loss  in  upper  tube 
annulus  (PS-80  test) 


Assuming  a  sinusoidal  distri¬ 
bution  of  pressure  around  the  missile 
periphery  of 

,  (M.-1ZI  Co.  A 

where  4  is  measured  from  the  90-270* 
plane,  the  differential  force  d(FAP)  at 
any  position  4  is  then 

d (FAP)  -  (  }>  r  d* 

where  h  is  the  height  over  which  the 
unbalance  pressure  acts.  The  component 
of  force  acting  along  the  90-270*  plane 
is 


r*  ir 

FAP  *  d(FAP)  Cos  4  ■  hr  1  (P9-P7) 

' o  * 

Using  average  pressures  of  P7  %  35  psi 
and  P9  %  50  psi  (Fig.  6)  acting  over 
the  entire  height  of  h-YM-YSg  -  125  in. 
gives 

FAP  *  125  x  37  x  j  (50-35)  k  100,000  lbs 

The  destabilising  pressure 
force  which  decreases  linearly  as  h 
decreases  was  applied  at  a  location 
halfway  between  the  c.g.  and  the  skirt 


for  YS6  <  y  <  YM 


The  equations  of  motion  (eq's.  (3),  (4)) 
then  become 

W  6  8 

3&*-Ft  -  jI1  FPj  +  FAP  <5> 

and 
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+ 


6 

(YT-YG)  F_  +  l  (y+YG-YS.)  FS. 

1  j»l  J  J 


(6) 
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(y+YG-YPj)  FPj  -  (YG-  FAP 


COMPARISON  OF  PS-80  TEST  AND 
CALCULATED  RECORDS 

After  adjusting  parameters, 
the  results  of  the  PS-80  trajectory  cal¬ 
culation  compared  favorably  with  the 
PS-80  test  reoord  (Fig.  7) .  The  initial 
pad  forces  due  to  the  azimuth  effects 
yield  a  transient  sufficient  to  cause 
the  first  seal  to  go  onto  the  pads; 
e.g. ,  in  PS-80  where  the  pad  forces 
oppose  the  gravity  load,  the  initial  pad 
offset  must  be  great  enough 
(ej  >  .04  in.)  to  cause  initial  motion 
towards  the  270*  direction.  Hence,  the 
1st  seal  destabilizing  force  causes  the 
initial  0.2  in.  peak.  The  2nd  and  3rd 
seals  also  go  onto  the  pads;  if  they  did 
not  the  response  would  show  oscillations. 
These  destabilizing  seal  forces  oppose 
the  restoring  pad  forces  preventing  the 
skirt  from  swinging  beyond  the  reference 
axis. 


The  missile  lateral  excursion 
recovers  until  the  4th  seal  inverts  at 
about  y  -  120  in.  The  4th,  5th,  and  6th 
seals  all  go  onto  the  pads  causing  the 
skirt  and  muzzle  deflections  to  reach 
0.55  in.  and  -0.3  in.,  respectively, 
before  the  pads  begin  to  limit  them. 
However,  when  the  skirt  passes  the  6th 
seal  (y  >  235  in.)  the  effects  of  the 
large  destabilizing  pressure  forces 
become  evident. 

The  best  match  to  the  PS-80 
test  record  (Fig.  7)  is  labeled  Run 
#80-17  which  is  referred  to  as  the  base 
case.  The  base  case  pad  and  seal  para¬ 
meters  are  shown  in  Table  1  and  2.  All 
of  the  computer  runs  made  are  listed  in 
Table  3  which  describes  their  deviations 
from  the  base  case. 
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Fig.  7  -  Calculated  and  teat  deflec-  Fig.  8  -  Effects  of  various  pad  offsets 

tions  of  C4  missile  skirt  and  (.04,  .05,  .06)  on  PS-80  calcu- 

muzzle  during  simulated  launch  lated  lateral  deflections 

(PS-80)  (Tether  Load  -  4000  lb) 

case  because  it  gave  the  best  overall 

SENSITIVITY  OF  LATERAL  DYNAMIC  match  to  the  test  record,  particularly, 

CALCULATIONS  TO  PARAMETER  VARIATIONS  the  initial  deflection. 


The  lateral  motion  calculations 
exhibit  a  significant  dependence  on 
choice  of  pad  and  seal  parameters, 
initial  conditions,  and  vertical  travel 
curve.  Figures  8  through  12,  which 
dramatize  these  effects,  suggests  that 
as  a  predictive  tool  for  launch  dyna¬ 
mics,  the  calculations  without  suppor¬ 
tive  test  data  are  questionable. 

The  pad  asymmetry  due  to  the 
conduit  near  the  270*  plane  appears  to 
be  largely  responsible  for  the  initial 
transient  by  causing  the  first  seal  to 
go  onto  the  pad.  Figure  8  shows  the 
PS-80  calculated  deflections  for  3 
different  pad  force-deflection  curve 
offsets  (.04,  .05,  and  .06  in.).  For 
an  offset  of  .04  in.  (Run  #80-6),  the 
pad  forces  are  not  sufficient  to  overcome 
the  gravity  load  (7000  lb) ;  accordingly, 
the  initial  large  deflections  are  absent. 
The  subsequent  response  is  also  smaller. 
Runs  #80-4  (.06  in.)  and  #80-7  (.05  in.) 
illustrate  the  initial  transient  when 
the  pad  offset  is  great  enough  to  cause 
the  first  seal  to  go  onto  the  pad.  Pad 
offset  of  .05  in.  was  choosen  as  base 


Figure  9  shows  the  influence 
of  slight  changes  in  maximum  seal 
forces  Ps :  refer  to  Table  3  for  exact 
description  of  computer  runs.  Run 
•80-10  with  the  2nd  seal  at  12,000  lb 
while  all  others  at  10,000  lb  has  the 
largest  initial  peak,  because  the  2nd 
seal  is  largely  responsible  for  the 
response  between  y  -  35  in.  and  70  in. 
For  Run  #80-11  the  2nd  seal  was  reduced 
to'  10,000  lb  while  the  4th  seal  was 
increased  to  12,000  lb,  hence,  the 
smaller  initial  excursion  but  larger 
motion  when  the  4th  seal  dominates 
(y  “  105  in.  to  145  in.).  Run  #80-12 
shows  all  seals  at  10,000  lb  (base 
case) .  When  all  seal  maximum  forces 
are  9000  lb  (Run  #80-13)  the  response 
is  smaller. 

Because  the  exact  position 
of  the  missile  at  the  initiation  of 
the  launch  is  not  known,  the  base  case 
initial  condition  was  selected  to  be  0. 
However,  consider  what  happens  if  the 
missile  is  given  an  initial  displace¬ 
ment  of  .03  in.  (Fig.  10);  there  is  a 
significant  difference  in  the  lateral 
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deflections,  particularly,  during  the  ADDITIONAL  TRAJECTORY  CALCULATIONS 

early  portion  of  the  record. 

Figure  13  which  shows  a  poor 

Knowing  the  exact  missile  comparison  between  test  record  PS-93 

vertical  travel  curve  is  important .  and  calculation  Run  #80-23  illustrates 

Figure  11  shows  two  slightly  different  the  difficulty  in  predicting  trajectory 

travel  curves  both  of  which  would  be  in  calculations.  However ,  when  the 

the  physical  range.  Figure  12  illus-  unbalance  pressure  was  arbitrarily 

trates  a  significant  difference  in  the  halved  the  calculated  motions  compared 

trajectory  motions  for  the  two  travel  well  with  the  test  record, 

curves.  Run  #80-17  (base  case)  where 

the  missile  moves  slightly  faster  shows  Regardless  of  the  quantitative 

significantly  smaller  deflections  merits  of  the  calculations,  the  effect? 

because  the  seal  destabilizing  forces  of  variations  can  be  studied.  For 

are  acting  for  slightly  shorter  time.  example.  Fig.  14  shows  the  favorable 

The  faster  missile  travel  gives  lower  influence  of  removing  the  4th  seal  (Run 

maximum  deflections  which  also  occur  #80-20)  and  removing  the  first  4  seals 

later  in  the  travel  variations  in  this  (Run  #80-18)  when  compared  to  the  base 

parameter  could  explain  different  tra-  case.  The  lateral  deflections  are 

jectories  measured  during  "identical"  reduced  by  removing  seals, 

test  shots. 


TABLE  3 


Data  for  PS-80  Computer  Simulations  (Tether  -  4000  lb.  Tilt  -  5°) 
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Comparison  oC  teat  and  calcu-  Fig. 
lated  lateral  deflectiona  when 
first  4  seals  are  removed 


15  -  Improvement  of  solid  urethane 
pads  near  top  of  missile  on 
PS-80  calculated  lateral 
deflections 


- tun  a-lTIOewtasil 

—  tun  a-U(satbl.Z14raiMwei 
- — —  Run  a-a  («h  swl  ramwi)  A 


curw  tnm-A 


Pig.  16  -  Test  and  calculated  lateral 
deflections  of  skirt  and 
mussle  during  Shot  #413 


Effect  of  removing  seals  on 
PS-80  calculated  lateral 
deflections 


Figure  15  shows  how  the 
lateral  deflections  are  reduced  to 
acceptable  levels  when  stiff  upper  pads 
(pads  7,  8)  are  considered.  It  is 
likely  that  a  fix  such  as  this  would 
correct  the  stability  problem  regard¬ 
less  of  the  seal  designs.  The  lateral 
excursions  are  only  slightly  greater 
than  the  optimum  case  when  all  6  seals 
are  removed  (Run  #80-22) . 

Figure  16  contains  test  and 
calculated  deflections  for  shot  4413 
where  tilt  and  tether  load  are  directed 
towards  conduit  (270°  plane) .  The  com¬ 
parison  is  good  for  most  of  the  trajec¬ 
tory  with  the  calculated  response 
showing  some  oscillation  that  most 
likely  would  be  eliminated  if  pad 
hysteresis  were  included.  Also,  the 
calculation  is  somewhat  over-predictive. 
The  tilt  and  tether  load  in  the  direc¬ 
tion  of  the  conduit  appears  to  improve 
the  lateral  motions. 


CONCLUSIONS 

The  investigation  reported 
herein  establishes  that  C4  missile 
trajectories  can  be  calculated  with 
sufficient  accuracy  to  match  Peashooter 
tests  in  spite  of  the  complicated 
destabilizing  seal  forces  if  calibrat¬ 
ing  the  model  is  permitted.  By  adjust¬ 
ing  certain  variables  over  a  narrow 
range  of  physical  values  a  close  match 
can  usually  be  obtained.  The  extreme 
sensitivity  of  the  calculations  to 
slight  variations  in  key  parameters, 
which  are  not  precisely  known,  make  it 
virtually  impossible  to  predict  exactly 
the  trajectory  motions  without  cali¬ 
brating.  However,  qualitative  effects 
can  be  studied  confidently  and  with 
available  test  data  trajectory  calcula¬ 
tions  can  be  a  valuable  design  tool. 

Both  test  and  calculated 
trajectories  indicate  the  factors  which 
adversely  affect  the  lateral  stability 
during  a  launch: 

1.  Destabilizing  seal  forces  caused  by 
seals  inverting  onto  the  pads  (par¬ 
ticularly  the  4th  and  6th  seals) . 

2.  Destabilizing  non-uniform  pressure 
load  which  occurs  once  the  missile 
passes  the  6th  seal  because  of 
missile  eccentricity  in  the  tube 
and  flow  past  the  muzzle  seal  (this 
force  may  be  small  and  insignificant 
in  a  tactical  underwater  launch) . 

3.  The  azimuth  effects  of  the  pads 
strongly  influence  the  initial 
transients. 


Removing  seal  forces  resulted 
in  significant  reduction  in  lateral 
deflections:  eliminating  all  6  seal 
forces  and  the  destabilizing  pressure 
load  gave  deflections  less  than  0.2  in. 

Increasing  the  stiffness  of 
the  top  2  pads  provides  a  possible 
method  of  limiting  the  missile  deflec¬ 
tions  even  with  destabilizing  seal  and 
pressure  forces  present.  Preliminary 
calculations  indicate  that  the  forces 
exerted  on  the  missile  by  the  stiffer 
pads  are  less  than  present  design. 
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ANALYSIS  OF  SUBCRITICAL  RESPONSE  MEASUREMENTS  FROM 


AIRCRAFT  FLUTTER  TESTS 


J.  C.  Copley 

Royal  Aircraft  Establishment 
Farnborough,  Hampshire,  England 


This  paper  describes  a  method  for  the  analysis  of  sub- 
critical  response  measurements  obtained  during  aircraft 
flutter  tests.  Suitable  forms  of  input  signal,  and  the 
derivation  of  transfer  functions  using  Fast  Fourier 
Transforms  are  discussed.  The  transfer  functions  are 
subsequently  analysed  to  give  frequency  and  damping 
estimates.  Because  the  effects  of  atmospheric  turbu¬ 
lence  degrade  the  measurements,  and  hence  the  estimated 
parameters,  a  method  for  assessing  the  magnitude  of  the 
accuracy  of  the  estimates  is  developed.  Examples  of  the 
application  of  the  analysis  method  to  typical  response 
data  are  given. _ 


INTRODUCTION 

An  important  part  of  the  design  of 
an  aircraft  is  the  avoidance  of  flutter 
within  the  intended  flight  envelope. 
Initially  the  designer  must  rely  on 
theoretical  calculations,  but  these  are 
followed  by  wind-tunnel  model  tests  and 
eventually  a  flight  flutter  test  to  con¬ 
firm  that  satisfactory  flutter  margins 
have  been  achieved. 

In  the  simplest  form  of  these 
tests,  the  aim  is  to  determine  the 
critical  conditions  at  which  flutter 
occurs.  One  experimental  approach  is 
the  1 peak  hold'  technique,  in  which  the 
power  spectrum  of  the  response  to  turbu¬ 
lence  is  monitored.  This  can  provide  an 
indication  of  the  critical  conditions, 
and  possibly  of  system  frequency  and 
damping  trends.  An  alternative  approach 
is  to  measure  the  trend  of  significant 
system  properties  at  a  set  of  subcriti- 
cal  conditions.  A  -known  excitation  is 
applied,  and  various  responses  are 
measured.  The  data  may  then  be  analysed 
to  provide  numerical  values  for  system 
frequencies  and  dampings.  These  allow 
the  approach  to  flutter  to  be  monitored, 
and  allow  an  assessment  of  the  validity 
of  theoretical  calculations. 

The  analysis  may  be  performed  in 
many  ways  (see  for  example  ( 1  I  ; 
this  report  describes  a  technique  of 
fitting  to  system  transfer  functions  in 


the  frequency  domain.  This  is  similar 
to  the  approach  adopted  in  modal  analy¬ 
sis  of  structures  but  the  nature  of  air¬ 
craft  flutter  makes  the  analysis  more 
difficult.  The  modes  may  be  close  in 
frequency  and/or  highly  damped,  and  in 
some  cases  a  lightly  damped  mode  obscures 
a  significant  heavily  damped  mode.  A 
further  complication  is  that  atmospheric 
turbulence  introduces  errors  into  the 
response  measurements  which  affect  the 
accuracy  of  any  estimates  of  frequency 
and  damping.  A  method  is  given  here  for 
the  estimation  of  the  magnitude  of 
possible  errors. 

TRANSFER  FUNCTION  MEASUREMENT 

Before  considering  the  problems  of 
transfer  function  analysis  it  is  appro¬ 
priate  to  examine  how  the  transfer 
functions  may  be  measured.  The  avail¬ 
ability  of  Fast  Fourier  Transform  tech¬ 
niques  applied  to  digitally  sampled  in¬ 
puts  and  outputs  has  contributed  to  the 
achievement  of  short  test  times.  Many 
possible  input  signals  may  be  used,  the 
commonest  being  slow  or  fast  frequency 
sweeps,  pseudo  random  or  periodic  random 
noise,  or  impulses.  Use  of  pseudo  ran¬ 
dom  noise  requires  the  introduction  of 
windowing  [2 land  possibly  overlapping  of 
successive  records  during  the  data  pro¬ 
cessing  in  an  attempt  to  minimise  the 
effect  of  leakage.  Slow  sweeps  may  be 
similarly  treated  [3].  The  effect  of 
these  additional  operations  on  the 
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measured  transfer  function  is  not  easily 
calculable,  but  empirically  it  has  been 
found  to  introduce  errors.  For  periodic 
random  noise,  fast  sine  sweeps,  and 
impulses,  it  is  usually  possible  to 
ensure  that,  for  practical  purposes, 
conditions  for  a  leakage  free  measure¬ 
ment  are  met.  Fast  sine  sweeps  and 
periodic  random  inputs  are  normally  pre¬ 
ferred  because  it  is  relatively  easy  to 
control  their  spectral  energy 
distributions . 

Calculation  of  transfer  functions 
from  input  and  responses  may  be  perfor¬ 
med  using  standard  techniques  [2].  It  is 
desirable  to  use  as  many  independent 
records  as  flight  conditions  and  consid¬ 
erations  of  test  time  permit.  The 
coherence  function  may  be  used  as  a 
method  of  assessing  the  accuracy  of  the 
transfer  function  measurement,  but  in 
aircraft  flutter  testing  there  is 
usually  little  that  can  be  done  to 
improve  measurements  where  the  coherence 
is  low. 
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is  therefore  used  as  the  model.  The  sec¬ 
ond  and  third  terms  on  the  right  hand 
side  represent  contributions  to  the 
response  in'  some  frequency  range  from 
modes  above  and  below  that  range.  The 
difference  between  the  measured  transfer 
function  at  frequency  and  the 

theoretical  model  is 


ek  “  Hk  -  HP(iV  •  (4) 

To  obtain  estimates  of  the  model 
parameters  the  weighted  summed  square  e 
is  minimised 


TRANSFER  FUNCTION  ANALYSIS 

The  aim  of  the  analysis  process  is 
to  determine  numerical  values  for  the 
parameters  of  a  suitable  theoretical 
expression  so  as  to  provide  the  best 
representation  of  the  measured  transfer 
function. 

Using  the  British  form  of  flutter 
equations,  the  response  of  the  system  to 
a  sinusoidal  input  Qei<llt  may  be 
calculated  from 

(-  Iid2  +  itoB  +  C) q  =  Q  (1) 


where  B  and  C  are  square  matrices, 
q  Is  a  column  of  generalised  displace¬ 
ment  coordinates  and  Q  is  a  column  of 
generalised  forces.  Eq.  (1)  is  the 
usual  equation  of  motion  for  an  n  de¬ 
gree  of  freedom  system  with  viscous 
damping.  The  transfer  function  of  the 
system  it  represents  may  be  written 
f  4,7] 
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where  np  is  the  number  of  data  points, 

and  is  the  weight  attached  to  point 

k  .  If  measurements  of  more  than  one 
transfer  function  have  been  made,  the 
summation  is  taken  over  all  available 
data  to  ensure  consistent  frequency  and 
damping  estimates.  To  minimise  e 
requires  solution  of 


0  1  <  i  <  ny 
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where  x  represents  the  ny  distinct 

parameters  of  Eq.  (3). 

Eqs.  (6)  are  nonlinear,  and  are 
solved  iteratively  by  the  Gauss-Newton 
method.  If  the  solution  is  &  ,  and  the 
current  estimai*  of  x  is  x  ,  write 
x  =  x  +  5x  .  Then 

0  ■  <*>  ■  i*  * 1x1 


for  any  position  p  on  the  structure. 

Eq.  (2)  includes  all  the  modes  of 
the  system,  but  the  experimental  data 
may  only  contain  a  few  of  them.  The 
modified  form 
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Hence  x  is  updated,  and  the  pro¬ 
cess  repeated  until  convergence  is 
achieved.  The  convergence  is  determined 
by  monitoring  the  error  x  ,  rather  than 


is  an  estimator  of  a*  ,  and  the  covar¬ 
iance  statrlx  of  the  parameters 
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tive  solution  is  nuawrlcally  well  behaved 
provided  suitable  Initial  estimates  for 
frequency  and  dashing  values  can  be 
obtained.  It  may  be  possible  for  the 
engineer  to  supply  satisfactory  initial 
estimates,  but  in  sense  circumstances  {eg 
close  frequencies)  this  is  difficult.  In 
such  cases  estimates  are  found  using  the 
polynomial  ratio  method  proposed  by 
Sanathanan  and  Koerner  I  51 .  This 
linearises  the  least  squares  fit  equa¬ 
tions,  and  therefore  allows  estimation 
of  parameters  directly  without  any  prior 
knowledge  of  the  systesi.  Experience  has 
however  shown  that  the  equations  invol¬ 
ved  may  become  ill-conditioned  for 
systems  with  many  siodes.  To  avoid  this, 
each  frequency  range  where  the  transfer 
function  has  a  large  amplitude  is  anal¬ 
ysed  separately,  and  the  estisiated  fre¬ 
quencies  and  dampings  assembled  to  pro¬ 
vide  initial  estimates  for  the  subsequent 
iterative  solution. 

ACCURACY  OF  RESULTS 

Transfer  function  measurements 
obtained  during  flutter  teats  are 
inevitably  dggraded  by  the  effects  of 
atmospheric  turbulence  which  will  affect 
estimates  of  frequencies  and  dampings. 
The  coherence  function  gives  an  indica¬ 
tion  of  the  accuracy  of  the  basic 
measurement,  but  this  indication  cannot 
easily  be  extended  to  the  parameter 
values.  Useful  results  may  however  be 
obtained  from  an  analysis  of  the  statis¬ 
tical  properties  of  the  least  squares 
fit. 

If  the  errors  e.  at  each  separ¬ 
ate  data  point  are  uncorrelated,  their 
covariance  matrix  may  be  written 

V(e)  -  E  (e*eT)  -  o2V  (8) 


where  V  is  a  diagonal  matrix  express¬ 
ing  the  expected  magnitude  of  the  errors 
at  each  point.  If  the  matrix  w  of 
Eq.  (5)  is  taken  to  be  V~1  ,  then  it 
may  be  shown  [ 6 ] that 


E  (x  -  xt) 


where  x^  is  the  true  solution  and  x 
the  identified  solution  ( ie  the  results 
are  unbiased) , 


Zn  -  n 
p  v 


Eqs.  (10)  and  (11)  allow  the  esti¬ 
mation  of  the  variance  of  the  ith 

parameter 


>  /r~T  - 


If  then  x<  is  assumed  normally  distri¬ 
buted,  confidence  intervals  may  be 
calculated,  eg 


’{xi  -  2oi  *  Xit  <  Xi  +  2oil 


>  0.95  . 


In  practice,  V  is  unknown,  and 
seme  arbitrary  choice  must  be  made.  For 
flutter  tests,  the  effect  of  turbulence 
may  be  represented  as  an  additional 
unknown  input  to  the  system.  As  a  first 
approximation,  the  response  to  this  extra 
excitation  will  be  large  at  frequencies 
where  the  response  to  the  known  forcing 
is  large,  thus  we  may  take 


RESULTS 

The  analysis  method  described  has 
been  applied  to  data  from  several 
flutter  tests.  The  two  examples  presen¬ 
ted  are  both  wind  tunnel  model  tests  in 
which  a  control  surface  was  used  to  pro¬ 
vide  the  forcing.  The  first  results  were 
obtained  from  a  low  speed  binary  model 
in  a  low  turbulence  tunnel,  with  fast 
sine  sweep  excitation.  The  transfer 
function  measurements  are  of  good 
quality  (Fig  1),  and  this  is  reflected 
in  the  estimated  frequency  and  damping 
values  (Fig  2) . 

The  second  set  of  results  are  from 
tests  on  a  high  speed  model  (M  =  0.8) 
where  the  excitation  signal  was  periodic 
random.  This  aeroelastic  model  has  many 
degrees  of  freedom,  but  results  are 
presented  only  for  the  two  modes  concer¬ 
ned  in  the  flutter.  The  transfer 
function  measurements  are  obviously 
badly  degraded  by  the  response  to  tur¬ 
bulence  (Fig  3) ,  but  the  estimated  fre¬ 
quency  and  damping  values  show  good 
agreement  with  theoretical  calculations 
(Fig  4) . 
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To  assess  the  validity  of  tha 
estimated  confidence  Intervals,  the 
tranafer  function  of  the  low  speed  nodal 
was  neasered  one  hundred  tines  at  a 
fined  condition,  and  each  transfer 
function  was  analysed.  The  variance  of 
each  paraaeter  was  calculated  fron  the 
separate  eetinates,  and  compared  with 
the  astiaatad  variance.  Bach  separate 
analysis  also  gives  a  confidence 
interval]  the  nunber  of  tines  this 
failed  to  include  the  true  value  was 
counted.  Per  a  ISl  confidence  interval, 
there  should  be  about  five  such  failures 
in  one  hundred  neasursnents .  The  results 
of  these  calculations  are  given  in 
Table  1,  and  indicate  that  tha  astiaatad 
variance  and  confidence  intervals  are 
valid. 

CONCLUSION 

This  paper  has  described  a  net hod 
for  the  analysis  of  transfer  function 
measurement  obtained  during  flutter 
tests.  The  information  available  fron 
this  analysis  gives  valuable  insight 
into  the  behaviour  of  the  system,  and 
provides  guidance  in  the  conduct  of  the 
test.  The  analysis  gives  quantitative 
data  that  may  be  compared  directly  with 
earlier  theoretical  calculations,  and 
provides  quantitative  estimates  of  the 
accuracy  of  that  data. 
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Fig  1  Transfer  function  plots  for  low  speed 
model  V  -  0.781V,. 
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modified  damping  matrix 
modified  stiffness  matrix 
statistical  expectation 
terms  describing  residual 
contribution  of  other  modes  at 
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effective  forcing  of  mode  j  at 
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theoretical  transfer  function  at 
position  p 

measured  transfer  function  at 
frequency  w. 
unit  matrix 
defined  by  Eq.  (7) 
column  of  generalised  forces 
defined  by  Eg.  (7) 
defined  by  Eq.  (10) 
diagonal  matrix  defined  by 
Eq.  (8) 

statistical  covariance  matrix 
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are  *k 
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tribution  of  other  modes  at 
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number  of  parameters  in  Eq.  (3) 
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Fig  2  Subcrltlcal  frequencies  and  dampings 
for  low  speed  model 
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column  of  generalised 
displacements 
x  vector  of  parameters  of  Eg.  (3) 

Xj  element  of  x 

x  estimated  value  of  x 

xt  true  value  of  x 

e  sum  of  squares  of  errors 

damping  ratio  of  mode  j 

a  measure  of  experimental  variance 

u  angular  frequency 

Uj  frequency  of  mode  j 

Superscripts 

*  complex  conjugate 

T  matrix  transpose 
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Fig  4  Subcrltlcal  frequencies  and  dampings 
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AIRCRAFT  RESPONSE  TO  OPERATIONS  ON  RAPIDLY  REPAIRED 
BATTLE  DAMAGED  RUNWAYS  AND  TAXIWAYS 


Tony  G  Gerard i.  Aerospace  Engineer  for  the  Structures  and  Dynamics 
Division,  Air  Force  Wright  Aeronautical  Laboratories 
at  Wright-Patterson  Air  Force  Base  OK 

and 

Lapsley  R  Caldwell,  Lt  Col,  HAVE  BOUNCE  Project  Kanager,  Air  Force 
Engineering  Services  Center  at  Tyndall  AFB  FL 


In  a  theater  of  war,  airbases  will  be  prime  targets  of  attack.  In 
order  to  launch  and  recover  our  aircraft  in  retaliation,  rapid  repair  of 
damaged  surfaces  is  required.  Current  Air  Force  Requirements  (AFM  93-2) 
call  for  the  repair  of  a  15.24m  x  1524m  (50  x  5000  ft)  Minimum  Operating 
Strip  (MOS)  within  four  hours  after  the  attack.  These  rapid  repairs  will 
be  made  using  aluminum  AM-2  mats  and  will  result  in  a  surface  that  is 
rougher  than  normal  and  consequently  higher  than  normal  loads  will  be  in¬ 
duced  into  the  aircraft.  The  question  of  how  much  surface  roughness  can 
a  given  aircraft  configuration  tolerate,  arises.  To  answer  than  question. 
Air  Force  project  HAVE  BOUNCE  was  bora.  The  goals  of  project  HAVE  BOUNCE 
are  to  determine  the  ground  loads  capabilities  of  each  aircraft.  The 
planned  approach  for  reaching  these  goals  is  through  computer  simulation, 
flight  testing,  and  subsequent  repair  criteria  development.  The  objective 
of  this  paper  is  to  summarize  the  Rapid  Runway  Repair/aircraft  response 
effort, 

- - - - - - - - - 1 


INTRODUCTION 

In  a  theater  of  war,  airbases  will  be  prime 
targets  of  attack.  In  the  European  theater, 
threat,  analysts  suggest  very  extensive  damage 
to  runways,  taxiwaya ,  command  posts,  choke 
points  and  other  important  targets.  Aa  illus¬ 
trated  in  Figure  1,  hundreds  of  craters  result¬ 
ing  from  general  purpose  b  •mt«,  cannon  and 
rocket  fire  damage,  delay'd  fuse  bombs  above 
and  below  the  surface,  live  anti-personnel 
weapons  littered  on  the  surface  and  other 
special  runway  denial  weapons  can  be  expected 
during  an  attack.  In  order  to  launch  and 
recover  our  aircraft  in  retaliation,  rapid 
runway  repair  teams  must  construct  a  Minimum 
Operating  Strip  (MOS). 

Before  the  repairs  can  begin,  however, 
damage  assessments  must  be  made,  the  unexploded 
ordinance  must  be  removed,  a  command  post  oust 
be  set  up  and  a  site  for  the  MOS  must  be 
selected.  This  is  all  part  of  the  Air  Force's 
Rapid  Runway  Repair  (RRR)  Program  which  is  a 
subset  of  a  Base  Recovery  After  Attack  (BRAAT) 
Plan, 

Current  Air  Force  requirements  (Reference 
1)  call  for  the  repair  of  a  15.24m  x  1524m 
(50  x  5000  ft)  MOS  using  aluminum  AM-2  mats.  " 
The  repaired  surface  will  result  in  a  runway 
that  is  rougher  than  normal  and  consequently 
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Fig.  1  -  Airfield  After  An  Attack 


higher  than  normal  loads  will  be  induced  into 
the  aircraft.  The  question  arises  as  to  how 
much  surface  roughness  can  a  given  aircraft 
configuration  tolerate.  To  answer  that  ques¬ 
tion,  Air  Force  project  HAVE  BOUNCE  was  born. 

HAVE  BOUNCE  is  a  subset  of  the  Rapid  Runway 
Repair  Program  and  its  objective  is  to  estab¬ 
lish  runway  repair  "smoothness"  requirements. 
Figure  2  typifies  an  AM-2  mat  bomb  crater 
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repair.  After  backfilling  with  debris,  (elect 
fill  nateriel  is  compacted  in  the  laet  ,3048b 
(12  inchei)  of  the  repeir.  Finally,  the  AM-2 
set,  which  ie  asseabled  off  the  runway,  i( 
towed  into  place  and  anchored  to  the  runway 
with  bolts  on  the  leading  and  trailing  edge 
reaps.  A  full  sise  AM-2  Bat  is  23.77b  (78  ft) 
x  16.46b  (34  ft)  x  3.8cb  (1.5  inches)  high. 

The  leading  and  trailing  edge  reaps  are  99.  cm 
(45  inches)  long.  Notice  that  soae  upheaved 
pavement  will  reaain  and  that  crater  settling 
will  occur  coapounding  the  roughness  problem. 
Other  types  of  repairs,  such  as  crushed  stone 
with  ■smtrrsne  covers  are  also  being  considered. 


REMMBI  MM  OUTER 


Fig.  2  -  Cross  Section  of  Repaired  Crater 

The  objective  of  this  paper  is  to  describe 
the  approach  being  taken  in  HAVE  BOUNCE,  pre¬ 
sent  the  statue  and  plans  for  the  future  and  to 
solicit  fresh  ideas  relating  to  the  problem 
from  the  shock  and  vibration  community. 

APPROACH  TO  HAVE  BOUNCE 

The  goals  of  project  HAVE  BOUNCE  are  to 
determine  the  ground  roughness  capability  of 
most  aircraft  currently  in  the  USAF  inventory 
end  to  establish  surface  "smoothness"  repair 
requirements  based  on  those  aircraft  capabili¬ 
ties.  The  planned  approach  for  reaching  these 
goals  is  through  computer  simulation,  flight 
testing,  and  subsequent  development  of  repair 
criteria . 

SIMULATIONS:  Unvalidated  or  partially 
validated  computer  programs  mathematically 
describing  the  dynamic  response  of  an  aircraft 
traversing  rough  surface  profiles  are  used  to 
identify  potentially  unsafe  test  conditions. 

In  addition,  these  models  limit  the  testing  by 
eliminating  unnecessary  (low  response)  tests. 
Finally,  they  ere  used  to  identify  suspected 
critical  aircraft  structures. 

FLIGHT  TESTS:  Armed  with  the  knowledge  of 
where  and  how  to  instrument  the  aircraft  and  an 
established  matrix  of  test  conditions,  a  fully 
instruaented  aircraft  is  used  to  validate  the 
aethematical  model.  In  addition,  testing  pro¬ 
vides  for  a  dynamic  demonstration  of  aircraft 


capabilities  in  the  ground  enviroaeent. 

REPAIR  CRITERIA:  Using  the  fully  validated 
computer  program,  surface  repair  criteria  can 
be  established  and  distributed  to  the  RRR  crews 
in  the  operational  coanands .  The  repair 
criteria  will  be  designed  to  provide  maximtn 
repair  speed  end  flexibility. 

SIMULATIONS 

Mathematical  modeling  of  aircraft  during 
ground  operations  is  not  new.  These  aodels  vary 
in  complexity  from  simple  linear  single  degree 
of  freedom  systems  to  very  complex,  flexible 
models  incorporating  all  of  the  tire  and  strut 
non-linearities.  Reference  2  from  the  47th 
Shock  end  Vibration  bulletin  contains  a  mathe¬ 
matical  model  developed  at  the  Air  Force  Wright 
Aeronautical  Laboratories.  Figure  3  is  the  free 
body  diagram  used  to  develop  that  mathematical 
model.  This  computer  program  known  as  TAXI  is 
one  of  those  being  used  in  the  HAVE  BOUNCE 
program. 


F-4E  TEST  EFFORTS 

Most  of  the  work  done  so  far  has  been  on  the 
F-4  aircraft.  Beginning  in  1977,  a  simulation 
study  by  the  Boeing  Company  (Reference  3), 
indicated  that  the  F-4  aircraft  could  exceed 
certain  structural  limits  when  traversing  AM-2 
mat  repairs.  Multiple  bomb  damage  repairs  in 
particular  could  produce  excessive  loads  when 
traversed  at  speeds  that  tune  the  bump  wave¬ 
lengths  to  the  aircraft's  natural  frequencies. 

The  results  of  this  study  generated  a  great 
deal  of  interest  in  the  operational  coesunds 
USAFE,  TAC,  etc.  This  interest  led  to  more  com¬ 
puter  simulations  end  finally  to  two  F-4E  test 
programs.  The  first  test  program  (Phase  I) 
completed  in  1978,  (Reference  4)  verified  that 
excessive  loads  could  be  induced  into  the  air¬ 
craft  as  predicted.  In  addition,  Phase  I  tests 
verified  that  certain  changes  in  strut  servicing 
could  dramatically  improve  the  F-4's  ability  to 
traverse  rough  surfaces. 


Figure  4  show*  e  tine  history  of  measured 
vertical  load  for  the  left  aaiu  landing  gear 
for  standard  and  modified  strut  servicing. 
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Fig.  4  -  Coop ar is on  of  Measured  Response  for 
the  Standard  and  High  Pressure 
Strut  Servicing 


By  increasing  the  main  landing  gear  upper 
chamber  precharge  pressure,  the  F-4's  tolerance 
to  rough  runways  is  dramatically  improved.  The 
F-4  main  landing  gear  (MLG)  was  designed  for 
high  sink  speed  aircraft  carrier  landings,  not 
for  taxiing.  These  two  design  conditions  work 
in  opposition  to  each  other.  When  taxiing,  the 
F-4  MLG  strut  has  only  1.27cm  (.5  inch)  of 
stroke  remaining  which  results  in  a  very  stiff 
suspension  with  little  energy  absorbing  capa¬ 
bility.  By  servicing  the  upper  chamber  of  the 
strut  with  higher  pressure  so  that  7.62cm  (3 
inch)  of  stroke  mains ,  the  aircraft  is  sus¬ 
pended  on  a  much  higher  (softer)  portion  of  the 
load  stroke  curve  as  shown  in  Figure  5.  This 
increase  in  pressure  lowered  the  F-4's  heave 
(vertical  translation)  frequency  from  1.9  to 
.9  H*. 


Fig.  S  -  F-4  Main  Landing  Gear  Load 
Stroke  Curve 


Phase  II  testing  of  the  F-4E  (Reference  3 
and  6)  was  completed  in  1980.  Using  more  soph¬ 


isticated  instrumentation  in  Phase  II,  dynamic 
responae  of  aircraft  components  such  as  exter¬ 
nal  stores  was  measured .  Simulations  (Reference 
7)  predicted  that  high  loads  would  be  measured 
on  the  outboard  pylon  carrying  either  fuel  or 
bombs.  Figure  6  shows  that  for  all  speed  ranges 
pylon  loads  were  well  under  those  predicted. 
There  is  still  uncertainty  as  to  why  the  exter¬ 
nal  store  predictions  were  incorrect,  but 
improper  representation  of  pylon  preload  is 
suspected.  Computer  predicted  vertical  loads 
for  the  landing  gear  compared  favorably  to 
measured  values.  Figure  7  is  a  plot  showing 
peak  main  landing  gear  vertical  loads,  pre¬ 
dicted  curves  and  measured  data  (dots  and 
squares),  for  the  full  ground  roll  speed  range 
of  the  F-4E. 


Fig.  6  -  Pylon  Loads,  Predicted  and 
Measured 
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Fig.  7  -  Measured  vs  Predicted 
Main  Landing  Gear 


A  great  deal  was  learned  with  the  extensive 
F-4E  testing  and  simulation  efforts: 

1.  Rough  runway  repairs  can  induce  exces¬ 
sive  loads  in  the  F-4  aircraft. 

2.  Simulations  can  accurately  predict  F-4 
rigid  body  response. 

3.  Strut  servicing  changes  can  improve  the 
F-4's  rough  surface  operational  capability. 
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4.  Current  eiaulatione  did  not  predict 
F-4E  pylon  response  accurately. 


OTHER  TEST  EFFORTS 

The  C-141B  and  C-130K  aircraft  have  also 
undergone  HAVE  BOUNCE  testing.  Both  aircraft 
show  a  greater  tolerance  to  operation  on  rough 
surfaces  than  the  F-4.  Unlike  the  F-4,  the 
nose  landing  gear  (NLG)  vertical  load  was  the 
parameter  that  was  most  critical  for  these 
aircraft.  Both  the  C-141B  and  the  C-130K 
responded  primarily  in  pitch  rather  than  heave 
and  therefore,  NLG  loads  were  of  concern  under 
resonant  conditions.  In  addition,  the  large 
pitching  moment  caused  by  hard  braking,  as 
during  landing  rollout,  will  result  in  high  NLG 
loads,  which  when  coupled  with  a  repair  mat 
encounter  can  cause  excessive  NIG  loads.  The 
braking  condition  is  difficult  to  simulate 
because  of  anti-skid  and  pilot  inputs.  The 
approach  taken  has  been  to  assume  a  constant 
hard  brakes  application.  It  is  conceivable 
that  the  pilot  would  attempt  to  control  the 
pitching  during  landing  impact  by  proper  brake 
applications. 

Results  indicate  that  significant  engine 
pylon  motion  occurred  during  some  of  the  C-141B 
testing  and  some  relatively  high  response  was 
measured  on  the  C-130  wing.  This  was  expected 
for  these  more  flexible  aircraft  structures. 
Plots  of  predicted  and  measured  values  for  the 
rigid  body  and  flexible  responses  of  the  C-141B 
and  C-130K  aircraft  are  shown  in  Figures  8 
through  11.  Figure  8  is  a  plot  of  peak  NIG 
load  versus  velocity  for  the  C-141B  traversing 
two  full  length  AM-2  mats  spaced  21.3m  apart. 
The  predicted  values  were  acceptable  below  80 
knots,  but  above  80  knots  test  data  shows  that 
NLG  peak  loads  barely  exceed  static  value. 
Figure  9  shows  the  engine  pylon  response  for 
the  same  test  conditions.  Here  braking  tests 
produced  pylon  responses  well  in  excess  of 
those  predicted  particularly  at  57  knots.  The 
C-141B  simulation  program  will  be  modified 
based  on  test  results  so  that  more  accurate 
predictions  can  be  made. 
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Fig.  8  -  C-141B  Nose  Landing  Gear  Peak 
Loads 


Fig.  9  -  C-141B  Engine  Pylon  Peak  Vertical 
Response 


The  C-130K  simulations  were  more  accurate 
as  can  be  seen  in  Figure  10  and  11  where  sim¬ 
ulated  (dotted)  and  test  (solid)  time  histories 
are  compared  for  the  NLG  vertical  load  and  wing 
root  vertical  acceleration  respectively.  Peak 
values  are  within  a  few  percent. 


mean 

Fig.  10  -  Measured  and  Simulated  C-130K 
Nose  Landing  Gear  Loads 


Fig.  11  -  Measured  and  Sisiulated  C-130K 
Wing  Root  Response 


RAPID  RUNWAY  REPAIR  (RRR)  CRITERIA 

lu«d  on  the  teat  result*  and  thousands  of 
simulations  using  F-4  computer  programs,  in¬ 
terim  rapid  runway  repair  criteria  (Reference 
8)  was  prepared  and  delivered  to  the  opera¬ 
tional  coManda  for  the  F-4E  aircraft.  Repair 
criteria  for  the  C-141B  and  C-130K  have  not 
been  generated  at  this  time. 

The  F-4E  repair  criteria  were  designed  to 
give  repair  crews  ma»iss»  flexibility  in  an 
effort  to  reduce  repair  time  to  a  minimum  and 
as  a  result,  these  criteria  are  somewhat  com¬ 
plex. 

The  basis  for  the  repair  criteria  is  de¬ 
tuning  the  F-4E  to  the  bumps.  Knowing  the 
aircraft's  speed  versus  distance  down  the  run¬ 
way  for  a  takeoff  roll,  certain  limitations  can 
be  established.  Figure  12  is  a  plot  of  an 
F-4's  speed  versus  distance  down  the  MOS.  The 
repair  quality  and  multiple  repair  a pacing 
requirements  depend  on  where  they  are  located 
on  the  MOS. 


Fig.  12  -  F-4/M08  Repair  Criteria 


Repair  quality  ranges  from  an  "A"  where  no 
upheaval  or  settling  are  permitted  to  "E"  where 
7.6cm  of  settling  (sag)  and  upheaval  are  per¬ 
mitted.  The  Mt  height  will  add  another  3.8cm. 
For  the  F-4E  smsple  shown  in  Figure  12,  in  the 
first  runway  section  sag  in  a  full  length 
repair  would  act  as  a  second  bump  encounter  and 
therefore  resonance  could  cause  excessive 
loads.  Beyond  the  initial  section,  the  air¬ 
craft's  speed  and  frequency  of  response  will 
allow  the  aircraft  to  "fly"  over  the  sag, 
therefore  a  "C"  (3.8cm  high  with  sag  permitted) 
quality  repaii  it  sufficient. 

During  the  period  where  rotation  is  initiated 
and  until  a  full  12*  angle  of  attack  is  achieved, 
lift  is  building  fast.  As  the  struts  are  being 
unloaded,  the  aircraft  becomes  more  and  more 
tolerant  to  runway  roughness  thus  permitting 
rougher  ("D"  or  better  in  Figure  12)  and 
consequently  faster  bomb  crater  repairs. 


The  spacing  between  repairs  was  based  on  a 
four  second  "time  to  damp"  criteria.  Test  data 
show  that  four  seconds  after  an  initial  bump 
encounter  sufficient  damping  takes  place  that  a 
second  bump  encounter  can  be  treated  as  a 
single  bump. 

Since  this  repair  guidance  is  based  on  the 
speed  of  the  aircraft  as  it  traverses  the  MOS; 
density  ratio,  wind,  aircraft  gross  weight 
and  center  of  gravity  will  affect  the  repair 
procedures.  In  fact,  as  shown  in  Figure  12, 
the  MOS  applies  only  to  the  F-4E  aircraft. 

This  interim  runway  repair  criteria,  which 
was  delivered  to  the  operational  cossnands  is 
tailored  to  specific  conditions,  it  is  complex 
and  somewhat  conservative.  It  was  designed  to 
provide  the  officer  in  charge  with  MOS  selec¬ 
tion  criteria  and  the  repair  crews  with  maximum 
flexibility  so  that  an  acceptable  MOS  can  be 
constructed  in  a  minimum  length  of  time. 

One  of  the  major  stumbling  blocks  associ¬ 
ated  with  the  HAVE  BOUNCE  Project  is  the  trans¬ 
formation  of  predicted  aircraft  dynamic 
response  into  runway  repair  criteria.  Consid¬ 
ering  that  many  different  aircraft  types  and 
configurations  will  operate  from  a  variety  of 
runway  repair  shapes  and  sixes,  establishing 
repair  criteria  for  a  MOS  that  is  acceptable 
to  all  of  these  variations  is  increasingly 
difficult.  One  purpose  of  this  paper  is  to 
solicit  fresh  ideas  from  the  shock  and  vibra¬ 
tion  community  on  how  to  present  MOS  selection 
criteria  and  repair  procedures  to  the  opera¬ 
tional  commands. 

NATO  INVOLVEMENT 

The  RRR  problem  is  in  reality  a  NATO  prob¬ 
lem.  Following  an  attack,  aircraft  from  many 
nations  will  be  operating  on  various  types  of 
repairdd  surfaces.  The  British  use  aluminum 
class-60  repair  mats,  the  Federal  Republic  of 
Germany  (FRC)  uses  the  U.S.  built  AM-2  mats, 
etc.  It  become*  evident  with  the  large  air¬ 
craft/repair  matrix,  that  an  "international" 
roughness  criteria  needs  to  be  established 

This  subject  was  addressed  at  the  Advisory 
Croup  for  Aerospace  Research  and  Development 
(AGARD)  specialists  meeting  in  Williamsburg, 
Virginia  in  the  Spring  of  1979  and  in  Cologne, 
Germany  in  the  Fall  of  1979.  The  enthusiatic 
response  from  all  nation*  represented  has  led 
to  two  AGARD  specialists  meetings  on  the  sub¬ 
ject.  In  the  Spring  of  1981,  a  half-day 
"precursor"  meeting  which  highlights  the  run¬ 
way/airfield  aspects  of  the  problem  is  planned 
to  be  held  in  Turkey.  A  full  two-day  meeting 
in  the  Spring  of  1982  which  will  complete  the 
treatment  of  runway/airfield  aspects  and  add 
considerations  of:  landing  gear,  structural 
and  dynamic  analysis  and  testing,  ground  and 
flight  operations,  and  design  criteria.  The 
Spring  1982  meeting  is  planned  to  be  held  in 
Portugal.  AGARD's  intent  it  to  provide  s 
clearinghouse  of  information  on  the  subject, 
bring  the  experts  together  end  help  define 


solution*  to  th«  runway  denial  problem  within 
MATO. 

■OUCH  RUNWAY  TEST  FACILITY 

The  Air  Force  Wright  Aeronautical  Labora¬ 
tories  is  considering  the  development  of  a 
large  facility  (Figure  13)  capable  of  simula¬ 
ting  an  aircraft  traversing  a  rough  surface. 

The  project  called  Aircraft  Ground  Induced 
Load*  Excitation  (AGILE),  will  consist  of 
large  computer  controlled  hydraulic  shakers 
capable  of  inputing  large  amplitude,  multi¬ 
ple  bumps  into  each  landing  gear  of  an  instru¬ 
mented  aircraft.  AGILE  could  not  completely  re¬ 
place  flight  testing,  but  could  significantly 
reduce  it  as  well  as  add  acme  capabilities  that 
are  unattainable  from  flight  testing. 


Fig.  13  -  Aircraft  Ground  Induced  Load* 
Excitation  (AGILE)  Facility 
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S1MURY 

In  susmary,  the  Surface  Roughness  Portion  of 
the  BRAAT  problem  carries  a  high  U.S.  Air  Force 
priority  and  has  stimulated  interest  within 
NATO. 

The  approach  of  using  flight  test  validated 
computer  programs  to  generate  rapid  runway  re¬ 
pair  criteria  has  proven  to  be  acceptable, 
although  alternate  methods  of  presenting  that 
criteria  to  the  repair  crews  are  being  sought. 

Planning  is  underway  to  evaluate  most  air¬ 
craft  in  the  U.S.  inventory  with  emphasis  on 
the  tactical  aircraft  (F-15,  F-16,  A-10,  etc). 
Testing  on  the  F-15  is  scheduled  to  begin  in 
the  Summer  of  1981. 
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DISCUSSION 


Mr.  Seville  (Structural  Dynamics 
Research  Corp.};  Is  It  just  the  noise 
gear  loads  that  establish  the  Halts  for 
the  aircraft?  Or  Is  It  perhaps  ride 
quality  or  the  ability  of  the  pilot  to 
see? 

Mr.  Cerardl:  It  Is  going  to  be 
dependent  on  the  aircraft.  For  F-4  it 
was  the  aaln  landing  gear  that  was 
responsible.  In  the  C-130  and  the  C-I41 
the  noise  gear  was  the  problem.  We've 
also  other  considerations  for  exaaple  in 
the  C-130,  we  had  soae  fairly  high  wing 
root  loads.  Also,  pylons  and  stores  are 
things  that  have  to  be  looked  at.  So  It 
Is  not  just  one  Itea. 


A  METHOD  FOR  DETERMINING  THE  EFFECT  OF  TRANSPORTATION 


VIBRATION  ON  UNITIZED  CORRUGATED  CONTAINERS 


Thomas  J.  Urbanik,  Engineer 
Forest  Products  Laboratory,*  Forest  Service 
U.S.  Department  of  Agriculture 


A  unitized  stack  of  containers  in  transit  is  susceptible  to  dynamic  over¬ 
loading  due  to  vibrations  in  the  transporting  vehicle.  The  boxes'  compressive 
stiffnesses  interact  with  the  content  masses  to  amplify  or  attenuate  the  vehicle 
motions  through  the  height  of  the  column.  Modeling  a  unit  load  as  a  multiple- 
degree-of-freedom  vibration  system  provides  a  method  for  evaluating  it  based  on 
its  sensitivity  to  the  frequencies  inherent  to  the  transportation  envirouaent. 
This  report  presents  the  theoretical  analysis  of  the  analog  that  represents  a 
stack  of  containers  and  an  example  that  carries  the  mathematics  through  a  package 
design  problem.  To  supplement  the  manual  computations  which  are  too  time- 
consuming  for  practical  packaging  design,  a  computer  program — not  included 
herein — is  discussed.  This  program  plots  the  transmissibility  in  each  container 
over  a  range  in  frequencies.  An  example  using  the  program  shows  how  to  interpret 
the  plots  and  compare  the  effects  of  transportation  vibration  on  different  unit 
loads . 


ABBREVIATIONS  USED 

CPS  =  cycles  per  second 
G  =  gravities 
Hz  >  hertz 
kN  »  kilonewton 
kN/m  s  kilonewton*  per  meter 
kN*s/m  *  kilonewton*  x  seconds  per  meter 
lbf  *  pounds-force 
lbf/in.  3  pounds-force  per  inch 
LBF  SEC/IN.  =  pounds-force  x  seconds  per  inch 
LBM  s  pounds-mass 
Mg  3  megagram 
na  s  millimeter 
2 

m/s  *  meters  per  second  squared 
N  *  newton 
s  *  aeconds 


INTRODUCTION 

Shipments  of  like  packages  have  come 
increasingly  to  be  unitized  for  reasons  of 
economy.  Mechanically  arranging  and  stacking 
containers  on  a  single  pallet  or  other  platform 
offers  the  advantages  of  mechanized  transfer 
and  storage  with  protection  from  the  hazards  of 
manual  handling.  Thus,  effective  methods  of 
packaging  can  be  used  which  do  not  require 
dealing  with  the  levels  of  shock  typical  with 


^Maintained  at  Madison,  Vis.,  in  coopera¬ 
tion  with  the  University  of  Wisconsin. 


manual  handling.  The  unit  arrangement, 
although  reducing  the  potential  for  shock 
damage,  requires  greater  consideration  of  the 
damage  which  might  be  caused  by  vibration. 

Even  where  dropping  or  impacting  a  package 
does  not  occur,  the  product  is  still  exposed  to 
transit  vehicle  vibrations  enroute  between  the 
manufacturer  and  recipient.  And  this  most 
probable  source  of  daawge  becomes  an  environ¬ 
ment  over  which  the  package  designer  has  little 
control;  his  option  is  to  design  vibration  pro¬ 
tection  into  the  package  system. 

Shocks  and  impacts  acting  on  single  pack¬ 
ages  in  simulated  small  parcel  shipping  envi¬ 
ronments  have  been  well  analyzed  in  numerous 
reports  (5).  Some  studies  [3,4]  have  also 
examined  the  damage  susceptibility  of  corru¬ 
gated  shipping  contsiners  due  to  vibrations. 

But  all  these  publications,  although  accurate 
documentation  of  the  pertinent  vibration 
theory,  were  still  alamd  at  the  single  package 
environamnt  and  are  limited  to  a  single-degree- 
of-freedom  analysis. 

Where  quantities  of  similar  packages  are 
shipped  as  a  unitized  lot,  a  new  approach  to 
the  vibration  analysis  is  required.  The  vibra¬ 
tion  theory  developed  for  the  single  parcel 
environment  may  grossly  underestimate  the 
severity  of  acceleration  levels  in  a  unitized 
load.  For  example,  the  dynamics  in  a  stack  of 
containers  ten  high  on  a  pallet  may  approach  a 
modeled  ten-degree-of-freedom  system  with  ten 
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critical  frequencies,  each  being  potentially 

damaging . 

Because  corrugated  boxes  compress  due  to 
their  contained  weights,  they  act  like  springs 
and  the  resulting  stack  natural  frequencies  may 
fall  within  the  range  of  the  transportation 
environment  (3],  The  weight  of  the  product 
supported  by  the  resilient  container  behaves 
like  an  analogous  spring-mass  system  to  amplify 
or  attenuate  the  vibratory  motion  delivered  to 
its  base.  It  is  thus  reasonable  to  evaluate 
the  effectiveness  of  a  unit  load  based  on  how 
well  it  protects  both  the  product  and  the  con¬ 
tainer  from  transportation  vibration  damage. 

For  instance  often  a  product's  cosq>onent  sub- 
assemblies  will  necessitate  avoiding  accelera¬ 
tion  levels  within  certain  frequency  bands.  Or 
frictional  holding  forces  must  be  maintained  to 
insure  protection  from  load  disarrangement  and 
subsequent  stack  toppling  and  product  impact 
damage.  Also,  the  lower  containers  may  require 
protection  from  dynamic  crushing. 

This  report  was  thus  written  to  demon¬ 
strate  for  package  engineers  how  to  apply  the 
fundamental  theory  for  analyzing  vibration 
forces  in  a  unitized  load.  It  deals  with  the 
most  common  shipping  container,  a  corrugated 
fiberboard  box,  and  shows  how  to  evaluate  a 
unit  load  of  boxes  for  protection  against 
vibration  damage.  In  essence,  it  presents  a 
theoretical  method  for  predicting  the  critical 
frequencies  of  a  unit  load,  the  maximum  accel¬ 
eration  level,  and  the  dynamic  compression  of 
the  bottom  boxes. 

To  do  this,  this  report  uses  the  results 
obtained  by  Godshall  in  the  investigation  of 
the  effects  of  vibration  on  single  boxes  [3] 
and  extends  them  to  a  stack  of  boxes.  It  con¬ 
siders  the  stacking  configuration  where  boxes 
on  a  rigid  pallet  are  vertically  stacked  with 
their  corners  alined,  and  the  box,  not  the 
product,  supports  the  load.  It  next  uses  the 
theory  in  a  computer  program  for  plotting  the 
containers'  responses  to  vibration.  Graphs 
produced  via  this  program  show  how  the  damage 
susceptibility  of  a  unit  load  changes  when 
properties  of  box  compression  resistance,  cor¬ 
rugated  dashing  characteristics,  weight  per 
box,  and  stack  height  are  changed. 


I.  DESIGN  CONSIDERATION 

The  hazards  of  transportation  frequently 
reveal  themselves  with  toppled  stacks  and 
crushed  containers.  Sometimes  the  damage  is 
concealed  until  the  packaged  product  is  put 
into  service.  Given  enough  resources  a  shipper 
can  make  trial  and  error  adjustments  to  the 
package  system  until  an  effective  method  of 
unitizing  is  determined.  But  analysis  rather 
than  trial  and  error  would  improve  efficiency. 
Solving  a  typical  problem  shows  how  the  results 
obtained  from  an  analysis  can  be  used  to  evalu¬ 
ate  the  effectiveness  of  a  unit  load.  The 


appendix  carries  the  problem  through  the  de¬ 
tailed  mathematics;  only  the  results  are  pre¬ 
sented  here. 

A  manufacturer  finds  his  containers 
totally  disarrayed  when  unitized  and  shipped 
via  a  particular  carrier.  The  transportation 
envirotuaent  is  monitored  and  he  learns  that  a 
significant  input  occurs  at  0.25  G  acceleration 
at  5  Hz.  Before  adopting  a  new  design  and 
suggested  antiskid  treatment,  he  requests  an 
analysis  to  learn  if  the  new  approach  will 
indeed  solve  the  problem. 

The  new  design  calls  for  vertically  alined 
boxea  stacked  four  high  on  a  pallet  with  each 
box  containing  a  rigid,  fixed,  nonload¬ 
supporting  content  W  weighing  246  N  (55.3  lbf) 
and  an  antiskid  treatment  applied  to  the  top 
and  bottom  flaps  of  each  box.  All  boxea  are 
identically  constructed,  and  from  cyclic  top- 
to-bottom  compression  tests  on  similar  boxes 
the  box  stiffnesses  are  estimated  relative  to 
their  equilibrium  supporting  loads.  Also,  from 
vibration  teat  observations  it  is  estimated 
that  the  box  material  contributes  about  30  per¬ 
cent  of  critical  damping.  To  analyze  the  unit 
load,  first  the  contents  are  characterized  by 
lumped  masses  and  the  boxes,  by  spring  and 
damping  elements.  The  pallet  in  this  case  is 
effectively  rigid  compared  to  the  stiffness  of 
the  boxes.  Thus,  the  four  high  stack  (fig.  1) 
is  represented  by  a  3  degree  of  freedom  model 
where  the  weight  in  the  bottom  box  and  the 
stiffness  of  the  top  box  do  not  affect  the 
stack. 

Then  using  the  cyclic  compression  test 
procedure  given  by  Godshall  in  (3)  the  con¬ 
tainer  stiffnesses  are  linearized  from  the  com¬ 
pression  curves  at 


Kx  =  135  kN/m  (771  lbf/in.) 

K2  =  106  kN/m  (607  lbf/in.) 

K3  =  87.6  kN/m  (500  lbf/in.) 

Theae  values  and  the  weights  of  the  contents 
are  used  to  predict  the  natural  frequencies  of 
the  system. 


f}  =  4.84  Hz 
f2  =  12.7  Hz 
f3  =  18.5  Hz 

The  excitation  frequency  at  5  Hz  is  close  to 
the  first  natural  frequency  of  the  box  stack. 


supporting  Height.  With  knowledge  of  the  rela¬ 
tive  displacements,  6,  between  adjacent 
containers 

Fj  *  KjBj  ♦  3  H  ■  1307  *  (293.9  lbf) 

*2  *  *2®2  *  2V  m  966  2  *  (217.2  lbf) 

F3  *  *3fi3  *  V  “  501,3  *  (U2,7  tt£) 


K (lbf /to)  Ctlbf-*/h) 
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Figure  1.—  gchsnstlc  diagran  of  a  four-high 
stack  arrangement,  shoving  the  relation¬ 
ship  between  a  column  of  boms  and  the 
vibration  nodal. 
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The  analysis  is  therefore  continued  to  deter¬ 
mine  if  the  damping  adequately  reduces  the 
stack  response  to  the  5  Hz  vibration.  A  solu¬ 
tion  to  the  equations  of  motion  with  damping 
considered  gives  the  acceleration  level  in  each 
container. 
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The  response  is  the  top  bos  ezceeda  1.0  G  in 
acceleration  and  bouncing  would  occur,  thus 
making  the  antiskid  treatment  ineffective. 

The  design  must  either  be  altered,  or  more 
effective  but  costly  methods  of  unitizing  be 
employed. 

One  can  also  determine  if  any  bon  has  been 
loaded  beyond  its  maximum  compression  strength 
by  exmeining  the  engrossing  load  F  on  a  box 
due  to  dynamic  compression  plus  the  equilibrium 


If  no  force  exceeds  the  load-carrying  capacity 
for  the  respective  container,  the  design  is  not 
likely  to  fail  from  dynamic  compression  over¬ 
loading. 


II.  CONRRER  PROGRAM  FOR  EVALUATING 
UNITIZED  LOADS 

One  can  examine  the  response  in  a  con¬ 
tainer  stack  by  repeatedly  solving  the  equa¬ 
tions  of  motion  at  different  frequencies. 
However,  it  can  be  more  useful  for  design  pur¬ 
poses  to  observe  how  the  response  of  the  unit 
load  changes  as  one  or  more  of  the  parameters 
vary.  Computer-plotted  graphs  can  show  varying 
levels  of  product  damage  susceptibility  across 
a  range  of  packaging  options— for  instance, 
with  containers  differing  in  mechanical  proper- 
tiea  and  contained  weights.  Vibrational  analy¬ 
sis  cosputer  programs  like  those  conmercielly 
available  [(]  are  usually  written  to  deal  with 
general  problems  beyond  the  present  need  so  as 
to  have  broad  spectruns  of  adaptability.  For 
this  reason,  we  have  developed  a  specialized 
program  for  the  multiple-degree-of-freedom 
analysis  described  in  this  paper.  (Due  to 
limitations  of  space,  our  program  is  not  repro¬ 
duced  in  this  article,  but  may  be  requested 
from  the  author  along  with  all  necessary  defi¬ 
nitions  and  subroutines.)  The  following  dia- 
cuasion  illustrates  the  utility  of  our  program 
and  may  suggest  the  benefits  to  be  derived  from 
this  and  similar  computer  programs. 

To  illustrate  the  computer  program  in  a 
quantitative  comparison,  consider  again  an 
example  where  a  package  designer  desires  to 
weigh  the  advantages  between  two  palletized 
loads  for  protection  against  a  5-Hx  input  at 
0.2S  G  acceleration.  The  situation  is  similar 
to  that  in  the  previous  example— that  is,  four 
vertically  alined  boxes,  each  containing  2A6  H 
(55. 3  lbf).  Another  alternative  is  to  package 
the  product  in  stronger,  larger  boxes  able  to 
contain  328  N  (73.7  lbf),  but  vertically  alined 
in  a  three-high  stack.  Therefore,  the  pallet’s 
loaded  weight  is  conserved  although  the  product 
is  packaged  and  unitized  differently. 

The  designer  tests  the  two  box  types  in 
top-to-bottom  compression  to  establish  their 
stiffnesses  relative  to  their  equilibrium  sup¬ 
porting  loads,  as  suggested  by  Godshall  [3]; 


figure  2  illustrates  the  results.  On  the 
three-tier  pallet,  the  boxes  support  328  N 
(73.7  lbf)  at  the  second  layer  and  656  N 
(147.4  lbf)  at  the  bottom  layer.  Tangents 
drawn  to  the  solid  line  curve  in  figure  2  at 
these  ordinate  values  suggest  relative  stiff¬ 
nesses  of  117  (666)  and  142  kN/m  (810  lbf/in.). 
For  the  boxes  on  the  four-tier  pallet  sup¬ 
porting  246  (55.3),  492  (110.6),  and  738  N 
(165.9  lbf)  from  top  to  bottoai,  their  stiff¬ 
nesses  nay  be  similarly  assuaied  from  the  dashed 
line  curve  in  figure  2  to  be  87.6  (500),  106 
(607),  and  135  kN/m  (771  lbf/in.).  Each  box  is 
roughly  estiaiated  to  absorb  energy  at  0.3  times 
its  critical  daaq>ing  ratio,  and  the  analysis  is 
supplemented  with  a  comparison  between  0.1  and 
0.7  tiaies  the  critical  damping  ratioa. 

These  physical  parameters  thus  define  the 
computer  program  input  and  are  subsequently 
organized  on  cards  following  two  executions. 

The  plotted  output  from  the  two  analyses 
is  produced  in  figures  3  and  4.  The  damping 
ratio  used  in  an  analysis  may  be  recognized  by 
extending  a  horizontal  line  from  the  last  point 
in  a  dashed-line  curve  to  intersect  the  bottom 
of  the  characters  "DR."  Some  significant 


trends  are  observed  regarding  the  major  ampli¬ 
fication  and  attenuation  ranges  for  the 
0.3  critical  damping  analysis  and  are  summa¬ 
rized  in  table  I. 

The  potentially  damaging  frequencies, 
those  amplifying  the  input  by  at  least  two, 
have  broadened  from  a  band  of  3.23  to  6.23  Hz 
for  the  four-tier  pallet  to  a  band  of  4.40  to 
7.63  Hz  for  the  three-tier  pallet.  Reducing 
the  stack  levels  has  made  the  load  sensitive 
to  higher  frequencies.  The  attenuation  region 
has  also  shifted  to  the  higher  frequencies  for 
the  three-level  stack.  However,  the  tranamis- 
sibilities  at  the  resonant  levels  are  changed. 
Although  the  three-high  stack  is  sensitive  to 
a  wider  frequency  range,  a  greater  input  magni¬ 
tude  would  be  necessary  to  cause  damage. 

The  decision  to  choose  between  the  two 
designs  would  be  based  on  experience  with 
present  designs  and  inferences  from  this 
experience  regarding  anticipated  transportation 
inputs.  If  the  designer  feels  confident  that 
the  5-Hz  vibration  is  the  most  prominent,  a 
decision  to  accept  the  three-high  stack  to 
avoid  high-level  transmiBsibilities  would  be 
logical. 


atrommt  rtom  ('•/ 

Figure  2. — Top-bottom  compression  curves  for  two  box  types.  Solid  curve  is  for  a  box 

designed  to  contain  73.7  pounds  in  a  three-high  stack;  dashed  line  is  for  a  box 

designed  to  contain  55.3  pounds  in  a  four-high  stack. 
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with  different  stiffness  values  and  equal 
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different  stiffness  values  and  equal  susses. 
(Actual  computer  plota,  but  with  redundant 
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The  significance  of  daaping  becoates  appar¬ 
ent  at  the  higher  frequencies.  At  these  fre¬ 
quencies,  daaping,  which  is  proportional  to  the 
base  velocity,  dissipates  energy  at  an  in¬ 
creasing  rate.  It  can  be  seen  fro*  the  plots 
for  all  aasses  that  even  for  a  lightly  da*ped 
systen  of  0.1  critical,  the  responses  at 
natural  frequencies  beyond  the  first  do  not 
even  approach  the  severity  of  the  first  reso¬ 
nant  response.  To  the  designer  this  suggests 
that  he  nay  safely  abbreviate  his  analysis  by 
examining  only  the  first  natural  frequency. 

Further  analyses  can  be  performed  by 
determining  if  the  botto*  containers  can  with¬ 
stand  the  dynanic  coapression- loading  condi¬ 
tion.  The  user  nay  do  this  by  adjusting  cer¬ 
tain  subroutines  in  the  cosqruter  program  to 
generate  the  relative  transnissibilities  be¬ 
tween  adjacent  Basses .  The  plotted  output 
would  then  be  interpreted  as  the  factors  by 


Table  1 ■  --Siu—rv  of  0.3  critical  damning  o«lgU  (figures  3  gad  4) 


Stack 

height 

Xlanent 

No. 

Amplification, 
tranamissibility  >  2 

Attenuation, 
transmisaibility  <  1 

Maximum 

trsnsnis- 

sibllity 

Hz 

Hz 

3  boxes 

1 

5. 23-6. 46 

7.73 

2.20 

3  boxes 

2 

4.40-7.63 

9.80 

3.32 

A  boxes 

1 

4.26-4.90 

5.59 

2.15 

6  boxes 

2 

3.58-3.64 

6.61 

3.63 

6  boxes 

3 

3.23-6.23 

8.23 

4.72 

which  to  Multiply  a  displace 
tude  to  obtain  container  con 


lent  input  uagni- 
treaaions. 


III. 


The  dynaaic  compression  loading  value  can 
be  conservatively  determined  by  considering  the 
limiting  case  of  relative  displacement  between 
the  base  and  mass  one.  Adding  this  to  the 
statically  supporting  weight  gives  the  maximum 
force  experienced  by  the  bottom  box.  For  an 

input  magnitude  T  in  6' a  at  a  frequency  f  ip 
Hz,  and  a  bottom  container  atiffness  in  kN/m 

the  critical  load  CL  can  be  determined  from  the 
tranamissibility  in  the  bottom  mass  Tr^. 


9*07  X  T  (Tr.  ♦  1) 

CL  =  - - - -  ♦  2W 


(2ltf  ) 


If  this  value  is  greater  than  the  load-carrying 
capacity  of  the  bottom  box,  it  will  obviously 
cause  failure  and  the  design  would  be  rejected. 

For  the  four-high  stack  example,  the 
transmisaibility  at  5  Hx  and  0.3  critical 
damping  is  1.82.  Thus  the  critical  load  is 


MULTIPLE-DEGKEE-OF-FREBDOH 
VIBRATION  THEORY 


A  mechanical  structure  nay  often  be 
modeled  as  a  nultiple-degree-of-  feedon  system 
of  lumped  masses  with  adjacent  linear  cou- 
plinga.  The  solution  to  the  system  becomes  an 
expression  for  the  displacement  of  each  element 
relative  to  time  t  in  terms  of  soam  known 
input.  For  the  dynamic  system  shown  in 
figure  3,  the  input  is  a  base  displacement  with 
a  harmonic  motion  of  a  constant  amplitude  T  at 
the  frequency  w. 


T  *  T  cos  (wt) 


(1) 


The  analysis  will  consider  only  the  steady 
state  respouae  that  occurs  after  the  input  has 
been  applied  long  enough  for  the  transients  to 
dissipate.  If  linear  stiffness  and  viscoua 
damping  are  aesuned,  the  output  at  each  element 
i  will  be  a  similar  harmonic  displacement  at 
the  sane  frequency  *  with  an  amplitude  and 
phase  ♦.  from  the  input.  1 


Xi  cos  (mt  ♦  *t  ) 


(2) 


CL 


wo; 


rn: »  »  4J1  *  1?  .  7M  .  .  7M 

«  •  *  •  »r 


*  14**  S  <371.1  Ilf) 


For  design  considerations  it  is  usually  desir¬ 
able  to  express  the  solution  in  terms  of  the 
transmisaibility  Tr^  at  each  element,  where 


This  compares  safely  with  the  exact  value  of 
1307  N  (293.9  Ibf)  determined  in  the  previous 
example.  Because  the  maximum  compressive 
strength  of  this  box  (fig.  2)  is  at  least 
3009  N  (690  lbf),  the  critical  load  of  1*86  R 
(378.1  lbf),  is  well  below  the  failure  level. 


Tr, 


Xt/T 


(3) 


By  differentiating  equations  (1)  snd  (2)  with 
respect  to  time,  it  can  be  shown  that  the  dis¬ 
placement  transmissiblllty  is  equal  to  both  the 

velocity  (XJ T)  and  acceleration  (X^/Y)  trans- 

nlssibllitles.  Therefore,  the  response  ratios 
developed  from  a  displacement  input  define  also 
the  response  ratios  when  the  input  is  expressed 
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_ J  X,r  X,  COS  (*,!+<£,) 

_ t  Y  -  ?  COS  (tut) 


Figure  5. — Schematic  diagram  of  a  boa  stack  modeled  aa  a  vibration  ayatem  with 
N  degrees  of  freedom. 


(M  146  030) 

in  its  acceleration  mode.  The  a»dal  shape  or 
pattern  may  also  be  of  interest.  This  becomes 


where  «  is  selected  to  conveniently  normalize 
the  series  of  numbers. 

Of  primary  significance  are  the  natural 
frequencies  of  the  system.  For  n  degrees  of 
freedom  there  will  be  n  frequencies  where,  if 
damping  is  neglected,  the  input  would  produce 
an  infinite  response  in  each  element.  Where 
damping  is  considered,  the  system  spproaches 
a  maximum  response  near  these  frequencies  and 
is  ssid  to  resonate. 

The  dynamics  of  the  system  may  be  modeled 
by  a  series  of  differential  equations  ex¬ 
pressing  the  summation  of  forces  existing  at 
each  element . 


HjX,  «  kj(i-*j)  ♦  Cjd-ij)  -  KjUj-Xj)  -  c jtij-ij) 

"A  *  WrV  *  VVrV  *  WWi>  *  cfi(VW 

m  x  »  *„(x„ .,-x  i  ♦  c  (i  ,-x.) 

no  n  n-i  o  n  d*  i  o 

Here,  is  the  resisting  force  due  to  a  unit 
compression,  is  the  resisting  force  due  to 
cosq>ressing  at  a  unit  velocity,  and  Mj  is  the 

mass  lumped  st  an  infinitely  small  point. 
Rearranging  and  collecting  terms  into  a  more 
desirable  form  produces 

(Xj»*2)X,  ♦  H,Xj  ♦  (Cj  ♦  Cj)Xj  *  XjXj  -  CjXj  «  XjT  ♦  CjT 

*«A-i  ’  ct*i-i  *  VWi  *  "A  *  (ci’ci»l)ii 


*Xi»lXi»l  *  Ci*lXi»l  ’  0 


-XX.,-  C  X  .  ♦  XI  ♦  MX  ♦  Cl  »  0 
n  n-1  n  o*l  no  no  no 
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Ixprenini  the  harmonics  in  the  real  components 
of  their  complex  notation  equivalents  (7)  lakes 
the  systea  solution  lore  readily  attainable. 
Accordingly: 

Y  =  YeJwt 


Y  *ju»feJwt 


X,  *  X1ej(wt+V 
Xt  *  j«S1eJ(“t+4i) 

=  -«,2iieJ(wt^i) 


where  i  denotes  the  imaginary  unit. 

With  these  substitutions,  the  systei  becoies 


♦  jn.(C1»c2)i1«J<,,,t<4i)  -  KjX2«J<"*<42)  - 


Xjf*-*"*  ♦  j«C2Y.J-t 


.  x^.^^t-i)  -  j«cix..l.J(“*Vi) 

♦  J“(e,»c .  . )x 


.  v  j(  -  juC  X  a  0 


-  X  X  ,r'(“t*Vl)  -  JwC  X  1.J("t4Vi) 

n  ii- 1  o 

♦  X  x  «****.>  -  .W'n1 

no  n  « 

♦  J«CBX>«J,“t’4«)  »  0 

Collecting  tens  again  and  dividing  through 

each  equation  by  e^lut  produces  the  final  equa¬ 
tion  systei  fon. 


•  [E^jnCjlY 


♦  KVW  -  rn\  ♦  Mci*cw)jxt.J*i 
-  I*M  ♦  i-iu^A1  *  0 


-  IX^j-CjX^.j.Jto-l  ♦  *  0 

If  this  systei  of  equations  is  expressed 
in  its  equivalent  latrix  notation,  latrix 
algebra  lay  be  applied  to  extract  the  solution. 
The  component  expressions  becoaw: 

The  (n  x  1)  output  displaceient  latrix 


[X] 


V 


X2eJ*2 


■y* 


i  A 


the  (a  x  1}  input  displaceswnt  latrix 


(A) 


the  (n  x  n)  diagonal  lass  latrix 


i 


W 


(5) 


the  (n  x  n)  stiffness  aatrix 


(Kl  = 


V*2 


“K_ 


V*3 


■K, 


"Ki-1  Ki+Ki+1  "*i+l 


(6) 


snd  the  (n  x  n)  d taping  Matrix 


[Cl  = 


V«2  "C2 

-c2  c2+c3 


"Ci-1  Ci+Ci+1  "CiH 


-c  C 

n  o 


(7) 


The  final  aatheaatical  model  for  the 
dynaaic  response  of  the  idealized  vibrating 
spate*  becoaes 

[«  *  "Jl»l  ♦  J«fcfj  l*J  •  «!  ♦  J-Cj)  (TJ  (•) 


where  the  syste*  displaceaent  *ay  be  expressed  as 
IIJ  ■  fl*l  -  •*{»]  ♦  J«[c)|  l(*1ej«c1)  (r)  (f) 


Because  acceleration  transaissibility  is  equal 
to  displaceaent  transaissibility,  an  equivalent 
expression  for  the  acceleration  response 
becoaes 

(ii)  •  Jjxl-%.*cw]  ♦  ,,c,]  (*l  ♦  i-cl)  IT]  (w) 

To  express  the  response  of  each  aass  in  the 
fora  of  equations  (2)  and  (3),  an  eleaent  froa 
the  displaceaent  Matrix  of  equation  (9)  takes 
the  fora 


Xie^*i 


where  a  and  b  are  real  nuabers .  The  aaplitude 
is  calculated  aa 


Xt  *  (a2  ♦  b2)l/2 
and  the  phase  difference  as 


*  tan"1  (bj/aj) 


With  dsaplng  neglected  in  equation  (9),  the 
response  becoaes  infinite  when,  according  to 
aatrix  theory  (1),  the  expression 

M  - 


is  equivalent  to  the  zero-filled  aatrix.  The 
values  of  u»  that  satisfy  this  condition  then 
becoae  the  natural  frequencies  of  the  systea. 


Appendix 


The  problea  presented  in  the  Main  text  can 
be  analyzed  once  the  physical  paraaeters  and 
systea  input  are  defined. 

The  3  degree  of  freedoa  aodel  la  subjected  to 
an  input  of  0.25  6  acceleration  at  5  Hz.  Bach 
eleswnt  has  a  weight  W  of  246  H  and  it  is  esti- 
aated  that  the  box  aaterial  contributes  about 
30  percent  of  critical  daaping  where 


Ci  CR  "  2<W1/2 


for  each  aodel  eleaent.  The  stiffnesses  are 
linearized  froa  the  static  coapression  test 
curves  to  be 


Kj  =  135  kN/a 
*2  =  106  kN/a 
K3  v  87.6  Uf/a 


The  Matrices  for  solution  asy  be  set  up 
with  appropriate  units  for  coapatibility.  The 

aass  aatrix  is 


M1  *  Wi(kH)/9.Bl(a/s2) 
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Bj  »  Mj  «  H3  *  0.246/9.61 
*  0.0251  M« 

r 

(Ml 


0.0251  0  0 

0  0.0251  0 

0  0  0.0251 


The  itlffiMi  netria  ia 
(*1 


261  -106  0 
-106  196  -67  6 

0  -07.6  17  6 


The  dMfli|  Matrix  la 


C}  *  0.3  x  2(0.0251  Mg  a  135  Ml/a) 


1/2 


*  1.10  HI  •  a/a 


[Cl 


0251  a 

104)l/2  «  0.979 

0251  a 

67.4)1'2 

a  0.661 

2.06 

-0.979 

0 

-0.979 

1.67 

-0.666 

0 

-0.666 

0.666 

HI  -  a/a 


■1.57  a  10*5a4  ♦  3.26  a  10_la4  -  1.65  a  103a2 


♦  1.27  a  10  *  0 


vkcrc  Lb*  roots  m  beco 


2  -2 
«  930.5  • 


a22  »  6,412.  a-2 


2  4-2 

«  1.353  a  10  i  ' 


la  appropriate  units  the  natural  f requeue lea 
ara 


fj  •  4.64  Ra 


f2  «  12.7  la 


fj  »  16.5 


To  lavastigate  the  affect  of  daplat, 
aqua t  loo  (10)  can  fee  solved  <*«  the  valuaa 
with  coapatlblc  unit a  ara  aubatituted.  Con¬ 
tinuing  the  analysis. 


m  *  5  la  a  2h  radiaaa 


*  31.42  a 


m  «  967.0  a"2 


The  natural  frequencies  of  the  spa tea  nay 
be  calculated  f roa  the  aatrix  foraad  by 


IK]  -  *»2(M| 


Equating  the  detanalnaat  of  thia  Matrix  to 
2 

aero,  the  values  for  a  nay  be  solved  from  one 
of  maserous  techniques  (6).  Accordingly, 

2*1  -  0.0251  u2  -10*  • 

•  10*  1»*  •  0.0251  o2  -02.0  ■  0 

0  >02.0  02.0  -  0.0251  a2 

fron  vblcb 


"  2 
T  *  0.25  C  a  9.61  m/u‘/G 

■  2.45  m/o2  (11) 


The  input  acceleration  Matrix  becoaea 


[TJ  * 


2.45 

0 

0 


Real  and  i angina ry  cooponents  nay  be  collected 
separately. 
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217  -106 


0 


[K]  -  w  [M]  = 


-106  169  -S7.6 

0  -87.6  62.9 


«*(C] 


IjlT] 


««C1|T] 


65.4  -30.8  0 

-30.8  58.6  -27.9 

0  -27.9  27.9 

331 
0 
0 

84.9 
0 
0 


X,  *  4.44»J<J*  *  0.44  6  e®«  (31.4t-l.14X) 


Xj  *  X.37r’<,,'*t','S#,,si/sI  *  O.XS  6  cm  OI.4t-l.Ml) 


Xj  ■  ll.Or1*11  «  1.19  «  cm  (91.41-1  .403) 


To  determine  if  any  box  has  been  loaded 
beyond  its  aaxiaiw  compression  strength,  con- 
bine  equations  (11)  and  (12). 


i3-i2  -  2.88eJ(31-4t-192,V.2 
i2-i,  -  4.40e^31-4t-i  aMW 
vi  -  4.l6^W-4t'1-74XW 


The  natrix  algebraic  expression  for  the  accel¬ 
eration  response  is  now  formed: 


(xl 


217  ♦  j45.4  -104  -  130.X  0 

-104  -  130.4  14*  ♦  1SX.4  -X7.4  -  127.3 

0  -X7.4  -  127.3  42.3  ♦  127.3 

331  «  1X4. 3-1 
0 
0 


-1 


Without  demonstrating  the  calculations,  the 
indicated  matrix  is  inverted  (2,8)  and  the 
response  becoama 


1*1 


*  13.7  -  1123 

-43.4  -  1230 
-32.3  -  1310 


— 

-43.4  -  123X  -32.3  -  1310 
-X3.0  -  1440  -1X1.  -  1434 
-1X1.  -  )434  -201.  -  1X77 


From  these  the  boxes'  c expressions  may  be  ex¬ 
pressed  in  terms  of  relative  displacements,  D. 
Because  harmonic  displacement  is  a  constant 
multiple  of  harmonic  acceleration,  the  con¬ 
stants  of  integration  are  equal  to  xero . 

Dj  ■  Xj-»  *  -4.22s1(M  *t‘l  Ml)M  »  -4.22  wm  cm  (31.4t-1.741) 

®2  *  Xj-X,  »  -4.44«J(S1  4t'1  *M,«i  •  -4.44  as  cm  (31.4t-l.X3S) 

®3  *  V*2  ’  m>-  *  -*•«  ■»  »*  (31. 41-1.323) 

The  compressing  load  F  on  a  box  then  becosws 
the  force  due  to  dynamic  compression  plus  the 
equilibrium  supporting  weight.  Accordingly: 


71  "  K1®1  *  3  W  *  1307  * 


0.0331  ♦  10.00X43 
s  0 
0 


F2  ■  K252  ♦  2  W  *  966.2  J! 


Finally 


Fj  «  Kj63  ♦  W  «  501.3  N 


HI 


1.75  -  J4.10 
0.587  -  JS.24 
-0.421  -  J11.0 


(12) 


or 


SS3 


Lite  ntm  Cltjj 


1.  R.  W.  Clough,  aad  J.  fniiN,  "Analysis  of 

Vibratioa  Frequencies ,"  la  Dynamics  of 
Structure* ,  p.  176-178.  R.T.,  1973. 

2.  S.  D.  Coot#,  aad  C.  degeor,  "The  Trioagulor 
Factorisation  aad  Calculation  of  tha 
Inverse,"  in  Elementary  ternaries!  Analysis. 

p.  127-137.  H.T.,  1972. 

3.  William  D.  Godahall,  "Effects  of  Vertical 
Djmaic  Loading  oa  Corrugated  Fiberboard 
Containers."  USDS  Foreat  Sere.  Rea.  Pap. 
FPL  94.  Forest  Prod.  Lab.,  Madisoa,  Via., 
1968. 

4.  Villiaa  D.  Godahall,  "Frequency  Reaponae, 
Deaping,  and  Traaamissibility  Characteris¬ 
tics  of  Top-Loaded  Corrugated  Container*." 
USDS  Forest  Serv.  Res.  Pap.  FPL  160. 

Forest  Prod.  Lab.,  Hadison,  Via.,  1971. 

5.  Maaaji  T.  Hatae,  "Packaging  Design,"  in 
Shock  and  Vibration  Handbook,  ed. 

C.  M.  Harris  aad  C.  E.  Credo, 
p.  41-1  -  41-30.  H.Y.,1976. 

6.  Raval  Reaearch  Laboratory,  "Shock  and 
Vibration  Coaputer  Programs ,  Reviews,  aad 
Suaaaries,"  ed.  Valter  aad  Barbara  Pilkey. 
Vaahiagtoa,  D.C.,  1973. 

7.  Richard  H.  Phelan,  "Comples-Rumber  Repre¬ 
sentation  of  8iaple  Haraonic  Motion,"  ia 
Dynamics  of  Machinery,  p.  SI, 82. 
(McGraw-Hill,  M.T.),  1967 . 

S.  H.  Viliams,  and  V.  M.  Lucas,  Jr.,  Matrls 
Analysis  for  Structural  Enalneers. 
Englewood  Cliffs,  H.J.,  1968. 


224 


ACOUSTIC  ENVIRONMENT  ON  THE  SURFACE  OF  A  LARGE-SCALE 
KNEREO  MODEL  OF  A  VECTORED-ENGINE-OVER-THE-WING 
STOL  CONFIGURATION 


L.  L.  SHAH  and  S.  Y.  LEE* 

Air  Force  Hrlght  Aeronautical  Laboratories 
Flight  Dynamics  Laboratory 
Wright  Patterson,  AFB  45433 


This  paper  presents  the  results  of  an  acoustic  measurement  program  on  a 
large,  powered,  highly  maneuverable,  supersonic  STOL  fighter  model.  The 
model  Incorporated  vectored-englne-over-the-wlng  (VEO)  concept  Including 
spanwlse  blowing  to  provide  lift  au<p*entat1on.  This  concept  exposes  portions 
of  the  wing  and  flap  structure  to  high  fluctuating  pressure  levels.  Twelve 
microphones  were  Installed  on  the  surface  of  the  model  to  define  this  en¬ 
vironment.  Six  of  these  were  specially  developed  high  temperature  trans¬ 
ducers  capable  of  withstanding  up  to  1093°C.  The  model  was  tested  at  NASA 
Ames  Research  Center.  Test  parameters  Included  engine  pressure  ratio,  wind 
tunnel  dynamic  pressure,  angle  of  attack,  yaw  angle,  flap  angle  and  canard 
angle.  The  effect  of  each  of  these  parameters  on  the  fluctuating  pressure 
environment  was  defined.  The  results  show  that  levels  as  high  as  167  dB 
exist  on  the  upper  surface  of  the  flap.  Levels  resulting  from  a  prediction 
method  In  the  literature  agreed  with  the  measured  values  for  only  very  limit¬ 
ed  conditions. 


INTRODUCTION 

Several  concepts  exist  which  can  augment 
the  life  of  an  aircraft  and  thus  provide  STOL 
capability.  One  such  concept  Is  the  vectored- 
englne-over-the-wlng  (VEO).  Over-the-wlng  na¬ 
celles  vector  the  exhaust  over  the  flap  giving 
lift  augmentation.  The  concept  Includes  span- 
wise  blowing  which  strengthens  the  lending  edge 
vortex  thus  delaying  wing  flow  separations. 

Both  of  these  concepts  were  combined  In  a  large 
powered  scale  model,  representative  of  a  highly 
maneuverable  supersonic  STOL  fighter  configura¬ 
tion  which  was  tested  by  NASA  Ames  In  the  40X80 

foot  wind  tunnel/1^  The  model  was  powered  by 
two  General  Electric  0-97  turbojet  engines. 

The  exhaust  was  vectored  by  means  of  a  two-di¬ 
mensional,  half-wedge  convergent-devergent  noz¬ 
zle.  The  nozzle  preturns  the  flow  to  25°  and 
exhausts  over  the  flap  uppersurface,  providing 
exhaust  vectoring  capability.  Sixteen  percent 
of  the  flow  ahead  of  the  nozzle  was  blown  span- 
wise  (SHB)  over  the  wing  at  an  agle  nominally 
parallel  to  the  40°  wing  leading  edge.  Each 
engine  developed  9340N  of  thrust  at  a  pressure 


•Visiting  scientist  from  the  Agency  for  Defense 
Development  of  the  Republic  of  Korea  under  a 
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ratio  of  2.0  and  exhaust  temperature  of  593°C. 
The  VEO  concept  has  been  jointly  developed  by 

General  Dynamics,  USAF,  and  NASA. 

One  penelty  associated  with  lift  augmenta¬ 
tion  by  directing  exhaust  over  wings  and  flaps 
Is  a  significant  Increase  In  the  fluctuating 
pressure  and  temperature  on  these  surfaces  and 
other  nearby  structure.  It  Is  necessary  to  de¬ 
fine  these  environments  so  that  the  structure 
can  be  designed  to  withstand  them.  Based  on 
this  need  an  acoustic  survey  was  performed  to 
determine  the  fluctuating  pressure  levels  on 
the  surface  of  NASA's  large  scale  powered 
VE0/ST0L  model .  The  port  side  was  Instrumented 
with  twelve  microphones.  Six  of  the  micro¬ 
phones  were  capable  of  withstanding  tempera¬ 
tures  up  to  1093°C  and  temperatures  as  high  as 
704 ®C  were  observed.  The  main  test  parameters 
and  respective  ranges  were  engine  pressure  ra¬ 
tio  (ERR)  1.1  to  2.2,  tunnel  dynamic  pressure 

(g)  527  to  3016  N/m2,  angle  of  attack  -8°  to 
36°,  yaw  angle  -10°  to  30°,  and  flap  -10°  to 
30°.  Acoustic  data  were  obtained  for  most  lo¬ 
cations  and  test  perameters.  The  data  were  re¬ 
duced  In  the  form  of  one-third  octave  band 
spectra.  The  highest  levels  were  measured  on 
the  flap  where  overall  levels  of  167  dB  were 


recorded  for  the  highest  EPR.  Levels  on  the 
center  section  of  the  wing  near  the  spanwlse 
blowing  nozzle  were  as  high  as  150  dB.  Total 
variation  of  the  levels  over  the  range  of  EPR 
values  was  typically  20  dB.  The  effect  In  In¬ 
creasing  dynamic  pressure  was  to  Increase  lev¬ 
els  approximately  4  dB.  Angle  of  attack  had 
only  a  small  effect  on  the  levels.  Variations 
at  all  locations  were  less  than  2  dB.  Yaw  an¬ 
gle  variations  also  had  a  small  effect  on  the 
levels.  Flap  angle  affected  the  overall  levels 
approximately  3  dB.  Comparison  of  the  measured 
data  with  existing  prediction  methods  showed 
only  fair  agreement. 


foot  wind  tunnel  where  It  was  tested.  Figure 
3  Illustrates  the  model  and  propulsion  system 
geometries.  The  model  was  powered  by  two  Gen¬ 
eral  Electric  J-97  turbojet  engines.  As  shown 
In  Figure  4  16*  of  the  exhaust  was  diverted  In¬ 
to  the  SMB  duct  where  It  blows  spanwlse  over 
the  wing  upper  surface.  The  main  flow  is 
through  a  2-D  nozzle  which  pretumed  the  ex¬ 
haust  25°  onto  the  upper  surface  of  an  adjust¬ 
able  trailing  edge  flap,  providing  total  ex¬ 
haust  vectoring  of  -10°  to  +40°.  Further  de¬ 
tails  about  the  model  are  available  In  Refer¬ 
ence  1. 


MODEL  DESCRIPTION 


The  NASA  model  tested  was  a  highly  maneuer- 
able  supersonic  STOL  fighter.  The  model  Incor- 
ported  vectored-englne-over-the-wlng  (VEO) 
which  Includes  spanwlse  blowing  (SMB),  two-di¬ 
mensional  nozzles,  canards,  and  an  aft  fuselage 
control  surface  (beaver  tall).  Figure  1  and  2 
show  the  model  Installed  In  the  NASA  Ames  40X80 


FIGURE  2  Picture  of  Model  Showing  Nozzle 
and  Flap 
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FIGURE  1  Picture  of  Model  In  the  NASA  Ames 
40X80  Mind  Tunnel 


FIGURE  3  Details  of  Model  and  Instrumenta¬ 
tion  Location 


FIGURE  4  Sketch  illustrating  Spanwise  Blow¬ 
ing  Nozzle 


INSTRUMENTATION 

The  port  side  of  the  model  was  Instrumented 
with  twelve  microphones.  Six  were  standard 
off-the-shelf  Gulton  microphones  Model  number 
10010028,  and  six  were  specially  developed  high 
temperature  microphones  developed  by  Kaman  Sci¬ 
ences  Corp.  model  number  KM-2000.  The  low  tem¬ 
perature  microphones  can  operate  In  tempera¬ 
tures  up  to  approximately  177°C  while  the  high 
temperature  microphones  can  withstand  tempera¬ 
tures  up  to  1093°C.  Approximate  locations  of 
the  microphones  are  shown  In  Figure  3.  Two  low 
temperature  microphones  were  Installed  on  the 
fuselage  near  the  engine  Inlet,  (number  1  and 
2)  two  were  on  the  vertical  tail  (3  and  4),  one 
was  on  the  strake  aft  of  the  wing/flap  trailing 
edge  (6),  and  one  on  the  beaver  tall  control 
surface  (5).  Three  high  temperature  micro¬ 
phones  were  Installed  on  the  wing,  (10,  11, 

12),  two  on  the  flap  behind  the  exhaust  nozzle 
(7  and  8),  and  one  on  the  aft  strake  (9).  High 
temperature  microphone  number  10,  mounted  near¬ 
est  to  the  SWB  nozzle  was  Inoperable  during  the 
entire  test.  All  of  the  other  microphones  were 
operable  most  of  the  time.  A  complete  descrip¬ 
tion  of  the  type  of  high  temperature  micro¬ 
phones  used  Is  presented  In  Reference  4. 


TEST  PROCEDURES 

The  model  was  tested  In  the  40X80  foot  NASA 
Ames  wind  tunnel  facility.  The  parameters  dur¬ 
ing  the  test  were  wind  tunnel  dynamic  pressure, 
angle  of  attack,  yaw  angle,  flap  angle,  canard 
angle  of  attack,  and  engine  pressure  ratio. 


During  the  test  one  parameter  was  varied  while 
all  others  were  fixed,  and  the  data  recorded 
for  the  range  of  the  parameter.  The  ranges  of 
each  of  the  test  parameters  are  presented  in 
Table  I. 


TABLE  I 
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30 

0 
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0 
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0 
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0 
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2.1 

1.9 

2.1 
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20 

•10  to  30 

— ns — 

- 5 - 

2.1 

2.1 

LOCATION  EFFECT 

Microphones  were  located  at  twelve  posi¬ 
tions  on  the  model  as  shown  In  Figure  3.  The 
overall  acoustic  levels  from  the  eleven  oper¬ 
able  transducer  locatlu.is  showed  as  much  as 
40  dB  variation.  This  Is  shown  in  Figure  5 
where  data  for  two  jet  Mach  numbers  of  0.70  and 
0.78  are  presented.  The  data  spread  for  one 
specific  Mach  number  Includes  data  for  all 
other  parametric  variations.  The  variation  In 
the  overall  sound  pressure  level  from  most  of 


FIGURE  5  Comparisons  of  Data  Spread  from 
all  the  Microphones 


227 


the  microphones  was  less  than  9  dB.  Micro¬ 
phone  locations  11,  and  12  exhibited  12  dB  data 
spread.  As  would  be  expected  the  highest  aver¬ 
age  levels  occur  on  the  flap,  microphones  7  and 
8.  However,  microphone  9,  located  adjacent  to 
the  exhaust  flow,  shows  average  levels  about 
the  same  as  on  the  flap.  The  lowest  levels 
occur  at  microphone  1  and  12  located  near  the 
cockpit  and  outer  wlngtlp  respectively.  A  sig¬ 
nificant  change  In  level  between  microphone 
pairs  6-9  and  11-12,  can  be  observed  In  the 
figure.  An  explanation  for  the  large  change 
between  locations  11  and  12  Is  the  spanwlse 
blowing.  The  levels  clearly  Indicate  that  mi¬ 
crophone  11  was  In  the  spanwlse  flow  while  mi¬ 
crophone  12  was  not.  The  difference  In  the 
levels  between  microphone  6  and  9,  both  located 
on  the  aft  strake.  Is  due  to  microphone  9  being 
nearer  to  or  In  the  edge  of  the  jet  flow  while 
microphone  6  was  Inboard  of  the  flow. 

Figure  6  shows  typical  one-third  octave 
band  spectra  for  each  of  the  measurement  loca¬ 
tions.  Variations  In  the  spectrum  shapes  are 
readily  apparent.  The  peak  frequency  Is  seen 
to  vary  with  location.  The  peak  frequencies 
have  been  normal Ized  with  Strouhal  based  on 
flap  length,  and  typical  spectra  shapes  are 
shown  In  Figure  7.  In  general,  the  spectra 
display,  a  20  dB/decade  slope  below  the  peak 
Strouhal  value  and  -8  dB  above  It. 
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FIGURE  6  Typical  Spectra  Shapes 
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FIGURE  7  Typical  Spectra  Normalized  with 
Strouhal  Number 


JET  VELOCITY  EFFECT 

The  model  was  powered  by  two  J-97  turbojet 
engines.  They  wer  operated  at  jet  exit  veloc¬ 
ities  from  116  m/s  to  458  m/s  corresponding  to 
jet  exit  Mach  numbers  from  0.23  to  0.82.  The 
levels  on  the  flap  from  microphone  7  are  shown 
In  Figure  8.  The  first  observation  Is  that  the 
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FIGURE  8  One-Third  Octave  Band  Spectral 
From  Microphone  7 


overall  levels  Increase  20  dB  over  this  jet 
Mach  number  range.  The  variation  of  the  levels 
with  jet  Mach  number  will  be  discussed  more 
below.  A  second  observation  Is  that  the  fre¬ 
quency  of  the  peak  broadband  level  Increased 
with  jet  Mach  number.  The  frequency  for  the 
peak  level  corresponds  to  a  Strouhal  number 
near  1.0,  where  the  Strouhal  number  Is  based  on 
the  flap  length.  The  same  value,  for  a  similar 
location,  was  observed  In  Reference  5. 

In  order  to  evaluate  the  effect  of  jet  ve¬ 
locity  on  the  QASPAL  value  of  n,  from  the  ex¬ 
pression 


was  determined  for  all  microphone  locations. 

The  result  was  that  n  varied  from  3.0  to  4.0 
considering  all  locations.  Reference  S  dis¬ 
played  n  values  of  3.4  to  4.2  from  measurements 
on  the  flap  directly  behind  the  nozzle  and  the 
nearby  fuselage.  The  agreement  Is  very  good. 

As  discussed  In  Reference  5  the  deviation  of 
the  calculated  slope  from  the  generally  accept¬ 
ed  value  of  4  may  be  due  to  a  nonlinear  rela¬ 
tionship  between  the  value  Vj  at  the  exit, 

which  Is  used  to  calculate  n,  and  the  local 
velocity  at  the  transducer  location. 

The  measured  levels  were  compared  to  the 
results  of  a  prediction  method  for  USB  noise 
given  In  Reference  6  where 


OASPL  -  10  log  (p*V*D*J  +  30  -  20  log(r) 


+0.01  6  F 

[1  ♦  sin  *  /  8  +  6  f  Vi 

— —  “*(— r~)J 


where 

p  -  Jet  Density 
V  -  Jet  Velocity 
D  -  Effective  Jet  diameter 
r  -  Distance  between  center  of  flap 
trailing  edge  and  observation 
point 

♦,0  -  Angles  locating  observation 
point 
Flap  angle 

Measured  and  predicted  levels  for  microphones  3 
and  4  are  shown  In  Figure  9-a.  It  Is  evident 
the  prediction  method  1$  more  accurate  at  the 
higher  Mich  numbers.  The  predicted  levels  are 
more  than  10  dB  too  low  at  the  low  Mach  number. 
Predicted  levels  for  the  other  locations,  ex¬ 
cept  9  and  12,  showed  similar  comparisons.  At 
microphone  9  the  predictions  were  about  15  dB 


to  low,  and  at  microphone  12  they  were  15  dB 
too  high. 

The  microphones  located  on  the  flap,  7  and 
8,  and  microphone  9  were  exposed  to  high  speed 
flow.  A  second  prediction  approach  is  given  In 
Reference  6  for  measurement  locations  In  the 
Jet  flow.  This  approach  consists  of  using 
three  different  normalized  spectra  and  Inter¬ 
polating  these  for  specific  locations.  Spectra 
from  microphones  7  and  9  are  compared  to  the 
second  approach  In  Figure  9-b.  At  first  look 
It  appears  that  the  agreement  Is  very  bad  but 
the  major  variations  Is  a  difference  In  the 
peak  broadband  frequency.  If  the  predicted 
spectra  were  shifted  to  a  peak  broadband  fre¬ 
quency  of  approximately  0.5,  the  agreement 


MACH  NUMBER 

FIGURE  9-a  Comparison  of  Measured  and  Pre¬ 
dicted  Levels 
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FIGURE  9-b  Comparison  of  Measured  and  Pre¬ 
dicted  Spectra 


would  be  much  better.  The  maximum  predicted 
level  at  the  jet  edge  Is  only  2  dB  lower  than 
the  measured  level  from  microphone  9  while  the 
predicted  level  on  the  jet  centerline  Is  4  dB 
below  the  measured  value.  No  explanation  for 
the  difference  In  the  frequency  of  the  peak 
broadband  levels  Is  apparent. 


FORWARD  VELOCITY  EFFECT 

Acoustic  data  were  obtained  for  forward 
velocities  from  0  to  70  m/s.  Higher  veloc¬ 
ities  were  not  obtained  because  of  wind  tun¬ 
nel  limitations.  In  general,  the  effect  of 
forward  velocity  was  to  reduce  the  sound  pres¬ 
sure  level.  This  reduction  Is  illustrated 
clearly  In  Figure  10  for  the  microphone  9  lo¬ 
cation.  The  data  shown  are  for  the  maximum 
jet  velocity  and  flap  angle  of  30°.  A  10  dB 
reduction  is  obtained  going  from  0  to  7  m/s. 
Most  other  locations  experienced  reductions 
less  than  10  dB.  Specifically  the  levels  on 
the  flap  were  reduced  4-5  dB  which  agress 
with  the  reductions  presented  in  Reference 
5. 

An  equation  is  given  in  Reference  6  to 
predict  the  forward  velocity  effect  on  the 
sound  pressure  level.  This  equation  is 

SPL  =  10  K  log  [l  -  VF/Vj] 

where  K  is  a  coefficient  depending  on  relative 
location,  VF  Is  the  forward  velocity,  and  Vj 

is  the  jet  velocity.  For  the  microphone  9 
location  this  expression  predicts  less  than  1 
dB  effect  for  a  forward  velocity  of  71  m/s. 

For  this  location,  poor  correlation  is  ob¬ 
served  between  the  prediction  and  the  current 
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FIGURE  10  Data  Illustrating  Forward  Velocity 
Effects 


test  results.  An  explanation  for  this  Is  that 
increasing  the  forward  freestream  velocity  re¬ 
duces  the  spreading  of  the  jet  flow  and  thus 
reduces  the  acoustic  energy  reaching  this  lo¬ 
cation. 

Somewhat  different  results  were  obtained 
for  this  location  at  angles  of  attack  other 
than  0°.  Figure  11  shows  that  the  effect  of 
forward  velocity  is  much  less  at  the  angles 
of  attack  above  20°.  This  trend  was  observed 
at  other  locations  also. 
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ANGLE  OF  ATTACK 

FIGURE  11  Data  Illustrating  Forward  Velocity 
Effects  and  Different  Angles  of 
Attack 


FLAP  ANGLE  EFFECT 

Acoustic  data  were  obtained  for  two  flap 
angle  settings  of,  30°  and  -10°,  which  repre¬ 
sents  nominal  takeoff/landing  and  cruise/man¬ 
euver  configurations  respectively.  In  the 
-10°  position  the  engine  exhaust  Impinges  on 
the  flap  at  a  25°  angle.  Figures  12-15  dis¬ 
play  typical  variation  of  the  spectra  from  the 
different  locations.  Flap  setting  had  very 
little  effect  on  the  levels  at  microphone  loca¬ 
tions  1  and  2  because  they  were  so  far  from  the 
engine  exhaust.  Microphone  locations  3  and  4, 
on  the  vertical  fin,  displayed  4  dB  Increases 
In  the  overall  level  as  a  result  raising  the 
flap  to  the  -10  setting.  Figure  12  shows  that 
the  Increase  In  energy  Is  above  250  Hz.  Mi¬ 
crophone  locations  5,  6  and  9  located  on  the 
aft  strake  and  beavertall,  showed  variations 
from  0  to  7  dB.  Figure  13  illustrates  an  In¬ 
crease  of  7  dB  at  microphone  9  with  most  of 
the  energy  being  added  at  the  lower  frequen- 
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FIGURE  12  One-Third  Octave  Band  Spectra 
from  Microphone  4  showing  Flap 
Angle  Effect 
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FIGURE  14  One-Third  Octave  Band  Spectra 
from  Microphone  7  Showing  Flap 
Angle  Effect 
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FIGURE  13  One-Third  Octave  Band  Spectra 
from  Microphone  9  showing  Flap 
Angle  Effect 
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FIGURE  15  One-Third  Octave  Band  Spectra 
from  Microphone  8  Showing  Flap 
Angle  Effect 
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cles.  Microphone  7  and  8  were  located  on  the 
flap  directly  behind  the  exhaust  nozzle. 

These  were  not  symmetrically  located  on  the 
flap.  Microphone  8  was  twice  as  far  from  the 
nozzle  centerline  and  outboard  of  microphone 
7.  Variations  In  the  acoustic  levels  on  the 
flap  were  larger  than  anticipated.  Figures  14 
and  15  display  the  results  from  the  surface  of 
the  flap.  The  results  reveal  that  the  overall 
level  at  the  microphone  7  location  decreases 
when  the  flap  Is  raised  to  the  -10°  position 
while  at  the  microphone  8  location  It  In¬ 
creases.  It  Is  seen  In  Figure  14  that  the 
spectrum  shape  changes  at  microphone  7  but  In 
Figure  15  at  microphone  8  the  shape  Is  essen¬ 
tially  the  same.  It  appears  that  a  frequency 
band  from  approximately  200-1000  Hz  Is  ampli¬ 
fied  due  to  Implngment  of  the  exhaust  on  the 
flap.  No  flaps-up  data  were  obtained  from 
microphones  9,  10  and  11. 


SINGLE  ENGINE  EFFECT 

Oata  were  recorded  for  the  port  engine 
only,  starboard  engine  only,  and  both  engines 
operating.  The  results  In  general  showed  what 
was  expected,  that  Is,  both  engines  operating 
gives  the  highest  level  and  the  port  engine 
only  Is  higher  than  starboard  engine  only. 

The  data  In  Figure  16  are  from  Microphone  9. 
Two  of  the  other  measurement  locations  did  not 
show  this  trend  they  were  on  the  beavertall 
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FIGURE  16  One-Third  Octave  Band  Spectra  from 
Microphone  9  Showing  Single  Enqlne 
Effect 


and  near  tiie  cockpit.  Figure  17  shows  that  on 
the  beavertall  the  levels  were  about  the  same 
as  for  either  engine  operating.  The  reason 
for  this  Is  that  microphone  5  was  nearly  equi¬ 
distant  from  both  engines.  Microphones  1  and 
2  showed  similar  results. 

If  one  tries  to  sum  the  acoustic  power 
from  each  of  the  engines  to  obtain  the  both 
engines  level.  It  Is  evident  that  the  measured 
both  engines  level  does  not  always  agree. 

Since  the  engine  exhausts  are  relatively  close 
together,  flow  Interactions  could  easily  cause 
the  both  engines  level  to  differ  from  the  sum 
of  the  Individual  engine  noise  sources. 
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FIGURE  17  One-Third  Octave  Band  Spectra  from 
Microphone  5  Showing  Single  Engine 
Effect 


ANGLE  OF  ATTACK  EFFECT 

The  model  was  tested  at  angles  of  attack 
from  -8°  to  36°.  Oata  from  each  microphone 
for  the  various  angles  of  attack  are  shown  In 
Figure  18.  Increasing  the  angle  of  attack 
generally  Increased  the  sound  pressure  levels 
around  2  dB  except  at  the  two  measurement  lo¬ 
cations  near  the  cockpit.  At  these  locations 
the  levels  Increased  as  much  as  9  dB.  Most  of 
attack  which  Indicates  that  separation  was  oc¬ 
curring.  It  was  noted  In  Reference  1  that 
separation  on  the  wing  leading  edge  also  oc¬ 
curred  at  approximately  20e. 
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FIGURE  18  One-Third  Octave  Band  Spectra  Show¬ 
ing  Angle  of  Attack  Effect 


CANARD  ANGLE  EFFECT 

Acoustic  data  were  obtained  for  various 
canard  angles  (-10°  to  +20").  No  significant 
change  In  levels  were  anticipated.  The  over¬ 
all  levels  from  all  the  microphones  showed 
less  than  2  dB  variation  for  all  of  the  canard 
angles. 


YAH  ANGLE  EFFECT 

The  model  was  tested  at  yaw  angles  from 
•10°  to  30°  where  positive  yaw  Is  nose  to  the 
left.  Figure  19  presents  the  overall  levels 
from  each  of  the  microphones  for  the  various 
yaw  angles.  It  Is  clearly  seen  that  the 
acoustic  levels  were  not  affected  significant¬ 
ly  with  yaw  angle.  The  only  microphone  loca¬ 
tion  that  showed  more  that  1  dB  change  was  nu¬ 
mber  1.  It  Is  believed  that  a  larger  yaw  ef¬ 
fect  would  have  been  experiences  If  the  model 
was  yawed  to  larger  negative  values.  This  Is 
because  all  of  the  microphones  were  located  on 
the  port  side  thus  they  were  partially  shield¬ 
ed  from  the  free  stream  flow  when  yawed  In  the 
position  direction. 


SUMMARY  OF  RESULTS  AND  CONCLUSIONS 

The  following  results  and  conclusions  were 
observed  as  a  result  of  this  investigation. 

1.  The  high  temperature  microphones  were 
successful  In  obtaining  acoustic  data  In  a 
high  temperature  environment. 

2.  At  some  locations  the  measured  level 
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FIGURE  19  One-Third  Octave  Band  Spectra  Show 
Ing  Yaw  Angle  Effect 


from  only  the  port  engine  was  as  high  as  the  . 
level  from  both  engines. 

3.  Higher  levels  are  experienced  on  the 
aircraft  when  the  flaps  are  In  the  cruise  con¬ 
figuration  as  opposed  to  take-off  configura¬ 
tion. 

4.  A  significant  portion  of  the  aircraft 
structure  Is  exposed  to  levels  high  enough  to 
result  In  acoustic  fatigue  If  not  properly 
designed. 

5.  Forward  velocity  reduced  the  acoustic 
level  at  most  positions  on  the  aircraft. 

6.  The  angle  of  attack  of  the  aircraft 
normally  affected  the  levels  around  2  dB  ex¬ 
cept  near  the  cockpit  where  flow  separation 
may  have  occurred. 

7.  Canard  angle  and  yaw  angle  variations 
had  only  a  small  effect  on  the  acoustic  en¬ 
vironment. 

8.  The  acoustic  levels  were  shown  to  vary 
with  jet  exit  velocity  raised  to  the  power  of 
3.0  to  4.0. 
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DISCUSSION 


Mr.  Cetllne  (General  Dynamlcs-Convalr): 
What  microphones  ware  you  using? 

Mr.  Shaw:  The  high  temperature  micro¬ 
phones? 

Mr.  Cetllne:  Tes. 

Mr.  Shaw:  They  were  developed  by  Kaman 
Sciences,  Inc.  for  the  Air  Force  about  S 
years  ago.  They  are  called  Kaman  2000. 

Mr.  Cetllne;  What  was  the  diameter  of 
the  sensitive  face  of  the  microphones? 


Mr.  Seville:  OK,  but  when  you  had  them 
both  on  It  was  only  a  minor  change  from 
the  situation  with  the  single  one  on. 

In  one  plot  you  showed  both  of  those 
having  the  same  level  when  they  were 
both  turned  on  the  level  didn't  change. 
It  was  all  combined.  Can  you  explain 
that? 

Mr.  Shaw;  Tee,  do  you  want  me  to  answer 
your  question? 

Mr.  Seville;  OK,  the  second  question  Is 
can  you  go  Into  a  Little  bit  of  detail 
on  this  microphone  that  you  have  that 
goes  up  to  2000  degrees  Fahrenheit? 


Mr.  Shaw;  Half  Inch. 

Mr.  Cetllne:  Were  these  microphones 
flush  mounted  in  the  structure? 

Mr.  Shews  Yes. 


Mr.  Cetllne:  Was  there  any  attempt  made 
to  separate  the  acoustic  field  from  the 
flow  field.  You  have  both  In  there  and 
with  a  half  Inch  diameter  It  aeema  to  me 
that  you  have  lost  a  lot  of  your  high 
frequency  response  from  the  flow  field 
and  I  Just  wondered  If  any  attempt  was 
made  to  separate  these  two  because  you 
have  two  different  phenomena  going  on  at 
the  same  time. 

Mr.  Shaw:  No,  that  might  be  an  area  of 
Improvement. 

Mr.  Cetllne:  I  think  you  might  get  a 
little  better  correlation  with  your 
predictions  and  your  test  results 
because  It  seems  to  me  that  you  didn't 
get  within  e  10  db  even  at  the  closest 
and  If  you  separate  out  these  two 
effects  you  might  find  you  get  a  little 
better  correletlon  with  your  prediction. 

Mr.  Shaw;  A  point  well  taken.  Thank 
you. 

Mr.  Seville  (Structural  Dynamics 
Kesearch  Corn.):  I  have  two  questions 
for  you  that  relate  to  the  slides  which 
showed  a  comparison  of  the  one  engine 
on,  two  engines  on  and  then  both  engines 
on.  The  plot  showed  that  with  »te 
engine  on  there  was  a  significant 
difference  between  one  engine  on  and 
then  the  other  engine  on. 


Mr.  Shawt  The  special  high  temperature 
microphone?  Yes  there  was  a  need  about 
5  years  ago  to  develop  these  microphones 
because  at  the  Flight  Dynamics  Lab  we 
felt  that  we  did  desire  data  at  the 
higher  temperatures  so  one  of  the 
branches  went  under  contract  with  Kaman 
Sciences  to  develop  these.  They,  In 
turn  Investigated  and  found  some  special 
material  that  could  be  used  to  construct 
these  microphones.  They  did  so  and  we 
acquired  six  microphones.  I  believe 
these  were  the  only  six  made  at  that 
time.  At  that  time  they  cost  $5000.  He 
went  back  and  naked  to  repair  these  and 
the  possibilities  of  purchasing  more  and 
they  said  no  way  becauae  the  same 
material  was  not  available. 

Mr.  Seville:  Are  they  cold  or  what  Is 
the  construction? 

Mr.  Shaw:  No,  they  are  an  Inductive 
type  transducer.  Internally  they  have 
two  colls  and  the  facing  of  the  coll 
varies  with  the  fluctuatng  pressure  thus 
changing  the  inductance  between  the  two 
colls.  I  could  give  you  more 
Information  or  refer  you  to  a  document 
on  the  microphones,  If  you  wish. 

Mr.  Seville;  Ok,  It  sounds  like  we  need 
to  talk. 

Mr.  Shaw:  Kaman  Sciences  are  con- 
alderlng  developing  these  microphones 
again  or  trying  to  develop  the  material 
to  be  used  In  them  to  make  them  avail¬ 
able  to  the  public.  Since  we've  done 
the  work  there  have  been  a  few  people 
expressing  Interest  In  obtaining  this 
type  of  microphone  but  they  are  not 
available  et  the  present. 


Mr.  Shams  Right 


ACTIVE  STABILIZATION  OF  A  SHIP  BORNE  CRANE 
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This  paper  presents  the  dynamic  performance  of  an  active-stabilizer 
for  controlling  a  ship-borne  crane  under  heavy  weather.  The  governing 
equations  are  derived  and  solved  using  digital  simulation.  The  math¬ 
ematical  model  served  as  a  basis  for  the  dynamic  design  study  of  the 
crane  system.  The  active-stabilizer  for  the  crane  uses  a  heavy  compen¬ 
sating  boom  to  decouple  the  submersible  from  the  motion  of  the  support 
ship.  The  motion  compensation  system  uses  an  active  servo-control  sys¬ 
tem  operatln  In  parallel  with  a  soft  hydro-pneumatic  spring.  The  crane 
boom  maintains  Its  position  In  respect  to  the  shore  by  monitoring  both 
the  acceleration  of  the  boom  tip  and  the  boom  angular  position.  The 
active  compensation  system  consisting  of  a  linear  hydraulic  servo  actua¬ 
tor  coupled  In  parallel  with  a  hydraulic  accumulator  allows  for  adjust¬ 
ment  of  the  gas  prechange  pressure  according  to  the  load.  The  study 
Indicates  that  the  sizing  of  the  actuator  system  and  Its  adjustment 
capability  affects  significantly  the  energy  requirements  of  the  active 
damping  servo  actuator  system.  The  effect  of  varying  system  parameters 
on  the  dynamic  performance  of  the  active-stabilizer  1$  also  studied.  A 
multi-variable  optimization  technique  Is  used  to  select  the  optimal 
gains  of  the  PID  controller  so  as  to  achieve  the  minimum  movmnent  of  the 
crane  boom  tip. 


INTRODUCTION 

Increased  offshore  activities  of  the  recent 
years  resulted  In  greater  demand  for  suitable 
equipment.  The  safety  and  performance  of  off¬ 
shore  operations  are  severely  limited  by  wave 
Induced  vessel  motions.  As  a  result,  there  Is 
a  demand  for  systems  or  techniques  that  can  make 
operations  possible  In  higher  sea  states  without 
sacrificing  safety  or  performance. 

Motion  compensation  systems  represent  one  of 
the  most  Important  equipment  design  areas.  The 
generalized  criterion  of  performance  of  a  motion 
compensation  system  Is  the  amplitude  ratio  of 
the  dynamic  fluctuation  of  the  controlled  vari¬ 
able  to  Its  steady  state  value.  In  other  words, 
the  purpose  of  such  systems  Is  to  retain  a  con¬ 
stant  position  of  certain  ship-borne  equipment 
component  -  e.g.  a  ship-mounted  200-ton  derrick 
[1],  a  platform  [2],  or  a  crane  hoist  [3],  Thus 
a  safe  and  efficient  operation  even  In  rough  sea 
conditions  Is  possible. 

This  paper  discussed  the  design  and  analysis 
of  a  motion  compensation  system  for  ship-borne 
crane.  The  system  In  question  Is  a  1-axls,  act¬ 
ive  electro-hydraulic  system  with  feedback  cont¬ 


rol,  compensating  for  heave  and  for  the  vertical 
components  of  the  ship  roll  and  pitch  movement. 
The  design  Is  aided  by  digital  computer  using 
the  MIMIC  language.  The  system  control  strategy 
Is  presented  and  the  performance  of  the  system 
In  response  to  wave  Input  Is  predicted.  The 
effects  of  various  parameters  on  the  compensator 
Is  also  shown.  The  feasibility  of  application 
of  a  formal  design  optimization  procedure  is 
briefly  discussed. 

SYSTEM  DESCRIPTION  ANO  MODELLING 

The  schematic  of  the  systma  Is  shown  In  Fig. 
1.  The  system  Is  based  on  a  similar  design  des¬ 
cribed  In  [3]  and  operates  as  follows.  The 
crane  boom  attached  to  the  crane  mast  at  a  pivot 
point  (A)  Is  moved  by  the  hydraulic  actuator  In 
such  a  way  that  the  vertical  motion  (Ye)  of  the 
crane  tip  (B)  Is  kept  to  a  minimum.  This  Is 
achieved  by  sensing  the  tip  vertical  accelera¬ 
tion  (Ya) .  The  acceleration  signal  Is  fed  Into 
the  controller  where  It  Is  processed  and  comp¬ 
ared  with  the  reference  signals.  It  results  In  a 
correction  signal  (tq)  which  drives  the  actua¬ 
tor  via  an  electro-hydraulic  servovalve  In  ord¬ 
er  to  minimize  the  discrepancy.  The  design  of 
the  controller  Is  shown  In  Fig.  2.  The  measur- 


ed  boom  tip  acceleration  signal  (?B)  Is  twice 
Integrated  (tb.  Yb)  .  These  three  signals  are 
compared  with  the  corresponding  acceleration 
(tBr),  velocity  (?Bn)  and  position  (YBr)  refer¬ 
ence  signals.  The  discrepancies  are  multiplied 
by  the  acceleration,  velocity  and  position  gains 
(Kft,  Ky,  Kp)  and  sunned  Into  the  controller  out¬ 
put  (Ip).  Thus,  when  the  boom  velocity  (tr)  Is 
considered  as  the  controlled  variable,  a  PID- 
controller  Is  formed.  To  keep  the  boom  tip 
steady,  the  VBr  ■  tab  *  0  and  Ybr  ■  const.  Obv¬ 
iously  other  controller  configurations,  such  as 
P,  I,  D,  PI  or  PD,  can  be  formed,  simply  by  omit¬ 
ting  the  Irrelevant  variables.  Also,  It  Is  con¬ 
ceivable  to  expand  the  system  to  achieve  2  -  or 
even  3  -  axis  motion  compensation. 

The  function  of  the  accumulator  and  the  bal¬ 
ance  valve  Is  to  reduce  thehytoullc  power  nec¬ 
essary  for  the  above  described  active  motion 
compensation.  The  pressurized  oil  stored  In  the 
accumulator  Is  acting  on  the  actuator  piston 
area  (A3)  thus  compensating  for  the  load  force. 
The  accianulator  pressure  (Pa)  Is  regulated  by 
charging  the  accumulator  via  the  balance  valve. 
The  valve  senses  the  pressure  difference  (P1-P2) 
at  the  servovalve  output  and  charges  or  bleeds 
the  accumulator  ( P ^)  balancing  the  servovalve 
output. 

The  equations  forming  the  mathematical  model 
of  the  crane  system  are  as  follows  (refer  to 


Figs.  1  and  2): 

The  crane  geometry: 

♦  ■  a  -  arctan  (rB0/HD  (1) 

a  *  arc  cos  [(1H?  ♦  TO*  -  CD2)  /  (2tfXB)]  (2) 
Yb  »  US  •  cos  9  ♦  JE  •  sin  (3) 

CD  »  ♦  Yu  (4) 

The  hydraulic  actuator  displacement  and  velocity: 
yH  *  </*  *H  *  dt  *  YH0  (5) 

*H  ’  O/Ml)  /*  (FH-FL)  dt  ♦  tH0  (6) 


where  YHq  and  *r*  the  Initial  values  of 
Yh  and  respectively. 

The  actuator  and  load  forces: 

FH  ■  P1  (All-Al2)  *  p2  *  a2  ♦  PA’A3  *  FF  <7) 

F|_  ■  M  •  W  •  cos  (4-e)/(W  •  HR  •  sin  a/CU)(8) 

The  actuator  pressures  and  flowrates: 

P,  -  (6/Vi)  •  CQ1-(A11-A12)  y  dt  ♦  P10  (9) 

P2  -  (8/V2)  *  /*  (*2  ‘  *  Q?)  dt  ♦  Pgo  (10) 

where  P10  and  Pm  are  the  Initial  pressures  of 
P]  and  P2  respectively. 


Ql  ■  CD  •  Ay  •/  (2/p)-0^1r...1f  Xy  >  0  (11) 
Q2  -  C0  ‘  Ay  •/  ( 2/p ) * (P2-P0) ...If  Xy  <  0  (12) 
The  servovalve  dynamics: 

Xy  ■  (l/TyJ-Z^XyR-XyJ-dt  ♦  Xy0  (13) 
where  XyQ  Is  the  Initial  value  of  Xy. 

Ay  ■  Kx  •  Xy  (14) 
The  motion  compensation  controller: 

Ir  *  Ka(yBr-yb)  +  M^br-Ib)  ♦  Mybr-yb)  05) 
XVR  »  Kj  •  Ir  (16) 
The  accumulator  gas  pressure  and  volume: 

pA  ■  PA0  *  VA0/VA  O7) 
VA  *  o/1  (A3  •  YH  -  Qb)  dt  ♦  Vro  08) 
where  Vro  Is  the  Initial  value  of  VA. 

The  balance  valve  operation: 

Xys  *  Kfl  (pl~p2>  09) 
AyB  “  Kxb  •  XyB  (20) 
QB  -  CD  •  Affi  •/(2/p)-(PS-8A)...1f  XyB  > 0  (21) 
Qb  -  CD  •  Aye  V(Z/p)-n>A^o).-.if  xvb<o  (22) 
The  hydraulic  power: 

“  (Ql+  '  pl  +  Q2‘  *  p2  +  QB+  •  pA)  (23) 


In  addition,  the  model  contains  several  log¬ 
ic  controls  for  the  orientation  of  the  friction 
forces  and  flowrates  and  for  limiting  of  the 
pressure  values.  Table  1  gives  the  crane  siz¬ 
ing  parameters  used  In  the  design  example. 

ACTIVE  STABILIZER  PERFORMANCE 

The  active  stabilizer  model  Is  used  for  the 
evaluation  of  the  system  feasibility.  This  Is 
followed  by  the  adjustment  of  some  Important 
parameters  and  sizes  for  the  performance  evalu¬ 
ation.  Thus  the  preliminary  system  design  Is 
accomplished  prior  to  scaled  model  experiments. 
It  Is  feasible,  as  a  next  step,  to  consider 
employment  of  a  formal  optimization  procedure, 
to  further  Improve  the  system  performance. 

To  accomplish  the  preliminary  design  task, 
the  system  model  1$  subjected  to  the  ship  roll 
movement  described  as: 

0  *  Ci  sin  (C2  •  t) 

where  the  constants  (Cj,  C2)  are  so  chosen, 
that  the  amplitude  and  frequency  of  the  roll 
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are  ♦  15°  and  0.2SHz  respectively.  First  a  sys¬ 
tem  without  an  accumulator  and  with  the  acceler¬ 
ation  control  only  (recall  Fig.  21  was  Investi¬ 
gated.  The  acceleration  gain  (Ka)  Is  adjusted 
to  obtain  the  best  motion  compensation  of  the 
boom  tip  (minimum  Yg). 

Equations  (1-23)  governing  the  dynamics  of 
the  crane  are  solved  using  MIMIC  programnl ng 
(Continuous  System  Modelling  Lanuage)  on  a  CDC 
Cyber  172.  The  Runge  Kutta  numerical  Integra¬ 
tion  method  with  variable  step  size  Is  used  In 
the  MIMIC  language  for  solving  the  non-linear 
system  differential  equations.  It  should  be 
noted  that  the  gains  Ky  and  Kp  In  equation  (15) 
are  set  to  zero  for  this  case.  The  results  Ind¬ 
icate  that  the  acceleration  of  the  tip  Is  maint¬ 
ained  close  to  zero;  however,  the  maximum  posi¬ 
tional  error,  (VB~YBR)max  Increased  with  Increa¬ 
sing  values  of  Ka.  The  acceleration  gain  (Ka) 

Is  adjusted  to  obtain  the  best  motion  compensa¬ 
tion  of  the  boom  tip,  l.e.  minimum  (Yb~yBr)> 

This  procedure  was  repeated  for  the  velocity 
control  (Ky)  only  and  again  for  the  position 
control  (Kp)  only.  In  both  cases.  Increasing 
the  gain  Ky  or  Kp  decreases  the  maximum  position¬ 
al  error.  However,  It  should  be  pointed  out  that 
decreasing  Ka  or  Increasing  either  Ky  or  Kp  be¬ 
yond  certain  values  Introduced  Instability  In 
the  system.  Because  of  the  above  facts,  a  feed¬ 
back  scheme  that  has  acceleration,  velocity  and 
displacement  controls  (PID  Control)  Is  proposed 
In  this  paper.  The  value  of  gains  Ka,  Ky  and  Kp 
calculated  based  on  Individual  controls  only,  are 
then  used  as  the  gains  for  a  PIO  control  and  the 
simulation  of  the  active  crane  system  was  repeat¬ 
ed.  It  was  found  that  the  positional  error  con¬ 
siderably  reduced  In  comparison  to  the  case  when 
only  one  control  was  used. 

In  the  following  step  the  accumulator  is 
added  and  the  volume  (Vao)  and  precharge  press¬ 
ure  (Paq)  are  selected.  Finally,  the  balance 
valve  Is  connected  and  valve  gain  (Kg)  selected. 
Here  the  adjustment  1$  more  arbitrary,  since 
both  the  quality  of  the  motion  compensatlgn  (Yg) 
and  minimization  of  the  hydraulic  power  (M^)  has 
to  be  observed. 

The  effect  of  feedback  gains  Ka>  Ky  and  Kp 
on  the  performance  of  the  active  stabilizer  Is 
difficult  to  be  envisaged  from  the  non-linear 
set  of  coupled  differential  and  algebraic  equa¬ 
tions  (1-23)  describing  the  dynamic  behavior  of 
the  system.  In  order  to  appreciate  the  signifi¬ 
cance  of  each  of  the  feedback  loops,  an  active 
Isolator  of  a  one-degree  of  freedom  system  as 
shown  In  Fig.  3  is  considered.  It  Is  represen¬ 
ted  by  an  Idealized  controllable  force  genera¬ 
tor  and  a  conventional  spring.  Here  the  force 
generator  Is  controlled  by  an  Isolated  mass  ac¬ 
celeration  signal  and  velocity  signal  generated 
by  Integrating  the  acceleration  signal.  The 
acceleration  and  velocity  gains  are  Ka  and  Ky 
respectively.  The  Integration  is  represented 
by  the  1/s  term. 

Mr 1  ting  the  equations  of  motion  and  taking 


the  Laplace  transform  gives  the  transfer  func¬ 
tion  of  the  active  system  (displacement  trans- 
mlssibility  ratio): 


o  (M  ♦  KA)sz  +  Ky  s  +  K 


From  the  above  equation  It  Is  evident  that 
the  undamped  natural  frequency  Is  given  by 
[K/M  Ka)]1'2.  Since  Ka  can  be  arbitrarily  se¬ 
lected  to  a  positive  or  negative  value,  the  sys¬ 
tem  natural  frequency  can  be  adjusted  to  any  de¬ 
sired  value.  Positive  Ka  will  produce  a  low 
natural  frequency  and  Increase  the  Isolation 
region.  Thus  K  can  be  selected  to  produce  the 
desired  static  deflection. 

The  damping  ratio  of  the  active  system  Is 
given  by  Ky^KM+Ka)*]1'2.  Thus,  any  desired 
damping  ratio  can  be  achieved  by  selecting  an 
appropriate  value  of  Ky.  From  the  active  sys¬ 
tem  transfer  function,  the  high  frequency  trans- 
mlsslblllty  Is  asymptotic  to  a  slope  of  -40db/ 
decade  of  frequency  as  shown  In  Fig.  4a.  Thus 
the  use  of  the  active  Isolator  allows  control  of 
the  resonant  amplitude  without  compromising  the 
high  frequency  performance. 

From  Fig.  3,  the  relative  displacement 
transmlsslblllty  ratio,  Tr  of  the  active  system 
can  also  be  expressed  as 


.  .  x-*0  *“ns  n  +  «] 

X0  ‘Z+2?vV 

where  «n2  -  K/(M+Ka) 

E  -  Kv/2  [(M+KA)K]1/2 

t  ■  i/2  e«n 

It  Is  evident  from  the  above  equation  that 
T-  reaches  unity  for  o»><d  and  has  a  slope  of 
♦40db/decade  of  frequency  In  the  neighbourhood 
of  the  natural  frequency  especially  for  ax<o) 
as  shown  In  Fig.  4(b). 

The  effect  of  gains  In  the  PID  Controller 
on  the  Crane's  performance  Is  presented  In  Figs 
5,  6  and  7.  The  results  Indicate  the  absolute 
maximum  positional  error  of  the  boom  tip  |e l 
at  a  constant  roll  amplitude  of  +15°  and  a 
frequency  of  0.25Hz.  It  can  be  seen  from  these 
figures,  for  a  constant  value  of  Kv  and  Kp,  the 
value  of  |e__  |  Initially  decreases  for  Increa¬ 
sing  Ka  andchen  Increases  with  Ka.  A  similar 
performance  behavior  resulted  for  variation  In 
Kv  as  shown  In  Fig.  6.  However,  In  the  case  of 
Kp,  Increasing  the  gain,  monotonlcally  decrea¬ 
ses  the  value  of  |e__  1 .  A  typical  time  res¬ 
ponse  of  the  crane  motion  compensation  Is  shown 
In  Fig.  8. 

In  order  to  study  the  Influence  of  Ka,  Kv 
and  Kp  for  various  excitation  frequencies,  the 


system  simulation  was  repeated  with  a  constant 
roll  amplitude  of  +15°  and  the  frequency  var¬ 
ied  from  0.025  Hz  to  25  Hz.  The  results  are 
presented  In  Figs.  9,  10  and  11  which  Indicate 
a  characteristic  similar  to  the  relative  dis¬ 
placement  transmlsslblllty  plot  of  the  single 
degree  of  freedom  active  system  as  shown  In 
Fig.  4(b). 

OPTIMAL  SELECTION  OF  KA,  Kv  AND  K„  IN  PID 
CONTROLLER  H 

The  design  objective  In  the  active  stabili¬ 
zation  of  a  ship  borne  crane  Is  to  minimize  the 
vertical  movement  of  the  boom  tip.  Yd  by  adjust¬ 
ing  the  gains,  KA,  Kv  and  Kp  of  the  PID  control¬ 
ler.  Although  the  ships'  roll  motions  Induced 
by  wave  action  are  complex,  they  are  typically 
dominated  by  sinusoidal  motions  with  +15°  amp¬ 
litude  and  0.25  Hz  [2],  Then,  It  Is  proposed 
In  this  paper  to  Identify  the  optimal  gains,  for 
the  motion  controller,  KA,  Kj  and  K*  using  the 
sinusoidal  motion  outlined  above.  p  Mathemati¬ 
cally  this  problem  can  be  posed  as  a  non-linear 
programming  problem  as: 

Objective  Function: 

Min  [  p  (YB-YBR)2  dt  ] 


where  t  *  8s,  (two  wave  cycles) 

Subject  to  Constraints: 

flower  1  KA  -  (K/Pupper 

^vhower  -  Kv  -  ^*Vupper 

^*Vlower  -  Kp  -  ('V upper 

The  lower  and  upper  bounds  In  the  constraints 
are  selected  In  such  a  way  that  the  system 
stability  Is  not  affected. 

OPTIMIZATION  ALGORITHM 

In  this  work,  a  modified  sequential  simplex 
optimization  method  Is  used  which  has  a  flexible 
rather  than  a  rigid  geometric  simplex  of  points. 

This  method  Is  also  referred  to  as  the  'complex' 
method  and  Is  attractive  not  only  because  of  Its 
ease  of  programming,  efficiency,  and  flexibility, 
but  also  because  of  Its  ability  to  provide  global 
Information  [4,  5,  6].  The  optimization  proced¬ 
ure  Is  outlined  below: 

1.  Minimize  F(X),  (X)  *  (xj.Xg.x^...,  xp) 

where  (X)  Is  a  vector  of  variables 

Xj,  Xg,  ....  xp  to  be  optimized  subject  to 

«1  <  <  <>i  5*  ”  1.  2 . p 

9{(X)  >0  Jj  *  1,  2 . q 
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2.  The  method  requires  the  use  of  k  >_  p  ♦  1 
vertices,  each  of  which  must  satisfy  all  the 
Imposed  constraints.  These  vertices  may  be  In¬ 
itially  found  by  starting  at  a  point  that  satis¬ 
fies  all  constraints.  The  remaining  k  -  1  points 
In  the  first  complex  are  obtained  by  the  use  of 
pseudorandom  number  rj  In  the  relation 

X1  ■  »i  +  ri(bi-a1)  ;  1  -  2,  ....  k 

where  r*  are  uniformly  distributed  over  the  In- 
Interval  [0.1].  These  points  satisfy  the  lower 
and  upper  bound  constraints.  If  some  Implicit 
constraints  are  violated,  then  the  trail  point 
Is  moved  halfway  toward  the  centroid  of  the  al¬ 
ready  accepted  points.  The  centroid  XX  Is  given 
by 

A  I  S  AL 

xx  *  r  e  xK 

s  k=l 

where  X1,  X2,  ....  Xs  are  available  feasible 
vertices.  The  superscripts  represent  vertex 
number.  For  example,  In  a  two-dimensional  opti¬ 
mization, 

1.«*.t 

(X)  -  (x i »  x2)  ;  X*  represents  (x*,  x|). 

A 

3.  The  objective  function  F(X)  to  be  minimized 
Is  evaluated  at  each  vertex  and  the  vertex  Xv  at 
which  the  function  F(X)  assumes  the  largest  val¬ 
ue  Is  reflected  by  computing 


the  remaining  vert- 


over-reflection  co¬ 
choice  Is  not  crit¬ 
ical  [4]. 

4.  If  the  function  value  F{Sr)  F(F(XV)  and 
Xr  Is  feasible,  replace  the  point  j?r  with  Xv 
and  repeat  Step  2.  If  F(Xr)  >  F(XV),  the  over¬ 
reflection  is  reduced  to  oi/2,  and  the  new  Xr  Is 
computed  and  tried.  This  1$  repeated  until 

a  <6,  where  8  ■  10*®  Is  a  satisfactory  value. 
If  the  reflection  Fjjfr)  (F(xv)  does  not  hold 
even  for  that  small  value  of  o,  then  the  proj¬ 
ected  point  Xr  Is  replaced  by  the  original  val¬ 
ue  xv  and  the  second  worst  vertex  Is  reflected 
Instead.  This  process  keeps  the  complex  moving 
toward  the  minimum  unless  the  centroid  Is  very 
close  to  It. 

5.  For  a  nonconvex  function,  the  centroid  of 
all  the  feasible  points  may  not  Itself  be  feas¬ 
ible.  In  this  case  all  thg  points  of  the  com¬ 
plex  are  discarded  except  X®,  the  point  at 
which  the  objective  function  was  the  lowest  val¬ 
ue.  Then  a  new  complex  Is  generated  by  using 


Xr  •  (1  ♦  a)X°  -  Xv  ;  a>  1 

where  X°  Is  the  centroid  of 
Ices  and  calculated  from 


1  X  ~k 

ny  E  x 

* '  1-1 


A  recommended  value  for  the 
efficients  a  Is  1.3  but  the 


x5  ’  x*  +'"i(x°-xJ)  ;  1  -1.2.  ....  p 

where  [X°:  x®,  x° . x°]  Is  the  old  Infeas- 

1  2  P 

ible  centroid. 

6.  The  process  Is  terminated  when  the  complex 
shrinks  to  an  acceptable  small  size;  such  a 
termination  criterion  can  be  expressed  as 

.  k  )  V2 

J-j  ^  [ F ( X® )  -  F(Xk)]2  j  <  e 

where  e  >  0  Is  a  predetermined  small  convergence 
number. 

OPTIMIZATION  RESULTS  AND  DISCUSSION 

The  optimization  technique  outlined  was  pro- 
granmed  In  Fortran  and  used  as  a  function  retrie¬ 
val  In  Mimic  main  programing.  The  optimal  val¬ 
ues  obtained  are  listed  In  Table  2.  The  optimal 
adjustment  of  the  controller  resulted  In  the  Im¬ 
provement  of  the  motion-compensation.  The  Int¬ 
egral  of  the  square  of  the  error  calculated  over 
a  period  of  2  wave  cycles  (8  s)  listed  In  Table 
2  Indicate  that  the  performance  Is  quite  Impress¬ 
ive  and  has  Improved  almost  94%  over  the  Initial 
choice.  If  It  Is  further  desired  to  reduce  the 
steady-state  misalignment  of  the  crane  boom,  one 
can  Introduce  an  acceleration  feed-forward  com¬ 
pensation.  Such  a  study  will  be  extended  In  our 
future  Investigation. 

CONCLUSION 

The  computer-aided  design  study  of  a  simple 

1- axls  active  stabilization  of  a  ship-borne 
crane  Is  successfully  accomplished.  The  system 
Is  simple  and  uses  a  single  variable  sensing  of 
boom  tip,  l.e.,  acceleration  of  boom  tip.  The 
study  serves  as  a  basis  for  a  scaled  hardware 
model.  It  Is  shown  that  when  a  PID  controller 
Is  employed,  a  satisfactory  performance  can  be 
expected.  The  system  can  be  easily  expanded  to 

2-  or  3-axls  motion  compensation.  The  study 
also  indicates  an  optimization  strategy  for  min¬ 
imizing  the  Integral  of  square  of  error  between 
the  Instantaneous  vertical  position  of  the  boom 
tip  and  a  reference  position.  The  results  show 
that  by  selecting  optimal  gains  of  the  PID  Con¬ 
troller,  the  performance  Index  can  be  Improved 
over  94%. 
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NOMENCLATURE 

p 

All  12  2  3  “  actuator  Piston  areas  (m  ) 

Av  =  servovalve  metering  area  (m2) 

\b  3  balance  valve  metering  area  (m2) 

JS  =  boom  length  (m) 

KC  *  boom  portion  length  (m) 

SP  3  mast  height  (m) 

PPQ=  actuator  length  (Initial)  (m) 

CD  3  valve  discharge  coefficient 
Fp  =  actuator  friction  force  (N) 

FR  -  actuator  net  force  (N) 

F^  *  load  force  (N) 

IR  =  controller  output  (Amp) 

2 

Kr  *  acceleration  gain  (Amp-s  /m) 

Kg  3  balance  valve  gain  (m/Pa) 

Kj  3  servovalve  gain  (m/Amp) 

Kp  3  position  gain  (Amp/m) 

Ky  3  velocity  gain  (Amp-s/m) 

2 

Kx  3  servovalve  spool  gain  (m  /m) 

2 

*XB  3  balance  valve  spool  gain  (m  /m) 

Mj  3  reflected  load  Inertia  mass  (kg) 

P^  3  accumulator  pressure  (Pa) 


po  m 


1.2 

V 

}1.2“ 

t  * 


A 

V 


'VB 


VR 


return  pressure  (Pa) 
supply  pressure  (Pa) 
actuator  pressures  (pa) 
balance  valve  flowrate  (m  /s) 
actuator  flowrates  (m  /s) 
time  (s) 

accumulator  gas  volume  (m) 

actuator  volumes  (m) 

load  weight  (N) 

hydraulic  power  (W) 

servovalve  spool  displacement  (m) 

balance  valve  spool  displacement 
(m) 

servovalve  spool  displacement  ref¬ 
erence  signal  (m) 


'BR 


lBR 

^H 

?B 

*br 

a  * 
B  = 
$  * 
P  = 
0  * 


Yg  =  boom  tip  vertical  displacement  (m) 


TV  ° 


boom  tip  vertical  displacement 
reference  signal  (m) 

actuator  displacement  (m) 

boom  tip  vertical  velocity  (m/s) 

boom  tip  vertical  velocity  refer 
ence  signal  (m/s) 

actuator  velocity  (m/s) 

boom,t1p  vertical  acceleration 
(m/s2) 

boom  tip  vertical  acceleration 
reference  signal  (m/s2) 

angle  between  CD  and  ST  (rad) 

oil  effective  bulk  modulus  (Pa) 

boom  angle  (rad) 

oil  density  (kg/m2) 

ship  roll  angle  (rad) 

servovalve  time  constant  (s) 


TABLE  1:  PARAMETERS  OF  THE  MOTION  COMPENSATED  SHIP-BORNE  CRANE 


Ah-A12  *  1.89  x  10*3  m2 

Cq  *  0.6 

W  ■  196  x  103  M 

A2  *  13.82  x  IO-3  m2 

Ps  -  20.7  x  106  Pa 

B  «  700  x  103  Pa 

A3  -  15.71  x  10-3  m2 

v/taiax  *  50  x  1®’3  11,3 

Ty  ■  0.02  s 

JS  »  8.0  m 

V1  -  15  x  10*3  m3 

W  *  15.0  m 

V2  -  15  x  10*3  m3 

TABLE  2:  OPTIMAL  VALUE  OF  KA,  and  Kp 


PARAMETER 

QUANTITY 

PRELIMINARY  ADJUSTMENT 

OPTIMUM  ADJUSTMENT 

Acceleration  gain  KA 

25.7  x  10*3  Amp-sz/m 

20.6  x  10*3  Amp-s2/m 

Velocity  gain  Ky 

0.1056  Amp-s/m 

0.1990  Amp-s/m 

Position  gain  Kp 

7.27  x  TO*3  Amp/m 

85.4  x  10*3  Amp/m 

Error  «  J* (VB-YBR)2  dt 
(over  2  wave  cycles) 

45.7  x  10*3  m 

750.0  x  lO*3  m 

balance  lU 
valve 


Fig.  1:  Schematic  Diagram  of  Motion  Compensated  Crane 
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